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Abstract

A fully nonlinear family of evolution equations is classified. Nine new integrable equa-
tions are found, and all of them admit a differential substitution into the Korteweg-de
Vries or Krichever-Novikov equations. One of the equations contains hyperelliptic
functions, but it is transformable into the Krichever-Novikov equation by a differen-
tial substitution that only involves elliptic functions.

1 Introduction
The family of partial differential equations of the form
wy = H(t7m7w7w$7wl‘x7w$$$)7 (11)

includes the mathematical object that led to the birth of modern integrability and soliton
theory [4], the Korteweg-de Vries (KdV) equation (cf. (1.3)). Many efforts (just some
of them are [1-3,5,8, 10, 14, 16]) have been dedicated to study (1.1) during the last 30
years. Today there is the impression that this research is almost complete: many specific
subfamilies have been fully classified and the result has been always the same, namely,
that the following conjecture [6] holds:

Conjecture. All integrable equations in the family (1.1) are related via either a classical
(pointorcontact) transformation or a more complex differential substitution, to the three
fundamental integrable equations

W = Waze + a(x)w, + B(x)w, (1.2)
Wt = Wege + WWy,,

3, —1, 2 3 -1
Wi = Wepe — W, Wiy + (4w” + grw + g2)w, ™ + cwy,

that is, the linear equation, the KdV equation and the Krichever-Novikov (KN ) equation.
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Nevertheless the conjecture is far from being proven and there is still plenty of room to
find interesting results within this family of equations, may be even a new integrable equa-
tion. The computational complexity of the calculations can be treated by contemporary
computer capabilities. The full classification is very long and its sheer length forces us to
perform it in several pieces. It appears though that every new piece is more interesting
than the previous one.

As in the Conjecture we assume equivalence relations between equations to be classical
transformations, i.e. special pointlike or contact transformations

t=x(t), ==o¢(xww,), w=(r,w w,) (1.5)

with D, (¢)0¢ / ow, = Dy (v)0¢ / Ow, relating equivalent evolution equations

W = F(‘T? W, Wy, Wey, w:l::m:) and QI}t = F(fia w, U_]f, wi’i’a w:i:l?:i) (16)

When one considers some subfamily of equations, there exists a subclass of (1.5), called
“allowed transformations”, that preserves the functional form of the subfamily. For ex-
ample, considering evolution equations of the form (1.1) we cannot make the new time
depend on z or u, because the evolution character of the resulting equation would be lost.
Thus, the most general form of allowed transformation for (1.1) is of the form (1.5).

We also use more general differential substitutions

t=x(t), T=0o(r w Wy, Wyy,...), W=P(T,W,Wg,Wss,...), (1.7)

which may relate different integrable equations, although in a noninvertible manner. For
example Miura-type or Cole-Hopf-type [15] transformations are of this kind. The existence
of a differential substitution relating two equations is not a trivial fact because it can be
considered a restricted type of Béacklund transformation, an object typical of integrable
equations. If we are able to relate an equation with an integrable equation by means of a
differential substitution, then the original equation is integrable [13]. Ample information
about differential substitutions can be found in [12,15].

In this paper we continue the classification [5,7] of integrable equations of the form (1.1).
In the papers cited we established a scheme to perform the classification and in Sec. 2 we
sketch that analysis and the underlying theory of integrability (the formal symmetry ap-
proach). We divide the family (1.1) into three types of equations comprising quasilinear
and fully nonlinear equations in the highest derivative wg..,. The quasilinear integrable
equations have been classified, listed in [10] and the most complicated cases studied in [7].
All three totally nonlinear categories are basically unknown, except for some special equa-
tions of Harry-Dym type or results like as [9]. In Sec. 4 we study one of the three categories
and find nine new fully nonlinear equations that satisfy necessary integrability conditions.
Some of these equations would be very difficult to pinpoint using alternative integrabil-
ity techniques, but the one we use here is able to do it. In Sec. 5 we prove that all the
new equations are related to the KdV or the KN equations through (quite complicated)
differential substitutions, thus proving their integrability and reinforcing the conjecture.

One of the new integrable equations, (4.8), is remarkable. It possesses hyperelliptic
functions of the variables x and w.
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2 The symmetry approach and non-standard variables

The symmetry approach to integrability, developed by Shabat et al [10], defines an inte-
grable equation in family (1.1) as one admitting an infinite set of higher symmetries. This
ultimately translates into a set of integrability conditions that are an infinite overdeter-
mined system of partial differential equations over the function H in the rhs of (1.1). These
integrability conditions are expressible in the form of so-called canonical conservation laws

Dip; = Dyo;,  i=1,2,3,.... (2.1)

For example the first two canonical densities, p;, are

p1:< OH )‘1/3’ p2:< OH >—1 OH 22)

With the use of just two conditions D;p; = D,o;, i = 1,2, the first classification result
was obtained [9]: the integrable equations of the form (1.1) must have one of the following
dependencies on the third-order derivative wgz,:

W = flwmmm + f2, (23)
wy = (flwazaza: + f2)72 + f37
wy = (2f1w:m::v + f2)(f1w3::v:v + fowgzr + f3)71/2 + fa, (25)

where f; = fi(x,w, wy, Wyy).

