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Abstract

This paper aims to study the asymptotic approximation of some functions defined
by the g-Jackson integrals, for a fix ¢ €]0,1[. For this purpose, we shall attempt to
extend the classical methods by giving their g-analogues. In particular, a g-analogue
of the Watson’s lemma is discussed and new asymptotic expansions of the ¢ — j, Bessel
function and of the ¢g-complementary error function are established.

1 Introduction

The notion of asymptotic expansion was introduced by Poincaré in the 19th century and
developed by both mathematicians and physicists, such as Riemann, Laplace, Stokes and
Kelven, etc. So, different definitions and different notations were introduced. In this paper
we will use the Poincaré’s definition and the Landau’s notations. This concept enables
one to obtain numerical as well as qualitative results for many problems. When modeling
physical phenomena, it is often useful to know the asymptotic behavior of functions defined
by integrals. For example, many special functions have integral representations, as they
are solutions of various kinds of differential equations. Also, if we use Laplace, Fourier or
Hankel transformations to solve differential equations, we are often left with an integral
representation of the solution. In classical analysis, many techniques and methods were
introduced to derive asymptotic expansions of such functions. In this paper, we shall
attempt to extend the classical theory and we shall try to derive asymptotic expansions
of functions defined with the help of the g-Jackson integral. We are not in a situation to
claim that all our results are new, but the methods used are direct and constructive, and
have a good resemblance with the classical ones.

This paper is organized as follows: in Sec. 2, we present some preliminaries results
and notations that will be useful in the sequel. In Sec. 3, we discuss the method of ¢-
integration by parts, through three examples. In Sec. 4, we state the asymptotic behavior
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of the Laplace ¢-integral and we give the g-analogue of the Watson’s lemma. In Sec. 5,
we discuss the asymptotic behavior of the Fourier ¢g-integral. Finally, in Sec. 6, we discuss
the asymptotic expansion of the third ¢-Bessel function and considering the asymptotic
behavior at 0 of a function f, we give an asymptotic expansion of its ¢g-Hankel transform
and ¢-Cosine Fourier transform.

2 Notation and preliminaries

Throughout this paper, we will fix ¢ €]0,1[. We recall some usual notions and notations
used in the g-theory (see [8] and [11]).
Let a € C, the ¢-shifted factorial are defined by

n—1
(@@ =1, (6:0)n=]](0—ad®), n=12... (2.1)
k=0
(:0)0c = Jim (a:q)n = [[(1 - ag"). (2.2)
k=0
We also denote
(a17a27"'7ap;q)n - (017Q)n(a27Q)n(ap7Q)na n:07172737"'oo7 (23)
1—¢~
= 2.4
ol == weC (24)
and
(45 9)n
nlyl=—""-—, neN. 2.5
[ ]q (1 _ q)n ( )
The g-derivative D, f of a function f is given by
flz) — flqz) .
D, f)(z) =2 L0 i 40, 2.6

(Dqf)(0) = f'(0) provided f’(0) exists. If f is differentiable then (D, f)(x) tends to f'(z)
as q tends to 1.
For n € N, we note

Dy =D, and D} = Dy(Dy ). (2.7)

We remark that
Dqy(f.9)(x) = g(2) Dy f () + f(qx)Dyag(x) (2.8)
and if f is n times continuously differentiable near 0, then (see also [3]),

[n

Iy
D £(0) = == £(0). (2.9)
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The g-Jackson integrals from 0 to a and from 0 to oo are defined by (see [10])

| @ == a3 flade, (2.10)
n=0
/ f(@)dyzr = (1—q) Zf (2.11)

n=—oo

provided the sums converge absolutely.
The g-Jackson integral in a generic interval [a, b] is given by (see [10])

/abf(m)dqm = /Obf(m)dqm — /Oa f(x)dga. (2.12)

The improper integral is defined in the following way (see [13])
/ f(@)dyz = (1—q) Zf( ) (2.13)
n=-—oo

We remark that for n € Z, we have

/0 - F@)dyr = /0 ~ fa)dya. (2.14)

The g-integration by parts is given for suitable functions f and g by (see [1], [11])

b b
| s@Dus@dgs = 10190 - f@)g(@) - [ Far)Dyg(a)dy. .15

Definition 1. A function f is g-integrable on [0, oo[ if the series Zq” f(q"™) converges

nezZ
absolutely.

