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Abstract

For positive parameters a4 and a_ the commuting difference operators exp(iat+d/dz)
+ exp(27z/as), acting on meromorphic functions f(z),z = x + iy, are formally
self-adjoint on the Hilbert space H = L?(R,dx). Volkov showed that they admit
joint eigenfunctions. We prove that the joint eigenfunctions for positive eigenvalues
exp(2mp/ax),p € R, give rise to a unitary transform, thus associating commuting
self-adjoint operators on H to the analytic difference operators.
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1 Introduction

In a recent article [1] Volkov observes that the commuting analytic difference operators
A = e—2i7rw + er/dtu’ Ay = e—2i7rw/’r + ed/dw’ (11)

admit explicit joint eigenfunctions involving a special function that is a ratio of two dou-
ble gamma functions, introduced and studied by Barnes a century ago [2]. Since the
eigenvalues are given by

By = 6727;”)\, By = 6722‘#)\/7’ (12)
he suggests that within a suitable Hilbert space theory the above analytic difference op-
erators (henceforth AAOs) should be related by

(A)YT = A4y, (1.3)

a relation that makes direct sense only when 1/7 is a positive integer (and which can be
verified to hold true in that case). However, Volkov’s paper is mainly focused on features
of the special function for arguments that are noncommuting operators.

The pertinent special function is often called the double sine function. Independently
of the work by Barnes and later authors on the double sine, we introduced and studied
essentially the same function in [3] and [4]. We dubbed it the hyperbolic gamma function
for reasons explained in [4]. A close relative of the double sine/hyperbolic gamma was also
introduced and studied by Faddeev [5] and Woronowicz [6], who refer to their functions
as quantum dilogarithm and quantum exponential function, resp. We have collected some
features of the hyperbolic gamma function that are important for our present purposes in
Appendix A.

The parameter symmetry of the double sine and its avatars is intimately connected
to Faddeev’s notion of modular double of a quantum group [7], and to the occurrence of
this ‘modular symmetry’ in various quantum integrable models. Besides the AAO pair
(1.1) at issue, the latter include the sine-Gordon and Liouville quantum field theories, and
the relativistic Toda and Calogero-Moser N-particle systems, cf. e.g. [8, 9, 10, 11] and
references given there.

The principal aim of this paper is to study the Hilbert space theory associated with
AAOQO pairs that amount to Volkov’'s AAOs (1.1) for the special case of positive 7. This
case is excluded from consideration in [1], but it is the only case in which we are able
to give the relation (1.3) a precise meaning via the functional calculus for unbounded
self-adjoint operators [12, 13].

To put the subject matter of this paper in a wider context, we point out that to date
there exists no well-developed formalism dealing with the Hilbert space theory of AAOs.
Important heuristic guidance is provided by the transition from classical to quantum
mechanics via the canonical quantization prescription

p — —ihd/da. (1.4)

Assume we start with a real-valued smooth Hamiltonian H(z,p) on R? that has a real-
analytic dependence on z and a polynomial dependence on exp(vp) with v real. The
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operator exp(—ivhd/dzx) associated to exp(vp) can be easily interpreted as a self-adjoint
operator on the Hilbert space

H = L*(R, dz) (1.5)

via Fourier transformation. The problem to find explicit eigenfunctions for H (z, —ihd/dx)
now leads to consideration of the AAO A(z,—ihd/dz) on a suitable space of analytic
functions, the exponentials being defined by

(exp(—ivhd/dz)F)(z) = F(z — ivh). (1.6)

The main snag in using the AAO-eigenfunctions for Hilbert space purposes is that they
are highly non-unique. For the AAOs just defined this amounts to the following: If F(z)
satisfies the analytic difference equation (henceforth AAE)

A(z,—ihd/dz)F(z) = AF(z), X€C, (1.7)

then clearly p(z)F(z) also solves (1.7) for any u(z) with period ivh. The question there-
fore arises to single out the ‘simplest’ eigenfunctions, in the hope that the corresponding
eigenfunction transform will yield the desired Hilbert space features (more specifically,
‘orthogonality and completeness’). Even though this hope is borne out by various explicit
examples (including the ones under consideration in this paper), no general theory exists
at present.

In view of this state of affairs, we proceed at first in a somewhat more general setting in
Section 2, studying a rather large class of AAOs and their eigenfunctions, and specializing
in several steps to the AAO pairs at issue. Along the way we prove several propositions
bearing on the existence or non-existence of joint eigenfunctions. In Prop. 2.4 we show
in particular that for generic step size parameters joint eigenfunctions do not exist when
the ‘potentials’ are multiplied by a positive coupling constant g # 1. We believe that the
wider perspective thus gained may be helpful in further studies of the largely unexplored
intersection of AAE theory and Hilbert space theory.

On the other hand, for the detailed study of the Hilbert space aspects of the special
AAQ pairs undertaken in Sections 3—-5, we only need to know their joint eigenfunctions for
positive eigenvalues. Using the first order AAEs satisfied by the hyperbolic gamma func-
tion, it is a routine matter to check the joint eigenfunction property directly, so Section 2
might be skipped at first reading.

We proceed to summarize our main results for the AAO pair

As = exp(ia_sd/dz) + exp(—27z/as), 6 =+,—. (1.8)
Here and throughout this paper we choose
at,a_ € (0,00). (1.9)

As we already described above, the AAOs A4 are at first viewed as linear operators on
the space M of meromorphic functions

f(z)=fl@+iy), =zyeR (1.10)

Taking z = z € R in the joint Ai-eigenfunctions for positive eigenvalues (which follow
from Prop. 2.4) we then construct a unitary joint eigenfunction transform. It enables us to
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associate to the two commuting operators A1 on M two commuting self-adjoint operators
H on the Hilbert space H (1.5). Since the latter are unitarily equivalent to multiplication
by the functions exp(—2mp/ay) on the Hilbert space

H = L*(R, dp), (1.11)
it follows in particular that they satisfy the relation
(HH)Y"=H,, t=ai/a_, (1.12)

which gives a mathematically precise meaning to (1.3).

In fact, we consider together with the pair (1.8) a second pair, cf. (3.1)—(3.2). This
is because the joint eigenfunction transforms 7z and 77, associated to the two pairs turn
out to be inversely related (after the spectral representation space H (1.11) is identified
with H (1.5)). Just as in previous papers (cf. e.g. [14]) we use time-dependent scattering
theory to show isometry of 7r and 7;. A novel feature here is that the ‘free’ comparison
dynamics for t — oo differs from the one for { — —oo.

The groundwork for the study of the transforms is laid in Section 3. Their unitarity
and wave operator features are dealt with in Section 4, with Appendix C supplying a
key technical ingredient. Section 5 is concerned with various natural questions that arise
after having shown that the transforms are unitary, entailing that the Hamiltonians are
commuting self-adjoint operators. The main issue is to relate the Hamiltonians and their
domains to that of the sum operator defined on the intersection of the domains of the
pertinent multiplication operator and exponentiated momentum operator. In Appendix B
we collect some properties of the latter in a self-contained setting, but with an eye on their
occurrence in the main text.

2 A class of AAOs and their eigenfunctions

A huge class of AAOs with a well-defined action on the space M of meromorphic functions
can be defined via the building block AAO

(TwF)(2) = F(z —w), FeM, weC. (2.1)

Specifically, any AAO of the form
M
> Ci(2)Tw,, CjeM, w;eC, j=1,...,M, (2.2)
j=1

leaves M invariant, so that its eigenvalue problem makes sense. For the AAOQOs arising
in the context of integrable systems and quantum groups the translation parameters w;
are far more special, though: They are of the form kw,k € Z,w € C*. For T,, to admit
a reinterpretation as a self-adjoint operator on the Hilbert space H (1.5), one needs to
require w € iR*, and so we specialize to this choice. In fact, in this section we only consider
the case of nonnegative multiples, so that we may as well start from

N
A=Y "Cu(2)Tina, a>0, Cp,...,Cn €M. (2.3)
n=0
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We proceed to study the eigenvalue problem
AF =aF, FeM, acC, (2.4)
specializing to the AAO
Tio + exp(272/b), a,b> 0, (2.5)

in several steps. (Observe that the parity transforms of the AAOs As (1.8) are of the form
(2.5).) First, it should be stressed that if F' solves the Nth order AAE (2.4), then for any
u in the space P;,, where

Po={peM|uz+w)=npx)}, weC" (2.6)

the function u(z)F(z) solves (2.4) as well. It is therefore crucial to try and find the
‘simplest’ solutions in the infinite-dimensional solution space. In this generality, however,
very little is known about this problem.

Next, we assume that the coefficients are of the form

Cn(z) = Rp(exp(272/b)), n=0,...,N, b>0, (2.7)
where R, (w) is rational. Then the AAO

N
B = Z:O R, (exp(27z/a))Tinp (2.8)

clearly commutes with A, so that one may ask for joint solutions to (2.4) and to
BF =pF, FeM, peC. (2.9)

In this setting the multiplier ambiguity can be drastically reduced by requiring that the
step size parameters a and b be rationally independent. Indeed, we have

a/b¢ Q= Pia NPy =C, (2.10)

cf. Prop. 2.1 below. Of course, this does not answer the question whether joint solutions
exist.

Clearly, the most accessible case is the one of constant coefficients. Then all exponen-
tials exp(vz),v € C, are joint solutions, but since both eigenvalues a and 3 depend on 7,
they cannot be freely chosen. In the simplest case

A=T,, B=Ty, (2.11)
one obtains

a = exp(—iay), [ =exp(—iby). (2.12)

In particular, A admits any eigenvalue o € C* (the case o = 0 clearly yields F' = 0). But
even for this simplest choice of A and B it is not immediate whether or not eigenvalue
pairs other than (2.12) are allowed.

To study this, let us start from the choice o = exp(—ia~y), so that all A-eigenfunctions
are of the form exp(yz)u(z) with u € P;,. Now we ask whether there exist functions in
this infinite-dimensional solution space that solve (2.9) with 3 # exp(—iby). Thus we
should consider the first order AAE

pu(z —ib)/u(z) =d, deC*. (2.13)
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Proposition 2.1. Let p € P, and a/b ¢ Q. Then (2.13) admits no solutions, unless

d = exp(—2minb/a), n € Z. (2.14)
Moreover, when d is given by (2.14), the only solutions are

u(z) = cexp(2mnz/a), ce€ C*. (2.15)

Proof. Assume p solves (2.13). Let Rz = ¢ be a line on which u(z) has no poles. Then
we can write
p(zo +1y) = Z cpexp(2miny/a), y € R, (2.16)
nez

with the Fourier coefficients ¢, having exponential decay as [n| — co. From (2.13) we now
deduce

cnexp(—2minb/a) = de,, Vn € Z. (2.17)
Since b/a is irrational, we have

ny # ng = exp(—2minib/a) # exp(—2mingb/a), ni,n9 € Z. (2.18)
Combining this with (2.17), the proposition follows. [

Note that for d = 1 this result amounts to (2.10). The proposition also makes clear
that joint solutions for the special case (2.11) exist only for non-generic eigenvalue pairs

(a, B) = (exp(—iavy),exp(—iby) exp(2mikb/a)), ~€C, ke€Z. (2.19)

In general, therefore, one should at best expect that joint solutions to (2.4) and (2.9) exist
for special eigenvalue pairs («, 3).