To find all the solutions of (2.1) it is necessary to analyze a whole casuistic tree of
parameters appearing in intermediate calculations. In [5] we gave an approach that cuts
significantly the number of possibilities, merging intermediate subfamilies of equations
and effectively delaying the branching process. The idea is to exploit the fact that the
integrability conditions are almost evolution equations themselves and one may use them
as an alternative representation of the original equation. The first necessary condition for
integrability is that the separant!,

0

OWgay

—1/3
u=u(r,w, wg,... ,w(”)) =p = < H(m,w,wx,wm,wxm)> , (2.6)

of (1.1) must be a conserved density, i. e., there must exist a differential function, &1 (z, w,
.., w™ ) such that

u = Dy[61(z,w, ..., w™ ). (2.7)
This is also an evolution relation. Using (2.6) we can express w™ as a function of u, z,
w, ..., w™ Y. Often, when one uses this substitution (and its consequences for w )

w™t2) and w("+3)), (2.7) becomes a genuine evolution equation for u because all depen-

dencies on w,. .., w®™ Y disappear. For example the equation
-1/2 9
w 3w? U 3u
wy = —2w, [ —= — S transforms onto u; = D, i; -5
Wy 2 wg U 2u

Lw® denotes aiw/axﬁ Note that, if n < 3, then the equation is quasilinear.
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If the expression of u; after substituting w™ ... w®™*3) still depends on w, ..., w® Y,

we can resort to the theory of constrained dynamical systems as explained in [11]. Equa-
tion (2.7) is a system

(vi)a = ®i(z,v1,..., 00, ), (2.8)

(Ui)t = Gi(m,vl, ey Uny Uy Ugy o o ),

up = F(x,v1,. .., Un,y Uy Uy, Uy, Uggs)s (2.10)
where v,..., v, denote w, ..., w™ Y respectively. Equation (2.10) is interpreted as
an evolution equation over the main variable u, with some additional low-order variables,
V1,. . . ,Un, subjected to the differential constraints (2.8,2.9). The variables (z,v1, ..., vy, u)

are what we call nonstandard variables. Now an interesting fact is that the symmetry
approach provides almost the same integrability conditions [11] for a constrained equa-
tion (2.10) as for a pure evolution equation. The conditions that we are going to use in
this paper are the first five canonical laws with densities

. _ 5 OF
P1 = U, P2 = auxx’
OF 1 OF \* oF
u? oF +u
— g
au$ 1,
1 OF oF  OF ., , 0F 1 ,0F OF
_ 1 9F  9F _ OF 1 2.11
—u’u Py 34
3 x OUgy 27 Oy 3 .
oP
— woa — paor — 322 (.
P5 uos pP301 au( )

Note that the first two densities are the same as (2.2) and that we have used the fact that
the equation in the new variables, (2.10), has precisely the form

Uggx

T + lower order terms.
u

Uy =

This is already a very big advantage of the new representation because the separant v is

of low order and we have to study equations of the type (2.3) (albeit with constraints).
Using the new representation and the first integrability conditions Dyp; = Dyo;, © =

1,2,3, we found [5] that all integrable equations (2.8)-(2.10) have the general form

v, = ®(v),
Uge Su: 3 __,0Pu: 3 _ | Ug Uz \ OP
= (Yo 2 0 p1&lt%  Cpoigpytr | gl ) 22 2.12
vt <u3 2ut 4 ou ud 2 ()u3+ u? ) Ou (2.12)
1u2 9@ w, 0P
s e A F it
2ud ou?  wd [ ' 8u} +r(v,u),

Uy 3u2 3 _ ,0Pu: 3 _ | Uy Uy
_p, (Y 2% _2p10TU  Spigpyle | ple
ut v ( wr 2ut 4 ou ud 2 ( )u3 tEst atv,u) )
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where v is the vector (z,v1,v9,...,v,), ® denotes the vector field
D =, ) + 0 + -+
T, V, U Up1=——— v
¥ 8?}n 1 n-l 3Un_2 200, 8?}1

and P = P(v,u), E = E(v,u). There are compatibility conditions:

PP gp,lap 0?®
2

B 0wz

[@,?—ﬂ - <2P 13—5 — %) [@,g—ﬂ + <P‘1g—5 — §E> 8;7? =0, (2.13)
5= gt || o (PG 3E) |2

®,x] - B(g) 50 =0

Studying the compatibility equations, as in [5], one finds several families of integrable
equations. We proved in [7] that for classifying (1.1) it is enough to study the three types
of equations characterized by (®2 # 0)

® =’ Py(v) + Bo(v), P=1, E =0, (2.14)
B = SBy(v) + ®o(v), P=a(vu’-1, S=PY2 E=0, (2.15)
—u® (v) + ®o(v), P=av)u?, [®,P]#0, E=E({), (2.16)

for which n can take any value of 0, 1, 2 or 3. These equations give the relationship
between the highest derivative w(™ in the separant u and u because w™ = Dyw(1) =
D,v, = ®(v,). Ton =0, 1 or 2 there correspond different types of integrable quasilinear
equations (2.3), which have been all listed in [10]. In this paper we are interested in starting
to research fully nonlinear equations and so n = 3. In this case type (2.14) corresponds to
equations (2.5) with f; = 0, type (2.15) to equations (2.5) with f; # 0 and type (2.16) to
equations (2.4).