We write L!(IR, 1) the set of all functions that are g-integrable on [0, co[, where R,
is the set:

R+ = {¢" :n €7} (2.16)
Proposition 1. (see [1], [3] or ]) The q-analogue of the integration theorem by change
of variable is given when u(zx) = a € C and 8> 0 as follows

u(b) b
/ f(u)dqu:/ fu(z)D 1u(x)d 1x. (2.17)
u(a) a q” q”

The g-analogues of the exponential function (see [8], [11]) are given by

n(n 1) 2"
B =0 o(— =4, —(1 —q)z Zq 5= (0 -0z, (2.18)
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. . o)) — X n _ 1
ez =1 ¢0(0; =3¢, (1 — ¢)z) ;%[n]q! (EP e (2.19)

For the convergence of the second series, we need | z |< (1 — q)~!; however, because

of its product representation, e, is continuable to a meromorphic function on C and has

simple poles at z = ¢~ (1 —q)~!, n € N. They satisfy the relations (see [11])

zZ _ 2z z _ L9497
quq = ey, DqEq = Eq

and

—2 2 2T —Z __
Eq eq—quq =1.

Jackson [10] defined the g-analogue of the Gamma function by
Ty(z) = Mu —t T 2 A£0,-1,-2,.... (2.20)
(4% @)oo
It is well-known that it satisfies for ®(z) > 0,

Lyl +1) =[z],Ty(z), T4,(1)=1 and qlir{l_ Iy(x) =T(x). (2.21)

Moreover, it has the g-integral representations (see [1])

1

T,(s) = /01_q " B dgt = /01_q T E T d,t. (2.22)

Now, we give a new proof of the following result due to De Sole and Kac (see [1]).

Proposition 2. We have
=
Ly(s) = Kq(s)/o x’ 1eq Tdgx, R(s) >0, (2.23)

where

(=4, -159)x .
Ky(t) = s, R >0 (2.24)

Proof. Using the Ramanujan’s summation formula for 14;(a, b; ¢, z) (see [8] and [11]) and
simple calculus, we obtain for s € C, with $(s) > 0,

= 0 " n s o ns
/1 q tsfle;tdqt _ (1 _ q) Z eq 1—q ( q > _ (1 . q)lfs Z ( q
0

n=—00 1-4q L (—a"a)
1-— 1-s s 1— 1—s
- ﬁ Z (—L¢)ng™ = % 11 (—=1;05q,4°%)
(=9 (4% 0" ") _ Ty(s)
(—Ld)o (=00 K,(s)’

which achieves the proof. |
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Remark. Additionally, if log(1 — ¢q)(log(q))~! € Z, we obtain

Ly(s) = Kq(s)/o xs_le;xdqx = /0 ts_lEq_qtdqt, R(s) > 0, (2.25)

where log(z) means log,(z).

We recall that the g-hypergeometric function ;¢ satisfies the following properties (see
[6] and [14])

1. For all w, z € C, we have
(W, @)oo 101 (05 w3 G5 2) = (2, @)oo 101 (0; 23 ¢; ). (2.26)
2. For n € N and z € C, we have
(€™ @)oo 101056 " :2) = (<1 T 2 (@ @)oo 16010545 4547 2). (2.27)
3. Both sides of the above equation are majorized by
n(n—1)

a2 2" (=12 [;@)oo(—¢@)oo- (2.28)

We recall the definition of the g-trigonometric functions g-cosine and g-sine (see [6])

o 2n
n_nin— €T

cos(z;4°) = 1601 (0,% ¢, (1- Q)2x2> = Z(—l) q" I)W (2.29)

n=0 q
and
. 2 3. 2 2 2 — p it
sin(z; ¢7) = 11 (0,61 07, (1—q)7x > =3 (-1)rgn )m, (2.30)
n=0 q:

Using the properties of 11 mentioned above, we can easily prove (see [6]) that g-cosine
and g-sine are majorized by ((¢,¢)% )" and tend to 0 as = tends to co. Now, we can recall
the g-analogue of the Riemann-Lebesgue lemma using the fact that for x € R,

. 1
e P 231
Lemma 1. If f is g-integrable on [0,400[, then
o0 ‘ o0
Jim [0t = i [0 costat e
= JCETOO /OOO f(t)sin(xt, ¢*)d,t = 0. (2.32)

The second and the third equalities are proved in [6], but the first equality seems new
and can be proved in the same way, using (2.31).
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3 g¢-Integration by parts’ method

The method of g-integration by parts is a simple technique for deriving asymptotic expan-
sions of definite g-integral. Each ¢-integration produces a term expansion, and the error
term is given explicitly as g-integral. The following examples can clarify this idea.