When the coefficients in the AAO A (2.3) are not only non-constant, but N is also
greater than 1, very little seems to be known about solutions to the single eigenvalue
problem (2.4). In fact, we are only aware of results for quite special coefficients, which
give rise to ‘reflectionless’ solutions [15, 16]. On the other hand, the first order case
N =1 is far more accessible, just as for linear ODEs. In particular, specializing again to
coefficients of the form (2.7), the eigenvalue problem (2.4) becomes

[Ro(exp(2mz/b)) + Ry(exp(2mz/b))T;u|F = aF, « € C. (2.20)

As shown next, it can be solved explicitly in terms of the hyperbolic gamma function, in
this section written as

G(z) = G(a,b; 2). (2.21)
(This function and related ones are the subject of Appendix A.)

Proposition 2.2. Assume R;(w) # 0 and Ry(w) # «. Then all solutions to (2.20) are of
the form

N M
F(2) = p(2) expli(2n + M — N)rz*/2ab + c2] [ [ G(z = 6x)/ [[ Gz =), (2.22)
k=1 j=1

with 1 € Pjq. Moreover, the numbers n € Z,M,N € N and J;,7; € C are uniquely
determined, and ¢ € C is uniquely determined modulo 27 /a.
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Proof. We first rewrite (2.20) as

F(z —ia)

—FGy = Pal2mE/b), (2.23)
where

Po(w) = (o — Ro(w)) /Ry (w) (2.24)

is rational. Thus we can factorize p,(w) as

M

N
pa(w) = yw" [ [(w = z)/ [T (w = pr), (2.25)
j=1 k=1

where n € Z, M, N € N,~,21,...,2um,P1,--.,pNn € C* are uniquely determined (provided
zj # p, of course). We can now rewrite (2.23) as

M
F(z—1 1 2cosh|m(z — ;) /b
7(2 i) =mnexpl(2n + M — N)wz/b) Hgv_l [m{ 2l ] (2.26)
F(z) [1s—; 2 cosh[n(z — By)/b]
The general solution of (2.26) is therefore given by (2.22), with
v =a; —ia/2, j=1,...,M, & =p—iaj2, k=1,...,N, (2.27)

cf. Appendix A. O

Using (2.22) it is straightforward to study the question whether among the solutions
to (2.20) there are solutions to the second AAE

[Ro(exp(27mz/a)) + Ry(exp(2wz/a))Ty|F = BF, (€ C. (2.28)
Indeed, from (2.22) and the G-AAE (A.4) we have

F(z—1ib)  p(z —ib) excny [
F(z) N w(z) P [2@
y Hjle 2 cosh(m(z —~; — 1b/2)/al

[T, 2cosh[n(z — &, — ib/2)/a]

(2n+ M — N)(2z —ib) —icb

(2.29)

When we compare this to (2.28), we see that p must satisfy an equation of the form

p(z — ib)

e = R(exp(27z/a)), u € Pia, (2.30)

with R(w) a rational function whose dependence on « and [ is suppressed.

We now focus on the solvability of equations of the form (2.30). In the special case
that R(w) is constant, we have already seen that this constant must take the values (2.14)
for a solution to exist. For non-constant R(w) the following observation is of considerable
help.
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Proposition 2.3. Assume the function

Q) = plz—)/n(z),  pEPu afbEQ, (2.31)

has a zero at z = zp. Then there exists k € Z* such that Q(z) has a pole at z = zy + ikb.
Also, if Q(z) has a pole at z = zy, then there exists [ € Z* such that Q(z) has a zero at
z = zg + 1lb.

Proof. The crux is that point sets of the form {zg + ima + inb} with m € Z and n € N
or n € —N are dense on the line £z = Rzy. Therefore p(z) cannot have zeros or poles in
such point sets. To see how this yields the proposition, suppose Q(z) vanishes at z = zj.
Then p(z) has a pole at z = zy and/or a zero at z = zy — ib.

First assume zg is a pole of u(z). Then zy + ib is a pole of Q(z), unless u(z) has a
pole at zy 4+ ib whose multiplicity is at least equal to that of the pole at zy. Repeating
this argument, it easily follows that @Q(z) must have a pole at zg + ikb for some k € N*.
(Indeed, if this is not the case, then p(z) has poles at zy + ikb + ima,V(k,m) € N* x Z,
yielding a contradiction.)

Next assume p(z) vanishes at zg — ib. Then zg — ib is a pole of Q(z), unless u(z) has a
zero at zg — 2ib whose multiplicity is at least that of the zero at zg — ¢b. Hence it readily
follows that Q(z) has a pole at zy — ikb for some k € N*.

Clearly, the assumption that Q(z) has a pole at 2 leads in the same way to the existence
of a zero at zg + ilb for some [ € Z*. [

From this proposition it follows in particular that the eigenvalue equations (2.20) and
(2.28) need not have joint solutions for any pair (a, 3) € C2. The point is that the function
on the rhs of (2.30) arising from (2.28) need not have pairs of zeros and poles that differ
by imb for some m € Z* (modulo ia). This can already be seen from Prop. 2.2 and its
proof, but it is more telling to inspect some simple cases. For example, the choice

Ry=0, Ri(w)=w+1, a/b¢Q, (2.32)

yields a joint eigenvalue problem not admitting any solutions, as can be easily checked by
using Prop. 2.3.

The upshot is that the joint eigenvalue problem is ‘overdetermined’: Generically it will
have no solutions, and even if joint solutions do exist, then for a given eigenvalue « one
should not expect joint solutions to exist for arbitrary (3, but only for a countable set of
B’s.

We now turn to the special case
Ro(w) = gw, Ri(w)=1, ge(0,00), a/bgQ, (2.33)

with which the remainder of this section is concerned. For o = 0 the first eigenvalue AAE

can be written
Fls— i
% = —eexp(272/b), (2.34)

where we have set

g=¢ AcR. (2.35)
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Obviously, it has the general solution

imz? T T A
F(z) = pu(z) exp (W + <_E -3t E) z> . 1€ Pig, (2.36)
which implies
Fls_ .
Flz—ib) = _pz=ib) exp((2mz + Ab)/a). (2.37)

F(z) 1(z)
Comparing this to the second eigenvalue AAE

F(z —ib)

F) = 3 — e exp(2nz/a), (2.38)

we deduce from Prop. 2.3 that for § # 0 there exist no joint solutions.
Choosing next 6 = 0, we should solve

p(z — ib)

e = exp(A[1l — b/al). (2.39)

Thus we get a constraint on A, cf. (2.13)—(2.14): It must satisfy
exp(A[l — b/a]) = exp(2mikb/a), k€ Z. (2.40)

Recalling (2.35), we infer k£ = 0, A = 0. Thus we need g = 1 for joint solutions to exist.
Combining this with (2.15) and (2.36), we see they are given by

s

F(z) = cexp <ab[22 +i(a + b)z]) , g=1, a=p=0, ceC" (2.41)
We proceed to consider the case a # 0.
Proposition 2.4. The joint eigenvalue problem
(gexp(2rz/b) + Tjo)F = exp(27p/b)F, g€ (0,00), Spe (—b/2,b/2], (2.42)

(gexp(2mz/a) +Ty)F = F, B eC, (2.43)

(with a/b irrational) has no solutions for g # 1. For g = 1 it has no solutions unless [ is
given by

B =exp(2mp/a), p=p—ilb, l€Z, (2.44)

and in that case all solutions are of the form

F(2) = cexp <%[z2 +i(a+b)z+ 2zpl]> G(—z+p —i(a+b)/2), ceC*. (2.45)



262 S N M Ruijsenaars

Proof. Instead of (2.34) we now get

Fls i
% = exp(2np/b) — € exp(27z/b).
Rewriting this as
F(z —ia) , ™ ib b A Tz T
) _9icosh [ = |2 — Z 2 AL <
7o) 1.Cos (b[z p+2+2w}>exp<2+b+b>,

we obtain the general solution

exp (2Z[22 + (ia + ib + b/ + 2p)2])

F = iay
@) =) = o riar 2 HEP
to (2.42). This solution yields
F(z —ib) pu(z —ib) s ia  Ab
T g T osh (= |2 — =42
() 1 (2) cosh { — 12 D+ 5 + or

X exp <% [224—%—{—2}9]).

In view of (2.43) we should also require

F(z —ib)

F02) = — e exp(2nz/a).

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

Demanding equality, we deduce from Prop. 2.3 that for 8 = 0 no solution y € P;, exists.

For 8 # 0 we may set
B = exp(2mq/a),
and then g should fulfil
z—1ib A T sinh(w|z — g+ a\/27]|/a
o ):eXp< (_p)> (] /2m]/a)

w(z) 2 2" a'! sinh(w[z — p+ bA\/27]/a)’
Invoking once more Prop. 2.3, we deduce that ¢ must be of the form
q:p—(b_a))\—ilb, leZ,
i
yielding
p(z — ib) sinh(7[z — p + ilb + bA/27]/a)

= exp(\[1 — b/a]) exp(—inlb/a)

w(z) sinh(w[z — p+ bA/27]/a)

Consider first the case [ > 0. Introducing

!
wi(z) = exp(nlz/a)/ H sinh <%[z —p+inb+ b)\/27r]> ,

we get u; € Pjq; moreover, defining

pr(2) = p(2)/ m(2),

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)
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it remains to solve

pir (2 — ib)

(D) =exp(A[l —b/al),  pr € Pia- (2.57)

We have already seen that this entails that A vanishes and p,(z) is constant, cf. (2.39)—
(2.40). Hence we have ¢ = p;. To verify that the resulting solutions are of the form (2.45),
it suffices to check

G(w +ilb+i(a + b)/2) .
Gt i@t pHsmh< w—l—mb]) l e N%. (2.58)

This is a consequence of the G-AAE (A.4) (yielding p = (2i)"), so (2.45) follows for I > 0.
The case | < 0 can be handled along the same lines. [

We would like to point out that the AAO on the lhs of (2.42) also leaves the space £ of
entire functions invariant. Hence its eigenvalue problem (2.42) is well defined in €. But in
the course of the proof it becomes clear that (2.42) admits no solutions in €. Indeed, this
follows from the zero locations of the multiplier u(z) € Pj, in the general solution (2.48)

0 (2.42): since they are ia-periodic, they cannot cancel all of the zeros of the G-function
n (2.48), cf. (A.3).