3 Integrable equations of the form (2.14)

To find all the fully nonlinear (n = 3) integrable differential equations of type (2.14) we
write them in the form
2

wy = — +C 3.1
t \/A_g/wamc -B ( )

where A, B and C are functions of v = (x,w, w;, Wy, ). Thus

u= (A", — AB)Y/?
d d d o 9

&, =AYV~ &, = A*?B—— . = 4+ =
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The third integrability condition in p3 together with the compatibility conditions imply
that now our system of equations takes the form

2
up = Dy <% - g% + QTE;,) + T(v) + 1(v)u® + m(v)u)7 (3.2)

2
v, = (2“—*‘; — 4“—@)% +228 Dy, ®) + (4@
U u u u

+ m(v)u? + %l(v)u3> P,+
+2[®0, [@2, Bo]] % 2 [@y, [, Bo]] u+ S(v) (3.3)

and the compatibility conditions, (2), are

P(T) — ®2(Q) =0, 3.5)
®y(m) = 0. 3.6)

(@, (B, [Bs, Bo]]] + ;l[‘i’z,‘I’O] + <q>2<T) + %@0@)) By =0,

(@0, [®o, (P2, Po]]] — 2Q[P2, Po] + Po(Q)P2 = 0,
[‘I’Q,S] - m[‘I)Q, <I>0] - <I>0(m)<I>2 = O,
[@o,s] = 0. (3.

[ —~ —~ o~
-~
~—

The integrability condition of ps is far from being satisfied. The following conditions are
necessary and sufficient for that:

0= (I)QCPQ(I)Q(T) — 3‘1’2‘1’2‘1’0(1) + gfbg(T)l, (311)
0 =15@0P2P((Q) — 102 P P2(Q) — 6P2PoP((Q) + 8P2(Q)Q, (3.12)
<I>2(E) = (I)QCPQ(I)Q(T) + @0‘1’2‘1’0(1), (313)
Bo(E) = 2BoB®o(T) + BrBrBo(Q) — 2:2085(Q) + > BoBoBo(l),  (3.14)
S(l) = — 3<I>2<I>2<I>0(m) — 2¢o(m)l + m@o(l), (3.15)
S(T) = 3‘1’0‘1’2‘1’0(”&) — 3‘1’2‘1’0‘1’0(”&) + m‘I)Q(Q), (316)
S(Q) = — <I>0<I>0<I>0(m) + @O(Q)m + 2Q<I>0(m), (317)

where E = E(v,u) is the function

5 7 4 1
E(v,u) = 5<I>0<I>0(z) + 5<I>0<I>2(T) + 5<I>2<I>0(T) + 6T2 -1Q.

The integrability conditions written above suffice for the classification we intend to make
here.

4 Nine nonlinear integrable equations

Theorem. Any equation of the form (3.1) satisfying (3.4-3.17) can be transformed, using
a contact transformation, T = ¢(x, w,w,), & = P(x,w,w,), into one of the following nine
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equations.

wy = —2w, % + o1 (Pw, — 2zw) 4 eo(zw, — w)+

2
+ c3w, + c4x” + csx + cp-

3 1/2
2)\3/2 (w Wrrr — 5”’;41”92595) + clxz + Ccoxwy + c3w, + C4’U)2—|—

+ csw + cg.
= —2 (2 PwWygy — B)~ Y2 4 clwg + co.
B = 8w, — 12wmz — 6lowyz =302+
+ (4w] 4 6X9wd + BAwh + 2\3w? + 4w+
+ 3A ow? + Nw, 4+ 200 ows + A o)z,
2 = (Wag + wh + Aow? + Mwy + Ao)'/2.
= =2 (2 3 Wy — 22 T3 27 + 6N w2 — )\)71/2
+c (Alx wgc—x) +CorWytc3wy+cy.

z = (wxl‘ + )\1’11} )1/2

+

wy = —2(2’7 Wazw — 222w 273 — 6Xexp (—4dw)wyz ™2 + 6Aw, 2~

+ ()\wagC — x) + o (2 zw, — 1) + czwy.
2 = (Wee + M2 + exp (—4Xw)) /2, A #0.
3) 1/2

=-2 ( wmm—l—wx 4+ cqwy + cosinx + c3 cos x,
2= (Wgy + w)1/2.

0 0 0
Wypr— — =—

_ 1/2 _ _
Below z = (wgy + 5)'/% and V S@wgc 5~ D2

—1/2
wy = —2 <A_3/2wxm - B) + crwg + co,

1/2.2
A=w?2?