Example 1. ¢-Complementary error function
We define the ¢-Complementary error function as

o0

Err(:v;q):/ e;qut, (3.1)

and we state the following proposition:

Proposition 3. For alln € N, we have

W 3lgl5ly (26— 10,
2 . — 2
BErr(ziq) = 2 + (_1)kqfk(2k+1) q19lq q q 1o <x7(2n+1)) ’
[Q]qx kz:l [2]/;-%-1 p2k+1
as x — +oo. (3.2)
Proof. Using the g-integration by parts rule, we obtain
7q2nt2 *(]2"332 qu("‘H)tQ
/OO ISR R e C /OO i dgt (3.3)
. 2n q?n[2], z2nt1 ¢>"[2], - $2(n+1) 79T )
Then, for all n € N, we obtain
2 2k .2
o0 s 1 & 34[5ly. .. 2k — 1], €2
—t2 _ ¢ k —k(2k+1)[ Jq[Blg - - [ Jg &
ey dit = + (—1)%q +
[t = e >
Bl 21, (2o "
vt —(nt1)(2nt1) Blg - - 20+ 1g e
rT 25 [
2 g2k g2
_ & n 1 i(_l)kq—k(%—i—l) [3]q[5]q - - - [2k — 1]q &g n
k 2k
[2gz  [2]q —1 2] Z
1
T o\ onrt )
(3) is then proved. |

Example 2. The ¢ — j, Bessel function
For o > —%, the ¢—j,, Bessel function has the following ¢-integral representation of Mehler

type (see [7])

1
ja(®;¢%) = Oy 612)/O fo(t) cos(at; ¢*)dyt, (3.4)
(Y o (14q)T2(a+1)
Where f(](t) = M and C(Oé,q ) = W

We prove the following result.
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Proposition 4. For n € N, we put f, = Dy fo. Then for alln € N* and z € Ry 1, we
have

n! k sin(zq®; ¢2 cos(x
ja(HU;qQ) = C(o; QQ)qug% [f%( )%,q) + qfor+1(1 )%)q) +0( 2”)-
k=0

(3.5)

Proof. It is easy to see that fy is an even function and infinitely differentiable on a

neighborhood of 0. Then fy+1(0) = Bt (70 (0) =0,k =012, .

Two g-integrations by parts show for kK = 0,1,2,..

1 3 k. 2 k. 9
/o fon(t) cos(2q"t; ¢*)dgt = f2k(1)% + Qf2k+1(1)%_

1 1
— W/o fagks1) (1) cos(qu”lt; q2)dqt.
Thus by induction, we obtain for n = 0,1,2,...,
1 n—1 (— 1)k sm(:c k. 2
q"; %) cos(zg”; %)
/0 fo(t) cos(at; ¢*)dgt = TS [fzk( )T + Qf2k+1(1)W
k=0

(=D"

+ an —2n4.2n

1
| 0 cos(aats .
0

As mentioned above, fol fon(t) cos(zq™t; ¢%)d,t tends to 0 as z tends to +o0o. This completes
the proof. [

Example 3. Another type of ¢-integral to which the method of g-integration by parts
can be applied is the g-integral

b
= / ft)eitdgt, (3.6)

where a, b are reals and f is an n-times continuously ¢-differentiable function in [a, b]. By
successive g-integration by parts, we have

k=1 [ 1 kt+1 & o % kp
Zq F(L) T [Phr@ee - Dhrwe) +

Ly /i\" b §
T <1> / Dy f(t)ey™ dgt.
x a

On the other hand, the g-Riemann-lebesgue lemma gives

<1>"/ Dy f(t)e ”qntd t=o(z™") as x — +oo,

x

SO

:n_l —@ l hH k izgka k izghb —n
Fla)=q =) [DEf@ert — DEF®)e ] + ola™). (3.7)
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4 Laplace g-integrals

In this section, we define the g-integral of Laplace type by

F(z) = /0 h Ft)eeDdyt, (4.1)

where ¢ is a real function and we assume x > 0. Typically x is a large parameter and we
are interested in the asymptotic behavior of F'(z) as x — +oc.