It is also of interest to observe the relation of the solutions (2.45) to the zero-eigenvalue
solutions (2.41): provided the former are multiplied by a suitable exponential depending
only on p;, they converge to the latter for Rp — —oo (by virtue of the G-asymptotics
(A.11)).

To conclude this section we would like to stress that the above ‘no-go’ results hinge on
the positivity of the parameters a and b. (Recall we are requiring this so that the AAOs
Timas Tinp, m,n € Z*, are at least formally self-adjoint.) To explain what is involved
here, let us replace ia and ib by arbitrary numbers 2w, 2w’ € C* with w/w’ ¢ R. Then the
intersection of Py, and Py, consists of all elliptic functions with periods 2w and 2w’, which
should be compared to (2.10). Moreover, using the Weierstrass o-function o(w,w’; z) it is
easy to construct for any A € C* a meromorphic function py(z) such that

pa(z +2w) = pa(z),  pa(z +2w") = A (). (2.59)
From this it is easily seen that when a pair of commuting AAOs

Ay = C1(2)Toy, Ay =Co(2)Tay, C1,C0€M, w/u ¢R, (2.60)
has a joint eigenfunction for one eigenvalue pair (Ey, Ejj) € C*2, then there also exist joint
eigenfunctions for all (E, E') € C*2, again in sharp contrast to the case w/w’ € R.
3 Defining the eigenfunction transforms 7; and 7;,

We now embark on the program of associating commuting self-adjoint operators on the
Hilbert space H (1.5) to the two pairs of AAOs

Aps = exp(ia_sd/dz) + exp(—27nz/as), §=+,—, (3.1)
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Aps = explia_sd/dz) + exp(2rz/as), 0=+,—. (3.2)

Replacing the parameters a and b employed in Section 2 by a4 and a_, resp., we deduce
from Prop. 2.4 (flipping signs of z and p) that the joint eigenvalue problem

ApsF = eXp(—QWp/ag)F, peC, 6=+, (33)
is solved by functions of the form

T

cntp)exp (5[ = ilas + a2+ 2:9]) G = p = ilas +0.)/2). (3.4)

2a1a_
Likewise, the joint eigenvalue problem

ApsF = exp(2np/as)F, peC, §=+,—, (3.5)
is solved by functions of the form

—T

50 o (22 —i(ay +a )z + 2zp]> G(z—p—ilay +a_)/2). (3.6)
La_

cr(p) exp (

(Using the G-AAEs (A.1) and (A.4) it is quite easy to check the joint eigenfunction
property directly.)
We now normalize the p-dependence of the constants such that we obtain

(A0sE,)(2,p) = exp(F27p/as)€y(z,p), pEC, 6=+,—, o= { 6
where

Er(z,p) = (a/2m)Y? expliazp)Sr(z — p), o =2w/ara_, (3.8)

E1(z,p) = (a/2m)'/? exp(—iazp)SL(z — p), (3.9)

and Sk and Sy, are defined by (A.12)—(A.13). In view of the asymptotics (A.14)—(A.15)
we have

1/2 .
50(271)) _ <%) etiazp <1 + O(e—P‘%ZU) , Rz— Foo, o= { Iz , (310)
o\ 1/2 L 2x—taaz+o(z ia
£ (z,p) = <%) oil2x—iaaz+a(z?+(p+ia)?) /2]
X <1 + O(e*f"%z')> , Rz — Foo, o= { f ; (3.11)

with the bounds uniform for (a,,a_, 3z, p) in compacts of (0,00)? x R x C. In particular,
choosing p and z real, the eigenfunction £r reduces on the far right to the kernel of the
Fourier transformation

Fai Bt o) (52) " [ deeron) (3.12)

)
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from momentum space to position space,
H = L*(R,dp), M= L*(R,dx), (3.13)

physically speaking. It is convenient (both from a notational and from a conceptual
viewpoint) to distinguish H and H until further notice. But it is useful to note already at
this stage that when H and H are identified in the obvious way, then the eigenfunction
Er(z,p) reduces on the far left to the kernel of F = F, 1.

We now define the space

C = CP(R), (3.14)

which may be viewed as a dense subspace of H and 7:[, and proceed to study the functions

o) = [ dbEa(epol). o =RL sec. (3.15)
Since ¢ has compact support, there exist ro,r_ € R such that

supp(¢) C [r—,74]. (3.16)
The poles of &,(z,p) are located at

z=p—ikay —ila_, k,l€eN, (3.17)
cf. Appendix A. Hence the integral (3.15) is well defined for z in the region

Ry ={S2 >0 U{Rz <r_} U{Rz >r;}. (3.18)

Moreover, the function I, 4(z) is analytic in R4 and satisfies

Ipo(z +ia_g) + T2 #% ], () = / dpEy (2, p)e™> ™/ ¢ (p),
z2€Ry, 6=+,—, O':{f , (3.19)

due to the eigenfunction property (3.7) of &,.

Next, consider the behavior of I, 4(x + iy),z,y € R, for |z| — co. In view of (3.10),
I 4(x +iy) has Schwartz space decay as © — oo/ — oo for 0 = R/L, resp. Using (3.11),
(3.16), (3.17) and the Schwarz inequality, we also deduce the bounds

Ir¢(x +1iy) < Crl|¢| exp(—ax(y —a)), Vo <r_—1, (3.20)
It ¢(x +iy) < Cpll¢| exp(ax(y —a)), Yo >ry+1, (3.21)

where C, can be chosen uniformly for ¢ satisfying (3.16) and (ay,a_,y) in compacts of
(0,00)2 x R.

As a final preparation for Lemma 3.1 below, we focus on the behavior for y — 0. The
pole of &,(z,p) at z = p is simple with residue

R

po(p) = é exp[+i(x — ad®/4+ap?)], o= { L (3.22)
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cf. (A.16). Also, letting 3z decrease, the next pole arises for z = p — ias, cf. (3.17). Thus
the difference function

Dy(2,p) = E(2,0) — po(P)¢(P)(z—p)~', PER, o0=R]L, (3.23)

is analytic for 3z > —as. Now the comparison function

Cog(2) = / dpps(p)o(p)(z —p) 7', (3.24)
belongs to H for y = Sz # 0. Indeed, it is routine to verify
(Fa'Co(- +iy))(p) = F2mil(+p) exp(—ayp)vo (p), +y >0, (3.25)
/2 [o°
vo) = (55)" | daexpl(-iapa)pra)ota) (3.26)

(0 denotes the Heaviside function), and the function (3.25) is manifestly in H. Moreover,
since 1, (p) is a Schwartz space function, the limits

C;fd)(x) = yli%li Cop(x + iy) (3.27)

exist pointwise and in the strong H-topology, and the resulting functions are smooth and
vanish for |z| — co.
Writing now

Io(2) = /_ N dpDs (2, p)d(p) + Co,p(2), (3.28)

the integral yields a function that is analytic in z = z+1y for y > —as. From (3.25)—(3.27)
it then follows that the y — 04 limits exist pointwise, yielding

Jim o g(a +iy) = / dpDy (2, p)d(p) + Cyy(z) = 1) (2). (3.29)
Furthermore, we have
I;r’(b(x) =1, 4(z) = C;¢(x) = C, »(x) = —2mips (x)d(). (3.30)

In the next lemma we collect some of the features of I, 4(2) we have just derived and
obtain a few more.

Lemma 3.1. The function

e e}

= Iy p(x+1iy) = / dp&y(z +iy,p)o(p), o€{R,L}, ¢€C, y>0, (3.31)
—00

belongs to H for all y € (0,a). The limit y — 04 exists for all z € R and in the H-

topology, yielding a function I;r ¢(£C) with the following properties. First, it is real-analytic

for z > ry and x < r_ (with (3.16) in force). Second, it has Schwartz space decay when

x — 00/ — oo for o = R/L, resp., while

R

I+¢(az) = O(exp|taazx]), =z — Foo, o= { L (3.32)

g,
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Third, it is smooth. Fourth, it satisfies the bound

17561 < Cliell, (3.33)

with C uniform for ¢ obeying (3.16) and for (ay,a_) in compacts of (0,00)2. Fifth, it is
2

strongly continuous in a4 and a_ for (ay,a_) € (0,00)".

Proof. The first assertion is clear from the analyticity of I, 4(2) in Ry (3.18) and the
paragraph containing the bounds (3.20)—(3.21). Since I;r, (@) coincides with I, () for
z € (—oo,r_) and z € (ry,00), the latter paragraph also yields the first two properties of
I;f (x) and smoothness for ¢ [r—,r,]. We have already shown that the limit y — 04
exists for fixed , cf. (3.29). Its existence in L2-sense for z outside the interval [r_—1,r, +1]
(say) is clear from the features of I, 4(2). For « € [r— — 1,7, +1] it follows by using (3.28)
and recalling the y — 04 limit (3.27); smoothness of C;r, () also implies smoothness of
I;:¢(x) forzer_ —1,rp +1].

It remains to demonstrate the last two properties of I;: ¢(m) We detail the case 0 = R,
the proof for the case o = L being similar. To prove (3.33), we split up the integral of
\1'1‘.{f7(b(gv)\2 over R into integrals over (—oo,r— — 1), [r— — 1,74+ 4+ 1] and (r4 + 1,00), and
show that each of the three integrals is majorized by C||¢||?, with C of the asserted form.

To bound the first integral we use (3.20) with y = 0, yielding an estimate of the
announced type. To handle the second one we use (3.29), obtaining

r++1 T++1
/ dm|I§¢(az)|2 < / dx
T

2 T++1
+ / da|CH 4 (x)[. (3.34)
_—1 r_—1 r )

-1

/ " dpDa(e. p)é(p)

The first integral on the rhs is majorized by ||4||* times the maximum of |Dg(z,p)|? for
(z,p) in the square [r_ — 1,74 + 1] x [r_,r4], which is of the required form. The second
one is bounded by ||¢[|?, as readily follows from (3.22)-(3.27).

To handle the third integral we invoke the bound (3.10). It implies

2

/ udPO(e*”)QS(p) - (3.35)

e e}

| aiigeP < [T almawps [ a

++1 T++1 r++1

The first integral on the rhs is bounded by ||¢||?, since F,, is unitary. In the second integral
the uniformity properties of the remainder function O(exp(—pz)) in (3.10) imply a bound
C|l#]|? of the required form too. Hence we have now proved (3.33).