3 3
B = how, %+ \ + 5w;”“z + 5Sw;”“z—l—

3w*3/4 ;S -1y w;3/4V(S)z*3

Wy

1
S = mw, /2+72w3/2+73w5/2 1—6)\%101/2 )\ _1/2.

1)71/2

_l’_

(4.4)
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_ 1/2
1/2wx/ 22 and

For the last two equations A = (3

B_ 253/41”;7/42 n 253/4 [Sw;7/4 n ﬁ_ww;/at 4 B msa 9 98

3 s o w3 27

+ V(8) 33 34273,
-1/2

wy = —2 <A—3/ 2 W — B) , (4.8)
S = 63/210;'/2 + 10(f‘|‘9)ﬁ1/2w§2/2 + ﬁ3/2w2/2_
- Bmﬂilwm + Bwﬁilwga
ﬂ:f_g’ f:f(ac+w), g:g(‘r—w)’
where f and g satisfy: (y')? = —16y° — c1y> — coy® — c3y — c4.
~-1/2
wy = —2 <A_3/2wxm - B) / + cl(xwa + w2) + co(zw, — w) + es(wy + 1),  (4.9)

S = 61/2 (Awi/Q + 2w, — 2w33) ,

g =(z+w) >
Proof. The coefficient in 8/dw, of (3.7) together with (3.4) imply
3 924
l= —1@7 A = w3, + 1wee + Yo- (4.10)

A contact transformation = = ¢(z, w,w,), w = ¥(x,w,w,) can linearize the function A,
0 72 = | = 0. The coefficient in d/dwg, of (3.7) gives

oT
OWgy

= A7 @ PPy (AY?) + 3A71D,B, P (AY?) -
—3ATI®,® By (AV?) — AT D, BB, (A%%B). (4.11)
(From the coefficients of relation (3.8) in 8/8wm, a/awm and (9/(910 we obtain

38,B,B((A%2B) — ®.,®,B((A>?B) — 8B BB (A/?)+

+4Q®o(A1?) — Bo(Q)AY? =0, (4.12)
Q= %A*1/2<I>2<I>0(A3/2B) — 3471288y (AY?), (4.13)
B,(A32B) — 3®,(AY?) = 0. (4.14)
;From (3.9), (3.10) and (3.6) we obtain
0 0 0
=H—+ ®¢H D (Po(H 4.1
s=Hy o+ ®(H)z -+ Bo(®o(H)) 5 — (4.15)
with H = H(x,w,w,). From the remaining conditions we find the relations:
OH
m = D, (4.16)
s(A%2B) = ®,®,®((H), (4.17)

S(AY?) = ®,®,®o(H) — 2mPo(AY?) — ®o(m)AY2. (4.18)
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The classification now starts to branch in subcases. Using the general conditions (4.11)

o (4.18) we proceed to find a “classification tree” of integrable equations. The first
division depends on the following fact. The function A was found (4.10) to be a quadratic
polynomial in w,, and linearizable by means of a contact transformation. If A has a double
root the linearization can bring it to the form A = a(z,w,w,). The resulting equations
are called type 1 equations. If A has not a double root, we obtain type 2 equations
with A = a(z, w, w;)? [wee + S(x, w, w,)].

4.1 Type 1: A= a(z,w,w,)

Conditions (4.14), (4.13), (4.11) and (3.5) imply that

Oa 3 Oda  Oa
a—5/? —5/2 oa | 0da
B = 4 w, Wi, + a (wm S + 63;) Wee + b(z, w,wy),
1 9% 1 da \? 9
@=-3 [a@wQ 202 <3—wx> ] e
_§1 d%a n d%a 1 Oa w@—i-@ S
4 3wx3w waax 220w, \ “O0w | Ox o
1 3/2 b da 2 3 [ ,0% »Pa & a
_ 2 g% Loy 28 7
2¢ 8a w”ﬁaw 8m Yz 50 + e w x+ ’
3a—1/2ﬁ

T=-° .
4 Owy,

) 4a

Formula (4.12) implies that a takes the form a = (yow? + vy1uz +v0)?, where v; = v;(z, w)
and 77 — 49972 = const. Point transformations 7 = ¢(z,w), w = ¥(z,w) allow us to
transform a to @ = 1 (class 1A equations) if the polynomial yow? + y1w,; + Yo has a

double root. If the roots are different, we can put a = A\2w? (class 1B equations).

4.1.1 Class 1A:a=1

In this case we have B = b(z, w,w,), Q = %8b/3wx and T' = 0. From (4.12) it follows that
b = 2a(x)wy+d/ (x)w+P(x). Gauging with point transformations z = ¢(z), w = ¢ zw+z
we can make b = 0. From (4.17) and (4.18) we can see that H = C1 (22w, —2zw)+Cs(zw, —
w) + C3w, + Cyx? + Csx + Cg and we have obtained Eq. (4.1). [

4.1.2 Class 1B: a = \2w?

We have B = $X73w2 w;* + b(z, w,w,) and Q = $X3wd + aw , T = —3X From (4.12)
it follows that b = a(r)w;? + B(w). A point transformatlon of the form z = ¢(x),
w = ¢(w) allows to take b = 0. jFrom (4.17) and (4.18) we obtain that for class 1B H =