Proposition 5. Let f be a function defined on [0,00[, continuous at 0 and verifies for
some a > 0 and n integer,

/ ] f(t) | ey dgt < oo,
0
then

. n o n —x nly!
lim =z Jr1/0 t"f(t)e, td,t = L(}Lil) £(0). (4.2)
q 2

Proof. First, by ¢-integration by parts, we have for all n € N and = > 0,

o n],! 1
/0 e, dgt = -t

nn+1) ,n+41"
—s xr

Then (4.2) is true for f constant, so it is sufficient to prove the result when f(0) = 0. For
ke N, we put xp = q*k(l —¢)~! and we fix » € N such that x, > a. Let € > 0, since f is
continuous at 0, there exists pg € N such that pg > r and

| f(@®) |<e, p>po.

For k > pg, we have

po—1

| /0 P e gt < (1—q) S g Pead | £(g) | +

p=—00
400
n —x,qP
+(1—q) > qTIPe T | £(gP) | .
p=po

The second sum of the right hand side of the above inequality is majorized by

S |
et n]y! €
€A t"eq Tk dqt = Tzl) xn+1 . (43)
q 2 k

The definition of x, leads to

() 0 (n+1)
/O L) et = (1-q) 3 2 (_q:_Ljf;)q:)' < 0. (4.4)

p=—00
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And the properties of the g-shifted factorial give for all p < pg,

(—2k(1 = )" Do = (=1 0)0(—a"F Q)i—r (4.5)

S U T) S G ) P (4.6
— _ k=pg)(k=po+1)
> (=" a)c 2 (4.7)
Together (4.4) and (4.7) yield
po—1 po—1 (n+1)p p
_ q | f(d") |
(1—q) > " e, | f(g")]| = (1—q) Y :
p=—00 p=——o00 (_(1 - Q)xkqpa Q)oo
(k—po)(k—po+1) [
S q P 5 Po+ / tn ‘ f(t) ’ e;xrtdqt.
0
Then
po—1
7 =q) Do @ f(g) |20 as k- o (48)
p=—00
Again, (4.3) and (4.8) yield: Jko € N such that Yk > ko, we have
co |
|t / " f(t)e, M dgt |< <1+ L?}j’l) ) E.
0 q 2
Thus,
+1 > t
. n _
kgrfoo T, /0 t"f(t)e, " dyt = 0.
Finally, since for all x > qu, there exists £ € N such that
g
=1, <z <appn =q oy,
then,
1 [ t
: n+ n —x _
xkrfmx /0 t"f(t)e, " dyt = 0.
The formula (4.2) is then proved. |

Using the ¢-Taylor formula (see [2], [3] and [11]) and the above result, we obtain the
following

Corollary 1. If f is a n-times continuously q-differentiable function on [0, 400, satisfying
for some a > 0, the following condition

/0 e;at | f(t) | dgt < o0,

then

* ~Dyf(0) 1 1
/0 €q tf(t)dqt = Z z(kﬂ) k+1 +o (xn—f—l) :

k=0 ¢ 2
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Proof. According to the ¢-Taylor formula , we have

Dy f(0)

f6=>

tk tng(t)
' )
k=0 [Kq!

1 . .
where g(t) = [n%}q, fo (qu; @) (n—1) [Dgf(tu) — D;‘f(())] dqu. It is easy to see that g is
continuous on [0,+oc[, g(0) = 0 and [;~t"e;*" | g(t) | dgt < oo. Then the previous
proposition shows

—xtyn _
/0 eq t g(t)dqt =0 <W> .

After a simple calculus, we obtain

/Oooeqxtf(t)dqt = anDgf(o) WIT. +0< ! )

pr k]! qk(k2+1) S o+l
n k
_ Zqu(O) 1 +0< 1 >
GRSy NS n+l |-
=0q » *
|
In the two following results, we study the important case ¢(t) = —t? and we suppose that
1 - q2 € Rq2,+.
Proposition 6. Let f be a function defined on [0, +oo[, continuous at 0 and satisfies
o0 2
/ £ ] f(t) [ ep™ dgt < 0,
0
for some o > 0 and n integer, then
nt1 [ 2 1 Tpe(xH)
li 2 " f()e T dgt = ———L—2-2f(0), in R . 4.9
i o [0 = S0, i B (1.9

Proof. The change of variables rule gives for x € R |,

N 12 1 N 4, n=1
/ e, thdgt = —— et 2 dpet
o 1 L+q/o 1

11 Dpe()

2
:CRTH 1 +qKq2(nT+1),

where K2 is given by (2.24). The rest of the proof can be obtained in the same way of
Proposition 5. |

Similarly to Corollary 1, the previous proposition and the ¢-Taylor formula give the fol-
lowing result.