Finally, the strong continuity of I ,(z) in a; and a_ can be deduced from the con-
tinuity of &, (z,p) in (a4,a—) and dominated convergence. More in detail, the pertinent
dominating function can be chosen uniformly for (a;,a_) in compacts of (0,00)2, since
the error terms in (3.10)—(3.11) have this uniformity feature. Furthermore, when (3.10)
is invoked to handle the relevant intervals, the strong continuity of F, (3.12) in « for
a € (0,00) should be used. O

We are now prepared to define transforms 7z and 77, by

T, : CCH—H, o(p) — I;:(b(m) = /OO dp&y(x +1i0,p)é(p), o= R,L, (3.36)

—00
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and Hamiltonians H,4+ on

P, =T,C, (3.37)
by setting
Hos1o¢0 =T, Mosp, ¢ €C, 6=+,—, (3.38)
where M,5 denotes the multiplication operators given by
R
(Mos)) = exp(F2mp/an)olp) 6=+~ a={ ] (3.39)

To verify that the definition (3.38) makes sense, note first that M5 leaves C invariant.
Next, assume 7,¢ = 0. Then we have in particular I;fqﬁ(x) = 01in Ry (3.18). This implies
that the lhs of (3.19) vanishes, entailing 7, M,5¢ = 0. Hence (3.38) indeed gives rise to
well-defined linear operators from P, to H.

From (3.19) we deduce

. R
(H05];¢)(x) = I, 4(x +ia_s) + exp(:Foza_(;:U)I:’qb(x), o= { L (3.40)

Although this shows that the Hamiltonian action corresponds to the AAO action (recall
(3.1)—(3.2)), it should be stressed that none of the functions I;r@ extends to a meromorphic
function (except when ¢ = 0 of course). Indeed, this is clear from (3.30).

To proceed, we point out that the two functions on the rhs of (3.40) belong to H,
provided that a4y # a— and the Hamiltonian with the smallest step size as is chosen.
Indeed, in that case I, 4(x + ias) belongs to H by virtue of Lemma 3.1. Since the lhs of
(3.40) belongs to H, also the second function on the rhs is in H. But it is more telling to
deduce this directly from the bound (3.32).

From the latter bound it is plausible that the two functions are not in H for the
Hamiltonian with the largest step size a;. (We cannot prove this in general, but from
Prop. 5.2 it follows that there do exist ¢ € C for which the two summands are not in H.)
In view of this different behavior, it is expedient to work from now on with Hamiltonians
H,s; and H,; corresponding to the small and large step size as and a;, resp.

We are now in the position to make contact with the results in Appendix B. Indeed,
from the domain characterization in Lemma B.2 and the properties of I, 4(2) established
above it is evident that we have

I;L,¢>($) € D(E(as)), as <a, (3.41)
cf. (B.3). Moreover, as we already pointed out, the bound (3.32) entails

Ij,d)(x) € D(M(Faas)), as<a, o= { Iz . (3.42)
Therefore we have

P, C D(S(as, Faas)), as<a, o= { }z , (3.43)
and

H,s = S(as, Faas) | Py, as<ay, o= { Iz (3.44)

It is now easy to prove the following lemma.
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Lemma 3.2. The operator H, is symmetric.

Proof. On account of (3.44), H,s equals the restriction of a symmetric operator to P,,
provided that as < a;. Thus we have

(7:7¢1,7:7Mos¢2) = (%Mos¢1,7}¢2)a VQSI, ¢2 eC. (345)

Now M,s¢ is strongly continuous in a4 and a—. Due to the fifth property in Lemma 3.1,
the same is true for 7, M,s¢ and 7,¢. Thus we can let as converge to a;, obtaining (3.45)
for as = q;. O

Later we will show that H,; is symmetric too. For the moment, however, we have not
even shown that the Hamiltonians are densely defined. To prove directly that P, is dense
seems hard at this point. Denseness will be a corollary of our results concerning scatter-
ing theory in the next section. We conclude this section by introducing an interacting
dynamics (unitary one-parameter group on H) that will serve as the starting point for
time-dependent scattering theory.

To this end we need a property of P, that easily follows from the bound (3.33); specif-
ically, all vectors in P, are analytic vectors for H,s. Indeed, from its definition it is clear
that H,s leaves P, invariant, and we have

[HysTo9|| = 1 ToMysoll < Cct||9ll, ¢€C, neN, (3.46)

ogs*0o

with C and ¢ depending only on r_ and r, cf. (3.16).

Since P, consists of analytic vectors for H,s and is left invariant, and since H,s is
symmetric on P, (as shown in the previous lemma), it follows from Nelson’s analytic
vector theorem that H,s is essentially self-adjoint on P,. Denoting the self-adjoint closure
again by H,s, we obtain a unitary one-parameter group exp(—itH,s),t € R, on the closure
of P,. Since we have not yet shown that the latter equals H, we extend H,s provisionally
to a self-adjoint operator on H by choosing it equal to an arbitrary bounded self-adjoint
operator on the orthogonal complement of P,.

4 Scattering theory and unitarity of 7z and 7},

From the definition of the unitary one-parameter group exp(—itH,s) just given it is clear
that it satisfies the intertwining relation

exp(—itHys)Top = Ty exp(—itMys)p, ¢ €C, (4.1)

cf. (3.38)—(3.39) with as = a;. At this point we have not yet shown that 7, is bounded
and that P, is dense in H. In this section we prove in particular that these two properties
hold true. We are going to make use of time-dependent scattering theory [18]. In order
to avoid the repeated use of an identification operator, we henceforth identify H with H
in the natural way.

It is a remarkable feature of the ‘interacting’ evolution exp(—itH,s) that it resembles
two distinct ‘free’ evolutions for ¢ — +oo, in the sense that the corresponding wave
operators exist. The following lemma contains the key relations implying existence. It
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makes use of the self-adjoint operator M(n) introduced in Appendix B and of the unitary
multiplication operator m, defined by

(maf)(x) = exp(—im/4 — 2ix + iaz?) f(z). (4.2)
(Recall x is given by (A.10).)

Lemma 4.1. For all ¢ € C and ¢ > 0 we have

i ([(Tr — Fa) exp(—itM(~c))o]| = 0, (4.3)
i [[(Ts — mg) exp(—itM(~))d]| = 0, (4.4)
lim (7, — m3) exp(~itM (c))6] = 0. (4.5)
lim [[(T;, — ) exp(~itM ()] = 0. (4.6)

Proof. We only give the proofs of (4.3) and (4.4), as the limits (4.5) and (4.6) can be
handled by making suitable sign changes. We assume from now on that ¢ satisfies (3.16).
To prove (4.3) we introduce

T (2,0) = [€r(z,p) — (a/2m)'/? exp(iczp)] exp(itw (p))d(p), (4.7)

w(p) = —exp(—cp), (4.8)
and write

(T — Fo)e M) )12 = /OO dx /r+ dpJ (z + 10, p) 2 (4.9)
We now split up the z-integral into integrals over (—oo,r_ — 1),[r— — 1,74 + 1], and

(ry +1,00), obtaining three summands I_, I, and I, resp. To estimate I_ we first use

2
<

2

T+
/ dpJ (z,p)

/ N dpEr(z, p) exp(itw(p))o(p)

2
Lo
2

/ " dp exp(icxp + itw(p))(p)

(4.10)

In the contribution

r_—1 T4 T4 o o
/ dx/ dp1/ dp2d(p1)d(p2)ER (2, p1)ER(x, p2) exp(itjw(pr) — w(p2)]) (4.11)

of the first term to I_ we now change variables
pj=—c 'lnv; = w(p)) = —vj, j=1,2. (4.12)

In view of the uniform exponential decay of Eg(x,p) as © — —oo (cf. (3.11)), the integrand

belongs to L' (R3, dzdvydvy). Hence the Riemann-Lebesgue lemma applies, yielding limit 0

for t — —oo. In the second term on the rhs of (4.10) we use the stationary phase formula
_ Opexp(iaxp + itw(p))

exp(ioap + itw(p)) = (or — o) (4.13)
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to deduce that its contribution to I_ also yields limit 0 for ¢ — —oo. Hence I_ vanishes
for t — —oc.

Next we invoke (3.10), the variable change (4.12) and the Riemann-Lebesgue lemma to
infer that I vanishes for ¢ — —oo. Turning to Iy, we employ again the estimate (4.10)
(with # — x 4+ i0). Then we invoke once more the stationary phase formula (4.13) to
conclude that the contribution to Iy from the second term on the rhs of (4.10) vanishes
for t - —oo. Thus we are left with

r++1 Ty 2
/ dx / dpEr(x + 10, p) exp(itw(p))P(p) (4.14)
r_—1 r_
To control this term we use the estimate (recall (3.23))
- ‘ 2 . ' 2
/ dpEr(x +i0,p)e™“Po(p)| < / dpDr(z, p)e"?) ¢(p)
o r(P) ?
dp———i(p) 4.15
| [ a0 (a

In the contribution to I from the first term we change variables using (4.12), and invoke
the Riemann-Lebesgue lemma to get limit 0 for ¢t — —oo. To treat the contribution from
the second term we choose r such that

[r— —1,ry +1] C [-r,1], (4.16)

and set ¥ (x) = pr(z)d(z). Then the assumptions of Lemma C.1 are satisfied, so we may
use (C.34) with s replaced by —t to deduce that the second term also yields a vanishing
contribution for t — —oo. As a result we have now proved (4.3).

The proof of (4.4) proceeds along similar lines. Thus we first write

[T = ma)e G2 = K 4 K + K, (4.17)
with K_, Ky and K defined by

r_—1 T4 2
[ ] [ vt expliteo)owm)| | (4.18)
0 T4 2
[ el [ dventep) explitoto)o)]| (4.19)
ry+1 r_
ry+1 T4 2
[ da| [ dpnte o+ i0.p) expitop)otr) — ma(o) explitola)(o)| . (420

respectively. Since K_ is of the form (4.11), it can be treated as before, yielding limit 0
for t — oco. For K| we use

2
<

2

Ty y
/ dpEn(z, p)e P b(p)

/r+ i (ER($,]9) _ (a/Qﬂ_)l/Qeiaxp) eitw(p)¢(p)

2

L& . (4.21)

2

T+ . .
/ dpezaxpeztw(p) ¢(p)
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Invoking (3.10) we conclude as before from the Riemann-Lebesgue lemma that the first
term yields vanishing contribution for ¢ — oo. To verify that the same is true for the
second term, the stationary phase formula (4.13) can again be used.