(C122 + Cox+ C3)w, + Cyw? 4+ Csw+ Cg and the resulting equation is Eq. (4.2). [ |
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4.2 Type 2: A= a(z,w,w,)? [Wee + S(x, w, w,)]

Let 2z = (wap + S)Y2. Then A = a?2%. From (4.14), (4.13), (4.11) and (3.5) we find that

B=6 da a2 + bz, w,wy) + 6V (a)a 27! — 38—Sa*3271 +VSa 3273
owy, owy,
310% 3 [ da\?| 4 Jda a Ob | 4 9
Q__E la—wg"i‘a <0wx> ] ZT—a |:3bawx +16wJ 22+ @z +q12+ qQo
oa 3 4
T=— _ =
6811}362 8a b,

where V = S@/@wx — wma/aw — (9/8:6 and the functions ¢; are expressed in terms of a, b
and S. The condition (3.11) is automatically fulfilled and now our task is to determine the
functions a(x,w,ws), b(z,w,w,) and S(z,w,w,). It is enough to use conditions (3.12),
(3.13), (3.14) and (4.12). Starting with (3.13), we easily see that ®9(E) = 0, i.e. E =
E(z,w,w;). Then ®¢(E) = 2% 0E /0w, — V(E). Using the conditions derived from the
coefficients of 2%, 23 and z of (3.14) we obtain the following system of equations:

3 2 3
0°a 9 da 0%q 6<8a>:0’ (4.19)

w3 adw, w2 a? \ dw,

9% 12 8¢ 9 12 9% 36 [ Oa \*
902 T @ Gw, 0wy T a ol 4’(%) =0 (4.20)
Oa ob ob ob [ Oa Oa Oda 1 Ob

The general solution of the first equation is a = (w2 +~y1w, —1—70)1/ 4 i = yi(x, w). With
point transformations z = ¢(z,w), w = (x,w) we can simplify a. If the polynomial
yow? + y1w, + Yo has a multiple root, we can put a = 1, featuring equations of class
2A, and, if it has two different roots, we can put a = a(x,w)wglc/
equations of class 2B.

4 . .
, which characterizes

4.2.1 Class 2A: a=1

Equations (4.20) and (4.21) are rewritten as 8%b/0w? = 0, b,, = 0. Allowed point trans-
formations are T = ¢(z), w = w + YP(zr) and we write b = A\w, + n(x), where An = 0,
n” = 0. Conditions (3.13) and (3.14) imply E = E(z,w) and

OB OB _ (3,00 19°S\ 3,60b
ow™ " 9x ~ " \16 0w, 20w3) 16 0z
1 928 1( 8% a8 >

T Ow20w e w2z

4 Owz0w * 2
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Condition (4.12) implies that 9°S/dw? = 0 and

%8 %8 3
Sucom T2V (awg> -0V =0, (4.22)
oS oS
2(b) — +4b— = 4.2
VA(b) — 5oV () + b = 0. (4.23)
oS s 0S8
v (%) “wow, (424)

If we write § = &AW} + oz, w)w? + Bz, w)w, +v(z, w) relation (3.12) is equivalent to
Buww — 20y = 0. Dividing class 2A into subcases, we firstly find that for A # 0 there is only
one equation that satisfies all the previous conditions. This is Eq. (4.3). |

The remaining subcases have b = b(x) and either b = X or we can use an appropriate
point transformation to make b = x. This last subcase cannot satisfy conditions (4.22)-
(4.24). Consider then b = X # 0. From (4.23) and (4.22) it follows that 85 /0w = 0 and
o/ = 0. Allowed point transformations, T = ¢(x), W = w + ¢(x), put the equation in the
form Eq. (4.4). [

When b = 0 and 95 /0w # 0 (if 0S/0w = 0 then we can transform the equation to
(4.4)), conditions (4.22)-(4.24) and the allowed transformations lead to two different equa-
tions. The first with b = 0, S = Aw2+exp(—4 w), is Eq. (4.5). |

The second has b = 0 and S = w and is equation Eq. (4.6). [

4.2.2 Class 2B: a = a(x,w)w;/d‘

;From condition (4.20) we obtain that b = Ay (x, w)wy, 2 + Ai(z,w). Then from the coeffi-

cients of wy /4, wy ™, wy " and wi* in (4.21) we obtain
8z Ao + ()\2);,;0& =0, (4.25)
(A2)w =0, (M)z =0, (4.26)
8oy A1 + ()\1)1004 =0. (4.27)

Thus (4.26) implies that b = Ao (x)w, 2 + A (w). Condition (4.12) is a polynomial of fifth
order in z. Equating to zero the coefficient of 2° we obtain that