596 A Fitouhi, K Brahim and N Bettaibi

Corollary 2. If f is n-times continuously q-differentiable on [0, +oo[, satisfying the fol-
lowing condition

/ e | F(t) | dgt < o0,
0

Jor some a > 0, then for all v € R 4,

- 1 =T Dif0) 1 < 1 )
/0 €2 f(t)dqt_l—i—qZKQ(i) [k]q! xﬁ—i_o xn__H .

2 2

The following proposition is a g-analogue of the Watson lemma and it is a simple and
useful result to derive asymptotic expansion of Laplace g-integrals.

Proposition 7. Let f be a function defined on [0,4o00[ having the asymptotic expansion
nt+A—p
Z apt » , as t—0, (4.10)

with X > 0 and p > 0. Then, provided the g-integral converges for all sufficiently large x,
we have

_ Lo("2) a ,
/ F(t)er™ dyt ~ Z (n+>\) 5, as r— 400 in Ry (4.11)
po )z

Proof. For a positive integer N and a positive real ¢, we put

In) = 1) = 3 ant ™5
n=0

NAA—
Since fy(t) = O (t Z H), there exist constants Cy and ty = ¢" € R, 4 such that

NfA—
| fn() | Oyt 7, for0 <t < ty.

Then for z € Ry 4,

tn N Nia 1
NyOe Ttd | < Cy tow S gt 4.12
q q q
0 0
I
< On—w" : (4.13)
Ko (N5) 5

By hypothesis, [;° | f(t) | e, "dgt exists for all sufficiently large , let X = ¢77(1 — q)~ !
such an element. So, for all z = ¢~ *(1 —¢)™' € R, 4, with & > max(r, p), the g-integral
Jo° 1 fn(t) | e % dyt exists and we have

T

RECIR D SR eI

tNn n=-—00
-9 Y e —L

(—4" % q)o

n=—oo
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Since for all integer n < r, we have

(" %) = (0" 00(—"F @)k—yp
> (=X(1—9)q" Qoo(—0")k—p
n 7(k7r)(k7r+l)
> (—X(1-9)d";0)0q 2
K2
> (=X(1-q)¢"q)0q” 2q "
n , _l(log(l—q)ac)2
> (X1 -9)40" @)oo [x(1—q)]" q 2\ Tea /|
then
o ot ., ;(M)Q > L
/t | fn(t) | ex@tdgt < [(1— q)a]~"q# s /0 [ Int) leg¥tdt. (414)
N

Together (4.13) and (4.14) yield

00 I
He %d t|< C
|/0 Ilt)eg "yt |< Oy

1 (log(l—q)x
—r 3

) [~
(1= q)a] g2\ T om / | Fn() | ey Xtdyt.
0
(e y .
Which, since g2\ logd = o(x™") as x — +oo for any positive v, establishes the asymp-
totic expansion for F(z). [

By application of the change of variables rule, we obtain

Corollary 3. If f is a function defined on [0,+00], having the following asymptotic ex-
pansion

oo
ft) ~ Zant", as t—0
n=0

then, for a > 0 and B > 0, we have provided the q-integral converges for all sufficiently
large x

o 8 1] & Pq(%
to‘_lfte_”dgfw[—} Up—-~"——-—, as x — 400 in Ry .
/0 () q B ﬁ qnz;) an(%)xL 9,

5 Fourier g-integrals

The g-integral of Fourier type has the form

Fla) = /0 Y re 0, (5.1)

where ¢ is a real function and we assume x to be a large parameter, and we are interested
in the asymptotic behavior of F(x) as x — +o0o. We start this section by the following
useful result, in which we suppose that 1 — ¢ € R, 4:
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Lemma 2. If R®(r) > 0, then

Oorfl it T+1 . r . 1—r
; ¢ eqdqtzrq(r)m (iq", —iq' "5q) - (5.2)

Proof. Using the Ramanujan’s sum for 191 (a; b; ¢, z) (see [8] and [11]),

1 1 - " l-q <«
/ t"leq dgt = (1—gq) Z = — Z (4;9)ng"™
0 ( (27 q)OO

L (10 0) Nt

l1—¢ . 1—q (g,i¢", —ig" "5 q
= — 191405, ¢7) = = ( —— Joc
(5 0)oo (0)e0 (4" —i¢; @)oo
L—q)(I+17) (¢59)0 . 1
( 1)(2 ) (r' )OO (qu’_qu T;Q)oo-
(1% (¢"19)
Since 1 — ¢ € R, 4, the change of variable u = (1 — q)~! completes the proof. |