It remains to consider K. Just as in (4.15) we use (3.23), obtaining an integral involving
Dr(z,p), whose contribution vanishes for ¢ — co. The second contribution reads

r++1
/ dx
r_—1

Now we see from (4.2), (A.10) and (3.22) that we have

T+ . . 2
[t 0150) e o) (122)

ma(x) = —2impr(x). (4.23)

From (C.35) we therefore infer that the t — oo limit of (4.22) vanishes, concluding the
proof of (4.4). O

Our next aim is to obtain wave operators for the interacting evolutions exp(—itHys), 0 =
R, L, by using Lemma 4.1. To this end we choose ¢ = aas in (4.3)—(4.6). Now we recall
(B.5)—(B.7) and note the relations

Fo = SoF =FS}, (4.24)
cf. (3.12) and (B.10). Using also (B.13) we deduce

exp(—itE(as)) = Fuexp(—itM (aas))Fa, (4.25)
and the well-known relations

Fi=F2=P (4.26)
(cf. (B.9)) yield

exp(—itE(as)) = Fqexp(—itM (—aas))Fy. (4.27)

The three unitary one-parameter groups occurring in (4.25) and (4.27) now serve as the
free comparison dynamics for exp(—it Hgrs) and exp(—itHs), in the precise sense specified
next.

Corollary 4.2. We have

S - tEr_noo exp(itHps) exp(—itE(as)) = TrFy, (4.28)
s - tll)r& exp(itHgs) exp(—itM (—aas)) = Tprmy,, (4.29)
s - tliznoo exp(itHps) exp(—itM (aag)) = Trme, (4.30)
s - tll)r& exp(itHs) exp(—itE(as)) = T Fa, (4.31)

and the operators 7 and 7;, are isometric.
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Proof. From (4.1) and (4.27) we have

I(Tr — e e MO )| = [|(Th — Fa)e "M 2)g), Vo € C. (4.32)
By (4.3) this vanishes for ¢ — —oo. This implies
|1Troll = lim_[|e*Hre e @) Fop]| = |lg], W € C. (4.33)

Hence 7 is isometric, and (4.28) also follows. Likewise, from (4.1) and (4.25) we get
I(7p, — e e @I FD G| = |[(Tp, = Fo)e Mg, (4.34)

so by (4.6) we get limit 0 for ¢ — co. Thus isometry of 77, and (4.31) follow.
To prove (4.29) we use (4.1) once more, obtaining

1(Trm, — e M0 magl| = |(Tr — ma)e Mg (4.35)
This has limit 0 for ¢ — oo in view of (4.4), yielding (4.29). Similarly, (4.30) follows from
[(Tzmeg — e e M OWymi gl| = | (T, — my)e” M @) g)], (4.36)

by using (4.5). O

Now that the isometry of the joint eigenfunction transforms 7p and 77, has been es-
tablished, we reconsider their kernels. Combining the definitions (3.8)—(3.9) and (A.12)—
(A.13) with the relation

Glat,a_;z) =G(ay,a_;—%Z), ay,a_>0, z€C (4.37)
(which follows from (A.2)), we deduce not only the relation

Er(z,2) =&Ep(a',x), m2 eR, x#2, (4.38)
but also that for all ¢, € C we have

/wd@ﬂ@</wdﬂ&wv+wmﬁwﬂ0

—00 —00

:/mm«/mm&W+mmwm>¢W) (4.39)

—00 —00

This can be rewritten as

(6, Tat)) = (Tu,¥), Vo0 € C. (4.40)
We are now prepared for the following theorem, which we view as the principal result of

this paper.

Theorem 4.3. The transforms 7 and 77, (defined by (3.36)) are unitary operators related
by

T, = T (4.41)

They are strongly continuous in ay and a; for (ay,a_) € (0,00)%2. The Hamiltonians
H, . are densely defined and essentially self-adjoint on P,,0 = R, L. Their closures are
commuting self-adjoint operators, related by

(Hyy )™/~ =H,_, o=R,L. (4.42)

With H,s replaced by H,s and as by a_g, the wave operator relations (4.28)—(4.31) hold
true for 6 = + and for § = —.
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Proof. Since C is dense and the transforms are isometries by Corollary 4.2, their uni-
tarity and inverse relation (4.41) easily follow from (4.40). Recalling that 7, is strongly
continuous in (a4,a_) for all ¢ € C (by the last assertion of Lemma 3.1), it follows that
Ty(ay,a_) is a strongly continuous family of unitaries.

Turning to the Hamiltonians H,s, we first note unitarity implies that P, is dense in H,
and that we have

Haéf = %MU(SIZ;*JC’ Vf S Po, 0= +, - (443)

cf. (3.38)—(3.39). Also, since C is a core for M,4, it follows that P, is a core for the
Hamiltonians H,4+ and that their closures (denoted again H,; and H,_) commute in the
usual sense of unbounded self-adjoint operators. Moreover, H,, and H,_ are related by
(4.42), since M,4 and M,_ are manifestly related in the same fashion, cf. (3.39). Finally,
using Lemma 4.1 with ¢ equal to aa;, we readily obtain the limit relations of Corollary 4.2
for the Hamiltonians with the largest step size a; too. [

5 Further developments

Even though Theorem 4.3 yields a rather complete picture of the Hilbert space status of
the transforms and Hamiltonians, it leaves some natural questions open. Furthermore, a
few conclusions of interest can be drawn from it that are not immediate. This final section
is devoted to these questions and conclusions. We should mention at the outset that in
the process we arrive at some further questions we are not able to answer.

First, now that we have Theorem 4.3 available, we should reconsider domain issues.
Throughout this section H,5 denotes the self-adjoint closure of H,s as defined initially on
the dense subspace P,, and D(H,s) denotes its definition domain. Recall also that the
sum operator S(v,n) is defined and studied in Appendix B.

Proposition 5.1. We have

D(S(CL(;, :|:Oé(15)) - D(H05)7 6=+, 0= { Iz > (51)
R
Hus | D(S(as, Fa0s)) = S(as,aas), d=+- a={ 7. (5.2
Next, assume as < ;. Then Q (B.14) is a core for H,s, and we have
Dlf) = D(S(owFan.)).  Ho = SlanFaa).  o={ | )

Proof. We only prove the assertions for ¢ = L, the proof for ¢ = R being essentially
the same. Let f € Q and g € Pr. Then we have by (3.40)

o0

(f. Hisg) = / dxF () (g(x + ia_s) + explaa_sz)g(x)). (5.4)

—00
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In view of the properties of g(z) for Sz € [0,a_s], we can now shift contours in the first
term, which yields

/OO dz (f*(x —ia—s) + exp(aa_sz) f*(2)) g(x), () = f(Z). (5.5)

—00

Hence we obtain

(fa HL(Sg) = (S(a_(;,oza_(;)f, g)’ f € Q’ Vg € Pr. (56)

Since Py, is a core for Hys, we deduce that Q belongs to D(Hs) and that the action of
Hps on Q coincides with the action of S(a_s,aa_gs). In view of Lemma B.3 this implies
(5.1) and (5.2).

Now assume a5 < a;. We have already seen that Hps coincides with S(as, cas) on Py,
cf. (3.44). From Theorem 4.3 we know that Py, is a core for Hp, so that the relations (5.3)
follow from Lemma B.4. The core property of Q for Hy is then clear from Lemma B.3.
O

It should be recalled at this point that the functions in P, do not extend to meromorphic
functions, cf. (3.30). But of course Q consists of meromorphic (even entire) functions. In
view of (5.2) the action of the four Hamiltonians H,5 on Q coincides with the (restriction
of the) action of the AAOs A,s. This implies in particular the AAO identities

ayfa_ e N* = (A, )/ = A,_, o=R,L. (5.7)

(Indeed, the difference of the AAOs occurring in this formula vanishes on Q due to (4.42),
and it is easy to see that an AAQO annihilating Q vanishes identically.) Admittedly, this
way to prove the identities (5.7) is not exactly the simplest one.

An obvious question that arises next is whether Q is also a core for the Hamiltonians
Hpy and Hp;. In view of (5.1)—(5.2) this is equivalent to Q being a core for S(a;, +aq;),
and due to Lemma B.3 this is also equivalent to essential self-adjointness of S(a;, £aq;)
on its domain (B.53). We leave this question unanswered for the special case a5 = a;, just
as we leave the question open whether S(a;, +auq;) is closed for the special cases

exp(ima;/as) = —1, (5.8)
cf. Lemma B.4. But we do answer the core question for as; < q;.
Proposition 5.2. Assume as; < a;. Then @ is not a core for H,;. Moreover, we have

R

P, £ D(E(a;)), Po 52 D(M(Faw)), o= { :

(5.9)

Proof. We show this for ¢ = L, the proof for ¢ = R being similar. We first prove
that the second assertion follows from the first one. Indeed, assuming Q is not a core
for Hy;, suppose Pr, is a subspace of D(E(a;)). By (3.40) Py is then also a subspace of
D(M(aay)), hence of D(S(aj, aq;)). In view of (5.2) it now follows that Q is a core for
Hyp,, a contradiction. Likewise, if Pr were a subspace of D(M(aq;)), then by (3.40) it
would be a subspace of D(E(q;)) as well, yielding again a contradiction.

It remains to prove that Q is not a core for Hy;. Defining

v =exp(2mip/a;), p € (0,as/2), (5.10)
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we obtain v > 0. Hence we need only show that the subspace (Hy; —7)Q is not dense in
‘H. To this end we proceed to define a nonzero vector v, that is orthogonal to (Hp; —0)Q.
Consider the function

Uo(2) = pp(2)EL(2,ip), (5.11)
where

po(2) = exp(2nz/a;) — v € Pig,. (5.12)
Recalling (3.7) we obtain

(ALiw)(2) = viby(2). (5.13)

Since we have as < a; and f1,(z) takes out the simple pole of G(z —ip —ia) at z = ip, the
function 1, (z) is analytic for Sz € [0,q;]. On account of (3.10)—(3.11) it also satisfies

¥o(2) = O(exp(paRz)), Rz — —oo, (5.14)
¥y(2) = O(exp(afas — a + Fz|Rz)), Rz — oo, (5.15)

where the bounds are uniform for (ay,a_,$z) in compacts of (0,00)? x R. This implies
in particular that v, (x) has exponential decay for + — +o00, so that ¢, € H.
Next, choosing f € Q, consider

(Hpp —0)f, ) = /_00 dz(f*(x —iay) + exp(aqz) f*(z) — vf*(x))y(x). (5.16)

Shifting contours in the first term, we see this equals
/ do f () (Yo (x + ia;) + exp(aa;z), (z) — vipy(x)). (5.17)

By (5.13) the function in brackets vanishes. Therefore 1, is orthogonal to (Hy; —7)Q, as
announced. [

From this proposition we see that the operators S(a;, Faa;), a; > as, admit self-adjoint
extensions that differ from the self-adjoint operators H,;,o = R, L. It would be of interest
to obtain more information on this, but we do not pursue this here. We do add one
observation, though. Assume the deficiency index is finite. (This is very likely the case.)
Then the self-adjoint extension H,; is the only one one that commutes with H,s. Indeed,
it is not difficult to deduce this from the spectral characteristics of the Cayley transform
of Hyy.