5/2

S =yw; +72w3/2+W3w1/2 6 oS\ 2w 7/2 6)\ _1/24‘4%1% —4a—ww§
a a

with v; = 7;(x, w). Now we can distinguish two subcases.
Subcase (loga)zw = 0. Using the transformations z = ¢(z), u = (u), we can put

a = 1. Then from (4.25)-(4.27) and (4.12) A1, A2, 71, 72 and 73 must be constants. Using
(4.17) and (4.18) we find the equation Eq. (4.7):

wy = —2(A73/% — B)_% + crwg + 2 (4.28)
with A = wl/?22, 2 = (wzz + S)1/? and

3 3 a8 oS
B=Sw, 4 2 (Sw; Tt =2 w34 ) 27 S w3273 Nwt 4 A,
2 2 8w$ Owy

S — 71w5/2+72U}3/2+73w1/2 )\2 7/2 )\ —1/2. m
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Subcase (log @)y, # 0. ;From (4.25)-(4.27) we have that Ay = A2 = 0 and besides A =
wi?a2:22, 2 = (W + S)'/? and

B = —w;7/4a73z + <6awa4w3/2 + 6ama74w;1/2 —

— ;Sof‘r’)’w:j/4 + 3;—504311)3/4) 2 aBwMSV(9)2 73,

z
Wy

[0 (6
S = mw)? + pwd? + y3w)/? - 43101”3 + 431%-

;From the coefficient in 2% of (4.12) we obtain that
(7)w + 6 Laym =0, (v3)w + 6 Lagys = 0,
(12)w = 5(1)z + 2720 'y + 10710 ay = 0, (4.29)
('72)1 - 5(73)10 + 2’72047105:1: + 107305710410 = 0.

Solving the first equation we have 713 = ki(z)a™8. The second gives 3 = k3(w)a°
with k; and ks arbitrary functions. Using allowed point transformations we can make
both constant. There are then three possible cases: k4 = k3 = 1; k; = 1 and k3 = 0;
k1 = ks = 0. We study these three cases together, considering only that k; and ks are

arbitrary constants. It is useful to define & = 87/ and 5 = v4'/2. Thus we have
S = k1 B32w03/? + 4BV 2w + k3B Pl + BBl — B s (4.30)
and system (4.2.2) is equivalent to
Yo = 10k3 Sy, Y = 10k1 B, (4.31)
The evident compatibility condition for this system is
k1Bez — k3Bww = 0. (4.32)
Using these last three equations (4.12) is equivalent to
<ﬁ‘1ﬁm - 26‘2@%) + 4k BB + 8k k3B = 0, (4.33)
w
<ﬂ_1ﬁww - gﬂ—2ﬂ5> + k1Y BBy + 8kiks 5 B = 0. (4.34)
z

We can solve the system formed by these last five equations and find the expressions for
B and v as follows.
Consider the case k; = k3 = 1. From (4.32) we have that § = f(w+z)—g(w—=x), where
f and g are arbitrary functions. ;jFrom (4.31) we find that v = 10f(w+=x) + 10g(w—=x).
We introduce the notations z; = w +  and 23 = w — x. The system (4.33)-(4.34) is now
" 1pn 101 12 12y g1
TS S i Vi
f-9 (F-9?* (f-9) (f —9)
+40(f = 9)(f +9)f +8(f —9)*f' =0,
" ' 1 122y
9" 499 _ 9 f 2_3U 929
f-9 (F-9* (f-9) (f —9)
+40(f = 9)(f +9)g' — 8(f —9)*d = 0.

_|_
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Multiply the first equation by (f — g)~!. It becomes

o f”+ 1" f/2_ 12
a_z1<(f—gg)2 - (f_j)?) +24f2+32fg> =0

SO

" " 2 2

with x1(22) being an arbitrary function of z5. Analogously we obtain

" 1" 2 g2
(J;j_gg)Q — J(Cf_g%?) + 2492 +32fg 4 ra(z) =0

with k1(z1) being an arbitrary function of z;. Adding these two equations we obtain
that k1 = 24¢° + p and ko = 2412 + u, where p is an arbitrary constant. Then the system

of two equations is equivalent to one equation:

f,/+9/,—fl2_gl2+24f2+32f +24g% + =0 (4.35)
(F=9° (T-97 ImEe e '

Consider the case f’ # 0, ¢’ # 0. Multiplying (4.35) by f’ and integrating with respect
to z1 we obtain
(f)? +16f° + 2uf° + (261 — 64¢° — 4ug) f*+
+ (489" + 2ug” — 4619 — 29" ) f + 299" — (9')* + 2019 = 0, (4.36)

where 67 is an arbitrary function of z9. Analogously multiplying (4.35) by ¢’ and integrat-
ing with respect to z5 we have

(9')? + 169" + 2ug® + (20, — 64f% — Auf)g*+
+ (48f +2uf? — 402 f —2f ) g+ 2f f" — (f')* + 2024 = 0, (4.37)

where 65 is an arbitrary function of z;. Differentiating (4.2.2) with respect z; and (4.2.2)
with respect zo we obtain, quotienting respectively by f’ and ¢':

F" A0+ 3uf? + (201 —64g° —4pg) f + 249" + pg® — g" — 2019 =0, (4.38)
g’ +40g" + 3ug® 4+ (200—64f>—4uf)g + 24f* + pf? — f" —20of = 0. (4.39)

Adding we have (f — g) {(61 — 62) + 2u(f — 9) + 32(f* — ¢*)} = 0. ;From here we find
that 61 = 32¢% + 2ug + p1, 02 = 32f% + 2uf + p1, where p; is an arbitrary constant.
Equations (4.38) and (4.39) are equivalent to

F"+40f* 4 3pf? + 2u f — " — 40" — 3ug® — 2mg = 0.
As f is a function of z; only, and g a function of zy only, it must be

F" 4+ 40f* + 3 f? + 21 f + p2 = 0,
g" +40g" + 3pg® + 2u19 + po = 0,
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with pe an arbitrary constant, thus obtaining a pair of ordinary differential equations.
Integrating once we obtain

(f)2+ 165 +2uf> + 201 f% — 2 f + s = 0,
(¢')* +16¢° + 2uf> + 2p19% — 229 + pa = 0.