In the two following results, we study the case ¢(t) = t? and we suppose that 1—q € Ry +-

Proposition 8. Let 3 € R 3 then
q b

Chy I\ 1+ (—¢;¢%)s0 1 1
/effﬁd%t:rq <_> +z(_qiq2)oo_+0<_>‘
0 q 2)1+4q (-1;¢%)e0 VT T

Proof. The change of variable t = u? leads to

2
/ﬁei$t2d1t _ 1 /6 eia:UdQ_u
o 1 oa? l+qJo 7 Vu
L/Ooeixudq_u_L Ooeixudq_u.
l+qJo * Vu 1+q/p * Vu
The proof will be completed by using Lemma 2 and the following result: for a sufficiently
large x € R, 4, we have

[t 2
et ——= .
. T Vu T
To prove this result let » € N such that 1 — ¢ = ¢" and let 2 = ¢~ with N > 2r. We have

/oo i dq’u, (1 ) i iqfn _%
eq —_— = —dq eq q .
z Vu =

For n > N, we have

. 1 1 1
et 2 _ —
e | [T [+ a2+ (1 - q)?] i [T+ 21 - ¢)?] (=(1-9)% ¢%)eo
qn2+n
C (1-9(—2(1-q)%¢%), (-1 - 9)%¢)
qn2+n

(1—q)*
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599
Then for all n > N, we have
_ n qn2
| R q 2 |2§ (1 - q)2n _ qn(n72r) < qn
and
| el |< g2
Thus
2] 4
n n 1 N 3
el =(1- AT <K (14 q2)g2 = —£
[t i-a-g)l Z @ E I (et = L
Finally, the change of variable ¢ = zu yields
[t L
2 4 \/ﬂ \/E 232 7 \/7_5
Then, for sufficiently large = € R, 4,
’ Ooei:vudu’< [2]%
32 g \/ﬂ - Bx ’
|

Proposition 9. Let 3 € R 3. and f be a function two times continuously differentiable
q b
in [0,8]. Then for x € Ry 4,

[ roetag-r, (5) et CE= 100 (1),

Proof. We can write

f(t) = F(0) +tg(t)

with g is continuously differentiable in [0, 5]. Then

A ixt? h ixt? g ixt?
; f(t)ey dq%t:f(O) ; €q dq%t—i— ; tg(t)e, dq%t.

Since, tem [%] %D 3 <efft2>, a g-integration by parts gives
q

B . 11 17 . 8 4
ixt? _ 2| ip? _ _ izqt?
| et - M 7 a0) - 90) - [ D@0y

0

Which completes the proof.



600 A Fitouhi, K Brahim and N Bettaibi

Let us now assume that f has an asymptotic expansion of the form

t) ~ iakt%*l, as t—0, (5.3)
where R(Xg) > 0 and R(Ag+1) > R(Ag) for £ =0,1,2,....
We suppose that f satisfies the following conditions:
1. f is m-times continuously g¢-differentiable in [0, +-00[, m € N*.
2. For all j € {0,1,2,...,m}, D((lj)f is g-integrable on [0, +o0].
We state the following result

Theorem 1. Let n be the smallest nonnegative integer such that (\,) > m. Then

b
/ f(t) Z”Ctdt— —k +o(z™™), as x— +oo in Ry, (5.4)

where by, =T ()\k)( 1'”) (ig™, —ig'~ A’“%Q)Ooak-

Proof. Define the function f,, by

n—1
= Z aktAk_l + fn(t) (5'5)

k=0

Observe that for all j =0,1,2,...,m,
D((Ij)fn(t) =0 <t)‘"7j71> , as t—0,

which implies since R(\,,) > m, Dém) fn is g-integrable on [0, 1] and

DY f(0)=0, j=0,1,2,....,m— 1. (5.6)

The equation (5.5) and Lemma 2 give

o n—1
/ f)etdgt = Zak/ A lelrtqg t+/ fn(t)elF dgt
0 k=

— / fn za:td t.

k=0

The condition 2) and the equation (5.5) give

lim DY f,(t)el =0, j=0,1,2,...,m— 1,

t—-+o00
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for all x > 0. Then by g-integrations by parts we obtain
0o 4 i [ 4
/0 fa()eidgt = - /0 Dy fn(t)ei®™ dgt

_m(mfl) Z m e m g™z
- o <;> /0 DI i (£)e0™ .