Now that we have the relations (5.3) available, it is not hard to see that

Faexp(itHps)F, = exp(itHrs), as < aq. (5.18)
Indeed, this is tantamount to

FaS(as, —aas)Fr = S(as, aas), (5.19)
a relation that is clear from

FoE(as)Fr = M(aas), FaM(—aas)F,; = E(as), (5.20)

cf. also (4.24)—(4.25). We are now prepared to obtain a second relation between 77, and
Tr (in adition to the adjoint relation (4.41)).
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Proposition 5.3. We have
1. = FoTrPm}, (5.21)
where P is given by (B.9) and m,, is given by (4.2).

Proof. We first assume ag < a;. Multiplying (4.28) and (4.29) from the left by F, and
from the right by F;, we can use (5.18), (4.27) and (4.25) to infer

s-, lim exp(itHps)exp(—itM(aas)) = FoTrP, (5.22)
s, lim exp(itHps)exp(—itE(as)) = FaTrmoF,,. (5.23)

Comparing this to (4.30) and (4.31), we obtain
Trma = FoTrP, TpFo = faTRmZ{f;- (524)

Each of these relations amounts to (5.21).
By strong continuity in (ay,a—) we can let as converge to a; to obtain (5.21) for
ayr =a—. U

The relation (5.21) implies a Fourier transform formula that is of independent interest,
cf. Appendix A. To derive it, we set

bal2) = Ta(2)b(~2), €C. (5.25)
Then we have ¢, € C, and from (3.36) and (5.21) we obtain
Iy =Falfy, - (5.26)
Recalling the analyticity properties of I, 4(2) and Lemma 3.1, this implies in particular
I g(2) = (}"O,IE%)(,Z), Sz € 10,a). (5.27)

Consider now the integral

a2z [ ! taz(z'+is) .

(2—> dx'e Ipg, (' +1is), Sze€(0,a), se€(0,a—Sz). (5.28)
™ —0o0

Due to the decay properties of I 4 (2) (cf. Lemma 3.1) it is well defined and independent

of 5. Taking s — 04 we obtain the function (F, I} 6. )(7). Using (5.27) we then deduce

1/2 [o© A [
I ¢(x+iy) = <2£) / da' ety 'HS)/ dpEr(x'+is, —p)Ma(p)d(p),(5.29)
Q —0o0 —0o0
where y € (0,a) and s € (0,a — y). The integrand is in L'(R?,dz'dp), so by Fubini’s
theorem we may write

Ip¢(2) = /OO dpK (z,p)¢(p), Sz € (0,a), (5.30)

—00
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where
1/2 [ L
Kep) = (50) " [ dalem e ena s, —pima(r),
27 oo
Sz €(0,a), se€(0,a—S2). (5.31)
Now we also have
[e.e]
Lolo) = [ dulepolo). 9z e (0.a) (5:32)
—00
so a comparison to (5.30) gives
Er(z,p) = K(z,p), Sz €(0,a). (5.33)
Finally, substituting (3.8)—(3.9) and changing variables, we obtain
4 saN1/2 [ o ,
Sp(x+iy) = em/At2x <—) / due™™@+W ) §p (4 4 ),
27 oo
y € (0,a), ve(0,a—y). (5.34)

More information on this formula can be found in Appendix A, cf. (A.21).

Appendix A. The hyperbolic gamma function and its rela-
tives

In [4] we studied the hyperbolic gamma function in the framework of a general theory of
minimal solutions to first order AAEs: It is the minimal solution of the AAE

G(z—iat/2) 2cosh(rz/a-),  ay,a- € (0,00), (A1)

rendered unique by requiring G(0) = 1. It is explicitly given by
G ) ,/OO dy sin 2yz z
ar,a_;z) = exp|1 —= — ,
B P o Yy \2sinh(aty)sinh(a_y) aya_y
2] < (ay +a.)/2, (A.2)

and extends to a meromorphic function with zeros at
zi =ilay +a-)/2 +ikay +ila_, k,l €N, (A.3)

and poles at z = —zy,.
The manifest symmetry of the integrand in (A.2) under interchange of a4 and a_
implies that G(a4,a_;z) also satisfies the AAE
G(z +ia_/2)
G(z —ia_/2)
For our present purposes we only need a few more features of G(z). (We suppress the

parameter dependence when no confusion can arise.) First, it satisfies the reflection equa-
tion

= 2cosh(mz/ay). (A4)

G(=2) =1/G(2), (A.5)
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as is plain from (A.2). Secondly, the pole at z = —ia, where
a=(ay+a_)/2, (A.6)
is simple and has residue
1

lim (z 4 ia)G(z) = —(aya_)"/?. (A7)

z——1a 2T

(This is Eq. (3.28) in [4].)
Thirdly, we need the Rz — 00 asymptotics in the strong form detailed in Appendix A
of [17], but only for ay,a_ > 0. To specify it, we introduce the quantities

a=2r/aya_, (A.8)
as = min(a4,a—), @ = max(at,a_), (A.9)
™ ay a_
=—(—+—]. A.10
X=19 (a_ + a+> ( )

Then we have
Glay,a_;z)exp(%i(x + az?/4) =1+0 <e—ﬂ\9‘32|> , Rz — +oo, p<aas(A.1l1)

where the implied constant can be chosen uniformly for (a4, a_,z) varying over compact
subsets of (0,00)% x R.
In this paper it is convenient to work with the two functions

Sr(ay,a_;z) = Glay,a_; z —ia) explix + ia(z — ia)? /4], (A.12)
Splay,a_;z) = G(ay,a_; z — ia) exp|—ix — ia(z — ia)?/4]. (A.13)

On account of (A.11) their asymptotics is given by

Se(2) =1+0 (ﬂmzl) . Rz— 400, o= { e (A.14)

So(2) = exp(&i[2x + a(z —ia)?/2])

X <1 +0 (e*pmd)) , Rz— Foo, o= { }z . (A.15)
Also, they both have simple poles at the origin with residues
;Lr% 25,(z) = iexp(£i[x — aa®/4))(aya_)?)2m, o= { }z , (A.16)
cf. (A.7).

Next we detail the relation of the special functions mentioned in the introduction to
the hyperbolic gamma function. The double sine function (used for example in [20, 21,
22, 23, 10]) is given by

Sa(z | ay,a-) = Glay,a_;—iz +ia). (A.17)
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(For ay = a— = 1 this function was already introduced and studied in 1886 by Hélder [24].)
Woronowicz [6] works with a function Vjy(z) that can be written

Vo(2) = Glag,a_; z) exp(—iaz® /4 —ix), ay=2mw, a_ =271/6. (A.18)
Faddeev and collaborators [8] use a function ey(z) that satisfies

ep(2) = Glay,a_;—2)exp(iaz? /4 +ix), ay=1/b, a_=0b, (A.19)
and in [1] Volkov uses a function

v(2) = Gay,a_;iz —ia) exp(—ia(z — a)? /4 +ix), ar=1, a_=T. (A.20)

Fourier transform formulas involving the above functions are obtained in particular
in [6, 8, 19], cf. also [10, 1]. As a corollary of the results in the main text we arrive at the
Fourier transform formula

1/2 oo . .
(%) / / ew‘waR(w)d%w _ efm/472lXSL(Z)’

Jz,Sw >0, [z+ Qw < aq, (A.21)

cf. (5.34). (The analyticity and decay properties of the integrand I(Rw) ensure that the
integral is absolutely convergent and independent of Sw. Specifically, letting

z=x+1y, w=u+1iwv, z,YuvER, (A.22)
as in (5.34), we have

I(u) = O(exp(—ayu)), u— o0, (A.23)

I(u) = O(exp(—aly + v — alu)), u— —o0, (A.24)

cf. (A.14)—(A.15) with 0 = R.)

This formula is substantially equivalent to the previous ones. Indeed, it can be extended
to complex a4 and a_ by using the results on the hyperbolic gamma function collected in
Appendix A of [17], and then it amounts to the formulas in [8, 10]. Staying with the case
at,a— € (0,00) to which we restrict attention in this paper, (A.21) has two limits in the
sense of tempered distributions that are of particular interest.

First, taking y and v to 0 we obtain

/2 oo . A
( a ) / OTUGp (u + 10)du = e~ /A"EXS] (1 + 40). (A.25)

P2V
A second specialization arises by taking y to 0 and v to a. Using (A.12)—(A.13) this yields

( a >1/2 /OO eiawG(u)em“2/4du

/)
= e /A 4X oxp—ia(x + ia)? /4 G(z — ia + i0). (A.26)
The specialization of (A.21) obtained by taking y to a and v to 0 amounts to the inverse

Fourier transform of (A.26). Restricting his parameter 6 in (A.18) to (2, 00), Woronowicz
obtains a formula equivalent to (A.26) in Appendix B of [6].
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We conclude this appendix by supplying a short proof of (A.21) that is independent of
previous ones. First, we need only prove (A.21) for as < a;, since the case as = a; then
follows by continuity. Now we set

ap—as=0>0, (A.27)
and choose
v € (0,0/4). (A.28)

Thus we may take y in the interval
Is = (0,as +6/4) (A.29)

in the integral on the lhs of (A.21). Denoting the latter integral by F(z), we proceed to
study it by making use of the AAEs

Sr(w + iag) = (1 — exp(—aasw))Sr(w), (A.30)
Sr(z + tas) = (1 — exp(aasz))SL(2), (A.31)

which follow from (A.12)—(A.13) and the G-AAEs (A.1) and (A.4). Letting y € (0,0/4),

we have

F(z+ias) = / 1WA G (1)) du

— 00

= /Oo " [Sp(w) — Sr(w + ias)]du

= F(2) — "7 F(2), (A.32)

where we used (A.30) in the first step, and shifted contours in the second one. As a
consequence F'(z) extends to an analytic function for y > 0, which satisfies the same AAE
(A.31) as Sp(z). Therefore the quotient

Q(z) = F(2)/SL(2) (A.33)
is 1a¢-periodic.
Focusing on Q(z) from now on, we first note that Q(z) is entire. (Indeed, Is (A.29)
contains the period interval

I = [6/8,as + 0/8], (A.34)

and F'(z) has no poles in I, while S7(z) has no zeros in I5.) We continue to study the
x — £o00 asymptotics of Q(z) for y € I, choosing from now on v equal to

vg = 9/8. (A.35)
From (A.14)-(A.15) we have
1/80(z) =14+ 0(e’), 2z — —o0, (A.36)