Using these four relations in (4.35) we can see that pug = p4. So finally we have found that

B=flwt+az)—glw-=), ~v=10f(w+2z)+10g(w — ),
where f and g are any solutions of

()2 4 16y° + \3y® + Aay® + My + Ao =0

with \; arbitrary constants. This is Eq. (4.8). |

Although we assumed that f’ # 0 and ¢’ # 0, it is possible to prove that these expres-
sions are also true when f' =0 or ¢ = 0. The case f' = ¢’ = 0 was studied above.

The case k; = 1, k3 = 0. From (4.31) and (4.32) we can put v = 10g(w), § =
g (w)z + f(w), with g(w) and f(w) arbitrary functions, with ¢’(w) # 0 in order not to
fall into cases already studied. Equation (4.33) becomes ¢”f — ¢ f’ = 0 and it must be
that f = \¢/, that is, 8 = ¢/(x + \). Using point transformations we can put 8 = 1 and
this is a case studied already.

For case k1 = k3 = 0, from (4.31) it follows that  is an arbitrary constant, while (4.33)
and (4.34) imply that

BTy (2), — — — Y = h(w).

Using point transformations & = ¢(x) and w = (w), we can make ¢t = 19 = 0. The
solution of the equations yields 8, = r1(w)3%2, By, = ka(x)3%/2. Compatibility conditions
imply that s} — k4 = 0. If | = 0, allowed transformations permit to put 3 = 1/(z +w)?,
yielding Eq. (4.9). |

If k] # 0, we can put § = 1/(mw + )2, but using allowed transformations this case is
the previous one.

5 Differential substitutions into the KdV and KN equations

All the nine differential equations of the previous section are related to the KdV or KN
equations through a highly nontrivial differential substitution (1.7) (and thus are inte-
grable). When an evolution equation admits a classical symmetry, then there exists a
differential substitution to an equation with a smaller symmetry group. These are the
so-called group transformations [15]. The original KdV (1.3) admits classical symmetries,
and the substitution w = 1 / Uz, Yy = u plus a scaling transforms KdV into

w w;,
wy = Dy ﬁ—?)g—?)y : (5.1)
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that has a null symmetry group. Similarly the nonsymmetric version of Krichever--
Novikov (1.4) is

3 w?

w.
we =Dy (ﬁ ~5mit R(y)w2>7 R(y) = y* + p1y + po. (5.2)

Differential substitutions (1.7) transform conserved densities p (so p; = 0,,) into conserved
densities p = p/Dy¢. Consider differential substitutions (in non-standard variables) of
the general equation (3.2). The variable u is a conserved density of (3.2). Requiring it to
transform into the conserved density w of (5.1) or (5.2), the substitution must be of the
form

(5.3)

5.1 Differential substitutions to KdV

We give here a way to find differential substitutions from equation (3.2)-(3.3) to (5.1).
Imposing that the differential substitution (5.3) must transform (3.2) into (5.1) we see
that

o) D37 3 2 ZD,Z

2 2 Uz U

D2
o u

Z

and there are two types of substitutions, denoted as KdV1 and KdV2:

Z:%Dx (—%—FN(V)U) —%Z—%—%—%T—i—%lu% (5.4)
2

Z:%Dm<% Niv)>—%%—%—éT+ I (5.5)

Necessary and sufficient compatibility conditions are, for KdV1:
2 1

®,(N) = —3l- ZN?, (5.6)

0 = 6@28,®((N) + 3N DB (N) — 285(T)N + 282®(T) + 6B,B(1), (5.7)

0 = 380 @280(N) — 382B0Bo(N) + > NByo(N) + 2B2(Q)N -

—gQN2—2q>O<I>2(T)—§Ql + E, (5.8)

0=20PoP(NN) — 2QPo(IN) — Ro(Q)N + 220 P2(Q) — P2P0(Q), (5.9)

S(NV) = @o(N)m — ®o(m)N + 222,®o(m) (5.10)
and for KdV2:

®y(N) =2Q — ENQ, (5.11)

0= ‘1’2@2‘1’2(N)+§Z<I’2(N)—@2‘1’2(T)—<I’2<I>0(l), (5.12)
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0= 3&,8Po(N) — 3B, ®(N) + gN%@Q(N) — N®y(T)—