Note that
n—1
D™ fo(t) = DY () = et
k=0

where ¢ :ak%, k=0,1,...,n—1. Then

00 . 1 . 00 .
/0 D((Im)fn(t)e;q xtdqt :A D((]m)fn(t)egq xtdqt—i—/l D((Im)fn(t)e;q xtdqt

1
m iq™mxt
_ /0 D™ o (£)el0™ 4

n—2

e e} [e.e]
+ /1 <D§m> £(t) —cht)‘km1> el Tt — ¢y /1 ghn-immleiamat g g

k=0
The definition of the integer n and Lemma 1 imply that the two first g-integrals in the right
hand side of the above equality tend to 0 as x tends to co. Also, since for all z > 0,t > 1,
we have

An—1—m—1 ig™
’t"l mlez]q xt‘g

(1 —q)qmat>’
then
o
lim grn-1mm=leiamaty 4 (),
r—+o00 Jq q q
|
6 g¢-Hankel transform
The third g-Bessel function is defined by (see [9] and [14])
(q2a+2. q2)
Ja(m:¢%) = 2% 101(0: %% ¢ Pa?). (6.1)
(4% %)

Taking into account (2.26), (2.27) and (2.28), one can easily prove (see [6] and [14]), that
forx =¢ " n €N,

—noa

4
(4% ¢%)so

which is majorized by

Jo(w;¢%) = (56700 101 (0; 2175 625 7012, (6.2)

qn(n+a+1) (_q2§ q2)oo(_q2(a+1)§ q2)oo
(4% 0%)oo

We summarize some properties of J,(z;¢?) in the following lemma:
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Lemma 3. (see [6] and [14]) Suppose that o > —1, then

2a+27q2)00

1. Jo(w;¢%) ~ xo‘(q(q eI

as x — 0.

9 (%) oo (— 2@V 1q2) o if z<1
2. Vx e RQHF? | Ja(xaq ) |§ (@3> q(logz)z i ors 1

3. WeR,Ju(z;¢?) =o(z7") as x— +oo in R,..

4. if [ is g-integrable on [0,+o00[, we have

lim / fO)Jo(zt;¢®)dt =0 in Ry .

T——+400

As in Sec. 5, we shall again assume that f is m times continuously g-differentiable on
10, +00[, m € N*, such that for all 0 < j < m, D}f is g-integrable on [1,+oo[ and it has
the following asymptotic expansion

o
ft) ~ ZaktA’“_l as t—0,

where R(Ag + ) > 0 and R(Ag41) > R(\g) for £ =0,1,2,....
We establish the following proposition:

Proposition 10. Let a € C such that () > —1 and suppose that R(A\o+«) >0 . Ifn
is the smallest positive integer such that ®(\,) > m, then

n—1
b, _
/ f xt yq ) t= Z ka + 0(;[: m), xr € Rq,+, (63)
k=0
T Aptao
where by = (1 +¢q)(1 — q2))\k—1 q2( 2 .

Proof. Define the function f,, by

n—1
= apt™ T+ fu(t) (6.4)

k=0

and the functions f, ;, j =0,...,m by

fng(t)
t

frot) = fu(t) and  fpj11(t) = la+ 7+ 1 Dgfnj(t)-

By induction, we prove that there are constants (Cj;)o<i<j<m such that

J
DZ n
fn,] ZC]z f_i()7 OS]Sm
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Since f,(t) = f(t) — Z;é apt™ 1 = O(t* 1) as t — 0, we have for all j = 0,1,...,m,
fnji(t) = O(tA”_j_l) as t — 0. In particular f, ,, is ¢g-integrable on [0,1] and for all
0<j<m-—1land ze Ry, limy_.g fp ;(t)Jatjt1(2t; ¢*) = 0.
We have also,
J sz(t) n—1 e .
fnj(t) = ZOCM e D dipth T 0<j<m,
i= k=0

where d; ;, are complex constants. The g-integrability of Dé f on [1,400] and the relation
3) of Lemma 3 yield for v > 0 and z € R, 4,

fai®)Ju(at;®) =0 as t— 400, 0<j<m.