1/51(2) = exp(i[2x + a(z —ia)?/2)) (1 + O(e™P%)) = O(e™W=T) " 2 — 50,(A.37)
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uniformly for y € II. Also, using (A.23)—(A.24) we get

|F(z)] < e @7 <C+ /OO e Ydu+ C_ /O ea(ervoa)udu)
S o, e (A.38)
uniformly for y € II. Combining this with (A.35)—(A.37) we deduce
Q(z) = O(e™ /%), & — —oo, (A.39)
Q(z) = o(e*™), x — o0, (A.40)

uniformly for y € II.
We are now prepared to infer that ()(z) must be constant. Indeed, @ is ias-periodic
and entire, so it can be written as a Fourier series

Qz) = Z cn exp(naa;z). (A.41)
nez

Since §/8 < a;, we obtain from (A.39)

lim exp(aa;z)Q(z) =0, (A.42)

r— —00

uniformly in y. Thus ¢, = 0,Vn < 0. Likewise, since a < a;, we get from (A.40)

lim exp(—aa;z)Q(z) =0, (A.43)

Tr—00

uniformly in y. Hence ¢, = 0,¥n > 0, so that Q(z) is constant, as announced.
We mention in passing that uniformity in y is critical for this conclusion. Indeed, there
exist entire functions E(z) satisfying

lim E(re’®) = lim E(re®) =0, V¢ € (0,27], (A.44)

r—0 r—00

a fact that is not widely known.
It remains to show

Q(z) = (2m/a) /e~ im/A= 2, (A.45)

To this end we write

F(z) = / Z gioww (SR(w) oo (_aasw)> du + B(z),

Sz € (0,as), Sw e (0,0/4), (A.46)

so that B(z) equals the elementary integral

by exp(aasu/2) iT
et ————— L~y = , Sz €(0,as). A 47

/_OO 2 cosh(aasu/2) aagsinh(rz/ag) 3z € (0,a,) ( )
Also, for |Sz| < as the integrand in (A.46) has exponential decay as |u| — oo, which
entails that the integral yields a function that is analytic in |3z| < as. As a consequence,
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F(z) extends to a function that is analytic for |3z| < a4, but for a simple pole at z = 0
with residue i/a. Moreover, Sr,(z) has residue

L — é(a/%)u%m/@rmx (A.48)
at z =0, cf. (A.16) and (A.10). Thus we have

. F(2) i 1
=1 - — .
Q zlir(l) SL(Z) o Ty,

_ (2 ) /2eim/A=ix, (A.49)

and so the proof of (A.21) is complete.

Appendix B. The operators M(n), E(v), and their sum
This appendix is mostly concerned with various dense subspaces of the Hilbert space

H = L*(R, dx), (B.1)
in relation to the multiplication operators

M(n) = exp(nz), n€RY, (B.2)
and exponentiated momentum operators

E(v) = exp(ivd/dz), veR". (B.3)
Clearly M (n) is self-adjoint on its natural definition domain

D(M(n)) = {f € H | exp(na) f(z) € H}, (B.4)

whereas we use Fourier transformation to define E(v) as a self-adjoint operator. Specifi-
cally, in this appendix we work with the unitary operator

F:H—-H, f(z)— 2r) /2 /00 da' exp(izz’) f(z'), (B.5)
and define
Ev)=F"M({)F. (B.6)

Thus the definition domain of E(v) is given by
D(E(v)) = F*(D(M(v)). (B.7)

Defining time reversal, parity and scaling by
(Tf)(@) = F(a), (B.3)
(P)(@) = f(~a), (B.9)

(Sxf)(@) = A2 f(\x), X e(0,00), (B.10)
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we clearly have

TEw)T = E(-v), TM(n)T = M(n), (B.11)
PE(v)P = E(-v), PM(n)P = M(-n), (B.12)
S;E()Sy = E(\),  SiM(n)Sy = M\ 'n). (B.13)

Consider now the function space
Q = Span{exp(—kz? + &x) | Rk > 0,€ € C}. (B.14)
It is easily verified that Q is a dense subspace of H satisfying
FQ=0Q. (B.15)

Moreover, any f(z) € Q extends to an entire function f(z) = f(x +1iy),z,y € R, and one
has

QCD(M(n), QcDEW)), (B.16)
(EM)f)(x) = flz+iv), [feQ. (B.17)

It is also not hard to see that Q is a core (domain of essential self-adjointness [12]) for
M (n) and E(v). (In view of (B.6) and (B.15), this need only be shown for M (n). To this
end assume f is orthogonal to (M (n) +i)Q. Then the Fourier transform of the function
F(x)(e"™ + i)e~*** vanishes. Thus f = 0, implying (M (n) + i)Q is dense. Likewise,
(M(n) —4)Q is dense, so that Q is a core.)

We mention in passing that the operators E(v) and M (27 /v) and their common core
Q furnish a quite simple example of the Nelson phenomenon [12]. Indeed, both operators
leave Q invariant, and in view of (B.17) they commute on Q. Even so, the operators do
not commute in the usual sense of unbounded self-adjoint operators. (If they did, the
translation group exp(td/dz), t € R, and the bounded operator (1 +exp(2rx/v))~! would
commute, which is plainly false.)

For a given f it is easy to recognize whether it belongs to D(M(n)), cf. (B.4). The
definition (B.7) of D(E(v)) is far less explicit, however. We are going to characterize the
domain and action of F(v) in a more illuminating way. In particular, we shall obtain
necessary and sufficient conditions for a function f(z) to belong to D(E(v)) that are weak
enough to be of practical use, in the sense that they can be readily verified in concrete
cases. For this purpose it is expedient to introduce the auxiliary multiplication operators

Mq(n) = cosh(nz), D(Ma(n)) ={f € H |cosh(nz)f(z) € H}, n>0, (B.18)
and their Fourier transforms
E,(v) = F*M,(v)F = cosh(ivd/dx), v > 0. (B.19)

By contrast to M(n) and E(v), the latter operators have bounded inverses. Clearly Q is
also a core for M,(n) and E,(v). First, we render the domain and action of E,(r) more
explicit.
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Lemma B.1. Assume f(x) € H extends to an analytic function f(z) = f(x + iy) in the
strip |y| < v with the following properties:
(i) for all € > 0 one has

exp(—e2?)f(2) =O(1), |yl <v, |z] — oo, (B.20)

with the bound uniform for |y| < v —4,Vé € (0,v);
(ii) there exist functions fi,(x) € H such that for all € > 0 one has

S - lylgjl exp(—e(x +iy)?) f(z £ iy) = exp(—e(z +iv)?) fr, (x). (B.21)

Then f(x) belongs to D(E,(v)), and the action of E,(v) is given by
E.w)f = (fv + [-0)/2. (B.22)

Conversely, let f € D(E,(v)). Then f(z) extends to an analytic function f(z) in the
strip |y| < v with the above properties. Furthermore, one has

f() <Cs, |yl<v—96, Vie(0,v), (B.23)
im fetin) =0, Vye (—n) (B.24)
flx+1iy) e H, Yye (—vv), (B.25)
fru(z)=s- li%n f(z £iy), (B.26)
ylv
and the map
[_V’ V] - Ha yr— f( + iy)’ (B27)

is strongly continuous.

Proof. To prove the first assertion let ¢ € Q. Using (B.17) we deduce
AEW)6.0) = [ dol’(@ —iv) + "o+ ) f(0) (B.29)

where

¢*(2) = 6(2). (B.29)

Since ¢ € Q, there exists € > 0 such that the function exp(ex?)¢*(x + ia) belongs to H
for all & € R (recall (B.14)). Thus we can use the bound (B.20) and Cauchy’s theorem to
shift contours, obtaining

2B ()6, f) = / " e g (o iy — i) (e f a4 i)

+/ dae ™= §* (x — iy + iv) <676(m*iy)2f (x - iy)) , (B30)

—00

where y € (0,v). Now we may and will view the integrals as inner products of y-dependent
vectors in H. (Indeed, from (B.20) with € — ¢/2 it is clear that the vectors exp[—e(- £
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iy)?])f (- + iy) depend continuously on y € (0,v) in the strong H-topology.) Taking y T v
and invoking (B.21), we deduce

2(Ea(v)o, f) = (o, fu + f-0), Vo€ Q. (B.31)

Because Q is a core for the self-adjoint operator F,(v), this implies not only our claim
f € D(E,(v)), but also the action formula (B.22).
In order to prove the necessary conditions, let f € D(E,(v)). Then we have (cf. (B.19))

f=FfeDM,(v)), (B.32)
so that
f@) = ——gl@), 9= M.)FfEMH. (1.3

Acting with F*, we may now write

f(z) = (2m)~ /2 / R ) (C"Sh(”_ o)z’ g(x')) . (B.34)

oo cCosh(v —d)a’ cosh vz

Fixing § € (0,v), the function in parentheses is in L'(R). Hence f(x) extends to an
analytic function f(z) in the strip |y| < v—4. As ¢ is arbitrary, the features (B.23)—(B.24)
readily follow, and we also deduce

f(+iy) = F*M(y)Ma(v)"'g. (B.35)

Since the family of bounded multiplication operators M (y)/M,(v), y € [—v, V], is strongly
continuous in y, the remaining assertions follow from (B.35). (Note that (B.20) is evident
from (B.23), and (B.21) from (B.26).) O

We are now prepared to study F(v). For convenience we choose v > 0. The corre-
sponding results for negative v can be derived by using P or T
Lemma B.2. Assume

f(z)=flx+1iy), zeR, ye(0,v), (B.36)

is an analytic function with the following properties:
(i) for all € > 0 one has

exp(—ez?)f(2) = 0(1), ye(0,v), |z|— oo, (B.37)

with the bound uniform for y € [§,v — 4], Vo € (0,v/2);
(ii) there exist functions f(x), f,(z) € H such that for all € > 0 one has

s - lﬁg exp(—e(z + iy)?) f(x + iy) = exp(—ex?) f(x), (B.38)
s - lyl%lrjl exp(—e(z +iy)?) f(z + iy) = exp(—e(z + iv)?) f, (x). (B.39)

Then f(z) belongs to D(E(v)), and the action of E(v) is given by

Ew)f=f.,. (B.40)
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Conversely, let f € D(E(v)). Then there exists a function f(z) that is analytic for
y € (0,v) and that has the above properties. Moreover, it fulfils

1f(2)| < Cs, ye(b,v—10), Vie(0,v/2), (B.41)

f( + Zy) € Ha Vy € (0’ V)’ (B43)

f=s- lyifrolf(- +1iy), (B.44)

fo==s-lm f(- +1iy), (B.45)
ylv

and f(-+ dy) is strongly continuous for y € [0, v/].