— N&y(l) + %U\ﬂ —28,%,(Q) — %Ql + E, (5.13)
0 = 3B, Bods(N) + chboq)Q(N) _ N®(Q) + 3%2®0(Q) — 8Bo®s(Q),  (5.14)
s(N) = — %NZm + N®(m) + 2Qm — 2®,®((m). (5.15)

5.2 Differential substitutions to KN

The differential substitution is also of the form (5.3) with

D2
- u

Zy

1
(Q +T+lu2+mu> +— <D§Z—
u

Q §<D§Z>2> R(Z)
u2

2 D,z ) D,Z"

One can see that Z = Z(v) and there are again two types of differential substitution. For
the first one, KN1, there must be a nonconstant function, Z(v), satisfying

®,(Z) =0, (5.16)
2

0 = By B (7) — %% + %l@o(Z) _ %(50((22)), (5.17)

0= ®,®,8(Z) — BgP2P((Z) — %%go)éo)%(z) + %TQO(Z), (5.18)
2

0 = By®y®o(Z) — g% +Q®(2), (5.19)

s(Z) =m®y(2). (5.20)

For KN2 Z(v) must satisfy

®(Z) =0, (5.21)
2

0= ®®Py(Z) — %% —Q®y(2) — é(i((ZZ)), (5.22)

0= ®gPyPs(Z) — B8 P2(Z) — q’z%gé‘))%(z) + échg(Z), (5.23)

0= B, 8,®5(Z) — g% - %@2(2), (5.24)

s(Z) =0. (5.25)

5.3 The differential substitutions of equations (4.1)—(4.9)

In some case there is more than one type of substitution that transforms any of equa-
tions (4.1)—(4.9) to either KdV or KN. We give here just one transformation for each
equation.
For equations (4.1)—(4.6) a KdV1 substitution with N = 0 suffices to transform them
into KdV.
. . . 3/4 112 .5/2
Equation (4.7) admits KdV2 with N = —A\jwy' "z + AWz
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Equation (4.9) admits many substitutions into the KN equation, of type KN1 and KN2.
One of type KN1 has

3z—a A
4dw+a 8

7 =Z(x,w,wy) =

where « is a root of ca? + caa + ¢35 = 0.

The calculation of a transformation for equation (4.8) is nontrivial and it is the subject
of the following section. It is remarkable that, in spite of the appearance of general
hyperelliptic functions, the substitution relates this equation to KN, that is related to
standard elliptic functions (there is a point transformation from the form given here (5.2)
to an equation with a Weierstrassian g).

6 Derivation of the differential substitution for eq. (4.8)

We have found a KN-1 substitution for eq. (4.8). Condition (5.16) implies that N(z,
W, Wy, Wez) = N(z,w,w,;). Now condition (5.19) is a polynomial of fourth order in 22.

The coefficient in 2% implies that either
N d(z,w)

Vwg + k(x, w)

or N = n(z,w)\/wy + m(x,w). This latter possibility is discarded because then (5.18)

implies that n(z,w) = 0 and m(z,w) = k so that N = k constant, which does not

constitute a proper differential substitution.
Consider the form (6.1) of N. The coefficient of 2% in (5.19) implies

+ n(z,w) (6.1)

___1 o
320w

(which discards On /0w = 0 as a valid solution). The conditions now translate into relations
between different partial derivatives of n(z, w) and k(z,w), involving the parameters in the
equation (4.9). For example the previous condition also yields (using subscript notation
for partial derivatives)

The coefficient in (5.19) of 2* implies a relationship between n, and Nyww, Nwws Mw, kw-
Condition (5.18) gives relations: between 1y and Ny, Ny, ky, between k, and Ky,
k. and finally a relation between k. and ky.w, k. After we consider all the relations,
conditions (5.18)—(5.19) are satisfied.

Equation (5.17) provides four independent conditions. Denoting R(n) = n® + p1n + po
(recall (5.2)) we can write them as

3n2 = 83%(n® + pin + po), (6.2)
36830k + 24nk® — 36)*(n® + p1n + po) =
= 8[38(3n% + p1)k% + 8(n® + pin + po)]* k2. (6.3)
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The first relation is a differential equation that defines the function n(x,w) as an elliptic
function. The second relation is a polynomial relating the functions n(z,w) and k(z,w):
of eighth order in k and sixth order in n! These equations define a differential substitution
from equation (4.8) into the KN equation (5.2). A major computational difficulty was
to prove that they are compatible with all the previous differential relations, but modern
computer algebra systems made this possible.

7 Conclusions and further work

We have researched and classified an interesting family of fully nonlinear evolution equa-
tions of order three. We have found that any integrable equation in the family can be put,
using a contact transformation, in one of nine “normal” forms corresponding to nine given
evolution equations. One of these equations (eq. (4.8)) involves hyperelliptical functions
and that could be a sign of being a new integrable equation, because the only ones known
in this family involve polynomials (KdV) and elliptic functions (some form of KN). How-
ever the same happened with some simpler integrable quasilinear equations studied in [7],
but they finally turned out to be transformable into KN. We have shown that the same
situation arises in the fully nonlinear case.

The types of equations (2.15) and (2.16) await classification. They will surely provide
computational challenges and a good, final test to our conjecture.
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