Now, from the identity
tl/+1
l—gq

Dy [t Tt ¢%)] = Ju(t:q?),

it follows by m ¢-integrations by parts

—m(m—1)

1—q)"q 2 > m
( ) m /0 fn,m(t)!]aqtm(xq t;q2)dqt-

T

/0 fn(t)Ja(xt; q2)dqt =

It remains to prove that the g-integral fooo Fram () Jasm (xg™t; q2)dqt tends to 0 as x tends
to oo in Ry 4.
One can write

[’ 1
/ From () asm (@™t 2)dgt = / From () osm (27 )t +
0 0
m % Di (1) -
* Zcmfl —mr Jarm (247t %) dgt —

o0
- de,k/ tAk_m_lt]oH—m(xqmt; qz)dqt-
k=0 1

Using the Lebesgue theorem, the relation 4) of Lemma 3, the g-integrability of Dg I
0 <j <mon [1,400[ and the g-integrability of f, ,, on [0, 1], we obtain

1
/ Frm () Jatm (zq™t; q2)dqt —0 as =z — +o0
0

and

ooD;'f(t)J (2™t ,
atm(xq"t;¢%)dgt = 0 as z — +oo, 0<i<m.
1

tmfi

Now, by using the definition of the integer n, we have for all £ € {0,...,n — 1} and
z,t € [1,4+00[NRy +,

Com 1

| % T (g™ ¢%) S 71 | Jagm(zq™t %) |<

~+
)

X
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—a2:02 _q2(a+m+1). 2
where C,, ,, = (=a%q )oo(26'12 UWEY
’ (q q )00

Which proves that for all k € {0,...,n — 1}, floo ML T (g™ q2)dgt — 0 as

r — +00.
Thus

e ¢}
/ Jrnm () Jagm (zq"t; q2)dqt—>0 as x — +oo (inRg4)
0

and [ fn(t)Ja(xt; ¢*)dgt = o(x™™).
By integration of the equality (6.4) on [0, +oo[ and the fact (see [5])

/OO A atts )y = 1+ )0 - P 22 CE) ) s )
; ; q T2 (a+§—)\)’ )
we have
n—1 b
/ f(t)Ja(xt; ¢*)d, m—kaFO(x_m)-

k=0

log (1 —
Additionally, if # € Z, then from the well-known relations (see [5], [14])
0oglq
I (L 1—
cos(z; q%) = L(Q)lm%‘]—l ( qx;q2>
q(l+q71)2 AN

and

Ie(: 1—
sin(:v;q2) = 7(12(2) - x%Jl —qx;q2 ,
(14+q71)2 2 q

one can deduce easily the asymptotic behavior of the ¢-Cosine and the ¢-Sine Fourier

transforms.

Proposition 11. Let n be the smallest positive integer such that R(\,) —i—% > m, then for

x € Ry 4+, we have

1. If R(Xo) > 0, then

— Tpel) . N
/ f(t cosxtq) t= Z — 2 (1 g2 T
o (1+g71)? Lo
—i—o(:n*er%).
2. If R(Ao) > —1, then
n Lpe(3) q)"f+%(1+q)>‘k_% 2(

/f ) sin(xt; ¢?)d t = Z £

—~ (1+q )} Ty (

ag

) 2
(6.5)

) @i

) 2
(6.6)
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Example 4. f(t) = e;" = [((1 — ¢)t;q)oo] !, then f is a C* function on [0, 4oc[ and for
all n € N, Dy f = (=1)" f. Furthermore, f is g-integrable on [0, +-co[ and we have

e}

as t—0.

So, for all m € N, we have

e when o > —1,

m 2\n 1+nta
1—|—q 1—q T 2(
/ F(t)Ta (2t ) Z ( )" Ly 172+
(

o Ifweadd 1 —qe Ry 4,

/ £ty cos(ats Bt = 3 Tp(3) (—1)g™3(1+¢q)" 3 T, (i) -
2

—o (1+ qil)% [n]y! Ppa(5) 2t

3

+o(z™ ™ 2)

and

T F(t) sin(at: ?)dyt = T Te(d) (<1)"gR(14+g)" e Dp(™2) 1
/0 f(t)sin(zt; g )dqt_nzz;](l-l-q_l)% ]! T, (%)xn+1+

—i—o(x_m_%).

Example 5. f(t) = (14 ?)7!
f is a C' function on [0,4o00[ and has the following asymptotic expansion near 0

e e}

fO) ~ > (=1 as t—0.

n=0

Besides, by induction, we prove that for n € N, Dy f is g-integrable on [1,400[. Then for
all m € N, we have

* cos(xt; q%) Uk qu(%) ) 1 ( ) g
77(1 t = 427 (9 n n+ 1+ 2n+
o TR = S e 0

+ o(z72m2)
= o(af2m7%).
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