Proof. To prove the sufficient conditions we modify the argument in the proof of
Lemma B.1. Thus we fix ¢ € Q and choose € > 0 such that the function exp(ez?)¢* (x +iq)
belongs to H for all real a. By (B.37) the integral

/ doe G @+ iy — i) (T flatiy)) oy e Ov), (B.46)

is well defined and does not depend on y. Viewing it as the inner product of two y-
dependent vectors in H, we now use (B.17) and the boundary values (B.38)-(B.39) to
obtain

(EW)o, f) = (o, f,), Vo€ Q. (B.47)

Since Q is a core, this yields f(z) € D(E(v)), and also the action formula (B.40).
Now let f(z) € D(E(v)), so that (cf. (B.7))

f=FfeDM©)). (B.48)

As we obviously have a definition domain equality

D(M(v)) = D(Ma(v/2)M(v/2)), (B.49)
we deduce
g=F*Mv/2)f € D(E,(v/2)). (B.50)

Hence g satisfies (B.23)—(B.27) with f — ¢g and v — v/2. Setting
[z +iy) =g(z —iw/2+iy), yel0,v], (B.51)

the converse assertions easily follow. [

We proceed to study the sum operator

S(v,n)=EW)+M(n), vneR, (B.52)
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on its natural initial domain
D(S(v,m)) = D(E(v)) N D(M(n)). (B.53)

It is obviouly symmetric. It is not obvious, but true that the closure of the restricted
operator

Sr(v,m) =5, 1 Q (B.54)

is an extension of S(v,n). This is the content of the following lemma, which we invoke in
Section 5.

Lemma B.3. The domain of the closure S,.(v,n) of the operator (B.54) contains the
domain D(S(v,n)) (B.53).

Proof. Let f € D(S(v,n)). Then f € D(E(v)), and since Q is a core for E(v), there
exists a sequence

€@ fo—f EW)fu—EW)f, n—oc (B.55)

Now consider the sequence

Fre(x) = exp(—ex?) fu(x) € Q, € > 0. (B.56)
We have

(E(W) fn,e)(@) = exp(—e(z +iv)*)(E(W) fo) (@), (B.57)

(M () fn,e)(x) = exp(—ex? + 1) fo(2), (B.58)
so that

fre(x) — fe(x) = exp(—er)f(x), EW)fne — E(W)fe, M(n)fne— M(n)fe. (B.59)

(We used (B.40) to rewrite the second limit.) Hence we obtain

Sr(vyn) fre — S(Wyn) fe. (B.60)
Therefore f. belongs to the domain of S,(v,7n) and we have
Sr(v,n)fe = S(v,n) fe = exp(—e(- + iv)*) E(v) f + exp(—e()*) M (n) f. (B.61)

Letting € | 0, the rhs has the strong limit S(v,n)f, so that the assertion follows. [

The next lemma is concerned with the question whether S(v,7n) is closed. It seems
quite likely that this is not the case whenever the phase

q = exp(—ivn/2) (B.62)

equals —1, whereas we shall prove that S(v,n) is closed for ¢ # —1. The special character
of this phase is due to the operator 1 + gE(v) not having a bounded inverse for ¢ = —1.
To appreciate the role of this operator, we need a few preliminaries.
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First, we define the unitary multiplication operator
U(s)f)(x) = exp(isz?) f(z), seR. (B.63)
Next we note that we have
U(n/20)M())D(S(v,m)) C D(EW)). (B.64)

Indeed, this inclusion readily follows from Lemma B.2: for g € D(S(v,n)) the analytic
function

f(2) = exp(inz/2v) exp(n2)g(2) (B.65)
has the properties (i) and (i), with
fu(z) = Gexp(inz?/2v)g, (z). (B.66)
As a consequence, we obtain an identity
S(v,n)g =U(—n/2v)(1 +qEW))U(n/2v)M(n)g, Vg€ D(S(v,n)), (B.67)

in which the above operator 1 4+ ¢FE/(v) features. This prepares us for the last lemma of
this appendix.

Lemma B.4. Assume q # —1. Then S(v,n) is closed.

Proof. Consider a sequence
gn €D(S(v,m),  gn— 9, S(¥,n)gn — h. (B.68)
Rewriting S(v,n)g, by using (B.67) with g — ¢, we multiply by the bounded operator
U(—n/2v)(1 +qEW)) ' U(n/2v), (B.69)

concluding that M (n)g, has a strong limit. Hence E(v)g,, has a strong limit as well. Since
M (n) and E(v) are closed, we deduce g € D(M(n)) and g € D(E(v)). Therefore S(v,n)
is closed. O

The results in the main text imply that there is a remarkable difference between the
cases |vn| < 27 and |vn| > 2m: In the first case Q is a core for S(v,7n), whereas Q is
not a core in the second one (cf. Propositions 5.1 and 5.2). In view of Lemmas B.3 and
B.4 it follows that S(v,n) is self-adjoint for |vn| < 27, and not essentially self-adjoint for
|vn| > 2m. The state of affairs for |vn| = 27 is an interesting open question.

Appendix C. Limits of principal value integrals

This appendix concerns an auxiliary result that is used in the proof of Lemma 4.1, but
which is also of some interest in itself. It deals with the asymptotic behavior of a class of
principal value integrals (Hilbert transforms) as a parameter goes to infinity. As such it
is related to Lemmas 5.1 and 5.2 in our article [25]. But the latter lemmas do not imply
Lemma C.1. Conversely, Lemma C.1 does not imply the previous lemmas, but its proof
is inspired by the proofs given in loc. cit.
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Lemma C.1. Let ¢)(z) be a C§°(R)-function with
supp(v)) C (—=r,r), 7 >0.

Let w(z) be a real-valued C*°(R)-function such that
Wi(z)>Cr >0, Vxel|-r—1,r+1],
|w"(z)] > Co >0, Vrel[-r—1,r+1].

Finally, let

[ —isw(v)
Hi(z) EP/ P Lt

00 T —v

Then we have

max |H () T imp(x)e @) = O(|s|71/3), s — +o0.

Proof. Letting at first e € (0,1), we write
H(z) = H™(x) = H" (2) + H"(x),

where we have

Hi(:v)z/lojl %I(:U:I:u)
151571 gy
HO(z :/0 %[I(w—u)—[(x—i—u)],

I(v) = ¢(v) exp(—isw(v)).

Now we consider the three summands in (C.6).
First, integration by parts in

0o —isw(z—u)
= [ e

sle-1 U isw'(r — u)
yields a boundary term

i Yz —|s|e ) . exp(—isw(z — |s]¢71))

R |s[e—T W' (z — |s|e L) (Is|79),
and the sum of two integrals
1 [ du I(zx—u)
h=— i
is Jigpe—1 u? W' (7 — u)
1 [ du , Y(x —u)
IL=—— — exp(—isw(x — u))dy

i5 Jigle-1 u Wz —u)

(C.1)

(C.10)

(C.11)

(C.12)

(C.13)
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From (C.1)—(C.3) we deduce

nl< / P R TS (C14)

1Io| < S|/ O(In([s[)/[s]),  |s] — oo. (C.15)
|e 1 U
Clearly, the implied constants in (C.11), (C.14) and (C.15) can be chosen uniformly for
|z| < r, so that

max [H™(x)| < Clsf™, 5] = . (C.16)

It is plain that H'(x) can be handled in the same fashion, yielding

max [ (x)| < CJsf™, 5] = . (C.17)

Turning to H%(z), we set u = k/|s| in (C.8), so that we have

||
H(z) = 6(8)/ dk <I(m - E) —I(z+ E)) , (C.18)
o k S S
where ¢(s) denotes the sign of s. We now write
k k k2 k
w(z £ g) =w(x) £ p () + ERi(az, g), (C.19)
with Ry (z,v) € C*°(R?). Then we set
H'(z) = e(s)e” " (J_(2) = J1(2) + Jo(a)), (C.20)
where we have introduced
I=1° dk k , K k
Ji(x) = / —¢(m + — )exp(:sz:w'(x)) <exp[—z?Ri(x, ;)] - 1) , (C.21)
0
Is® - I
Jo(z) = / dk (1/1(95 — E)e’k“ @) _ h(z + E)e_”“ (”C)) . (C.22)
0 k S S
To estimate J+ we note that
k2 k 2e—1 e
Prae S| <olspt, vke @15, (C.23)

uniformly for |z| < r. Choosing from now on e € (0,1/2), we deduce
k2 k k2
exp[_i;Ri(xa ;)] ‘ < C’ ’

for sufficiently large A, with C' uniform for |z| < r. Hence,

s/ = A, Ve (0]s/), (C.24)

<1 dk k2
max |J4 (x C/ — =Cls]*7!, 5] — oo (C.25)
lz|<r ki |S|
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It remains to handle Jy(z) To this end we use

WoE ) = p@) + Spla, ), (C.26)

with pi(z,v) € C®(R?). Then we may write

Jo(m') = KQ(.%’) + RQ(.%'), (0.27)
where
Isl®w' (@) 1y,
Ky(x) = 2i¢(m)/ — sinw, (C.28)
0 v
so that the remainder term reads
1 ‘S|e ko .., k S
Ry(z) = —/ k <p_ (2, =)™ @) — p (2, 2 )e ™ (m)> . (C.29)
s Jo s s
Obviously, the latter satisfies
max | Ro()| < Cls|*. (C.30)

With the final choice e = 1/3 we now combine the bounds (C.16), (C.17), (C.25) and
(C.30) to deduce

|H () — ime(s)e™ " Wp(x)| < [Ko(w) — imp(a)| + O(|s|71/%), |s| = o0,  (C31)

with the implied constant uniform for |z| < r. Since we also have (cf. (C.28))

Ko(z) —imp(z) = —2ip(x) / v
EREIONN
. cos(|s'Puw' () [ 2
= —211[)@)( BRI _/;;|1/3w’(:1:) fracdvv® cosv
= O(s|7¥3, |s| — o0, (C.32)

uniformly for |z| < r, the lemma now follows. [

In Section 4 we use this lemma in the following more convenient guise.

Corollary C.2. With the assumptions of Lemma C.1, let

e—tsw(v)
= hm / . (C.33)

x—l—ze—v

Then we have

max | Ly ()] = O(s1/%), s = o0, (C.34)
max L () + 2irp(z)e @) | = O(|s| /3, s — —o0. (C.35)

|z|<r
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Proof. Using the well-known relation

1 1
— P :
0 " imd(u) (C.36)

between tempered distributions, we obtain
Li(z) = H(z) —imy(x) exp(—isw(x)). (C.37)
Hence (C.34)—(C.35) follow from (C.5). O
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