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Abstract

We prove bispectral duality for the generalized Calogero—Moser—Sutherland systems
related to configurations A, 2(m), Cn(l,m). The trigonometric axiomatics of the
Baker—Akhiezer function is modified, the dual difference operators of rational Mac-
donald type and the Baker—Akhiezer functions related to both series are constructed.

1 Introduction

The original bispectral problem as it appeared in the paper by Duistermaat and Grunbaum
[14] was devoted to investigations of the Sturm-Liouville operators such that they admit
a family of eigenfunctions satisfying some differential equation in the spectral parameter.
Part of the corresponding potentials, namely the rational KdV potentials, were described
as those which can be obtained from 0 by applying the Darboux transformations. The
corresponding Sturm—Liouville operators admit non-trivial commuting differential oper-
ators. In paper [14] the conditions in terms of local Laurent expansions for a potential
to be a rational KdV potentials were also analyzed. These conditions generalized simple
locus conditions from [1].

An example which may be looked at as a generalization of this picture to the many-
dimensional case is given by the Calogero-Moser operator ([4], [22], [28], [23])

L—A_ Z M ( ma +1) (oz,oz), (11)
acA

where A is a root system. When the parameters m,, are integer (and invariant) operator
(1.1) can be included into a large supercomplete commutative ring of differential operators
as it was discovered by Chalykh and Veselov in [11]. The key object of this construction
is the multidimensional Baker—Akhiezer function ¢ (k,x) = ¢(k1,...,kn,z1,...,2,). This
function is defined on a certain many-dimensional rational spectral variety, it is an eigen-
function for all operators from the commutative ring. The function v satisfies the same
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differential equations in the spectral variables k, as was shown by Chalykh, Styrkas, and
Veselov [31], thus the bispectrality holds. The Baker—Akhiezer functions defined on the
Riemann surfaces were introduced by Krichever for studying one variable rings of com-
muting differential operators and non-linear integrable equations [19] (see also [3]).

The generalization of the one-dimensional locus conditions from [14] to the multi-
dimensional case led Chalykh, Veselov, and the author to an interesting class of Schroedinger
operators of type (1.1) where A can be a Coxeter system and also more general locus
configuration [10]. These operators can be included into the supercomplete rings of com-
muting differential operators, they admit the Baker—Akhiezer functions which also satisfy
the differential equations in the spectral parameters.

Despite large number of locus configurations in the two-dimensional case the known
examples in higher dimensions are quite exceptional and discrete. Besides operators (1.1)
related to the Coxeter systems two other series of deformations A, 1(m), C,(l,m) were
found in [30], [9], [10], and one more configuration A, >(m) appeared later in Chalykh-
Veselov [12]. Configuration A, ;(m) becomes the root system A, when m=1. Config-
uration Cy,(l,m) specializes to the root system C, at | = m. Configuration A, 2(m) is
a complex extension of the root system A, _o. When n = 2 the parameter m can be
arbitrary complex and the corresponding operator coincides with the degeneration of the
Hietarinta operator [16] (see also [10], [8]).

In this paper we analyze bispectrality and the Baker—Akhiezer functions for the trigono-
metric versions of the operators (1.1) for the configurations C, (I, m) and A, 2(m), whereas
the root systems and configuration A, 1(m) were considered by Chalykh [6]. Earlier in
paper [9] the intertwining operators for the Schroedinger operators with trigonometric
potentials related to the configurations Cy(m, 1), A, 1(m) were constructed.

A construction with the multi-dimensional trigonometric Baker—Akhiezer function was
also introduced by Chalykh and Veselov in [11]. Such a function is a certain eigenfunction
for the generalized Calogero—Moser—Sutherland operator

L=A— Zm“m“ Dia,a) (1.2)

sinh?(a, )

It was shown in [11] that the Baker—Akhiezer function exists when A is a root system and
the multiplicities m, are integer and invariant. Then L is included into a supercomplete
ring of commuting differential operators.

In the trigonometric case the dual operators happen to be the difference operators.
These operators are also discretizations of the Calogero—Moser Hamiltonians, they were
introduced by Ruijsenaars for the problem related to A, root system [24] (see [26] for
the classical version). The bispectral duality of the Calogero-Moser—Sutherland and Rui-
jsenaars systems was conjectured by Ruijsenaars in [25]. For an arbitrary reduced root
system the difference operators were introduced by Macdonald [21]. The duality on the
level of Macdonald polynomials was conjectured by Macdonald and proved first by Koorn-
winder [17] (see chapter VI of [20]) for the A,, case. For an arbitrary reduced root system
the proof was obtained by Cherednik [13]. For the case of the BC,, system Macdonald
polynomials were introduced by Koornwinder [18], their duality property was established
in [29], [27].

In terms of the Baker—Akhiezer functions the bispectral duality for (1.2) related to any
root system was established by Chalykh in [6]. Also it was done for the system A, ; thus
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the corresponding deformation of the rational Ruijsenaars—Macdonald operator appeared
in [6].

The method of establishing the dual equations as well as of constructing the Baker—
Akhiezer functions was introduced by Chalykh in [6], and it is as follows. The Baker—
Akhiezer function should satisfy some shifting conditions as a function of the spectral
variables k. One considers the space of functions satisfying these conditions and a certain
difference operator in k such that the application of this operator leaves the space invariant.
Then taking a proper initial function from the space and iterating the application of the
operator we arrive at the Baker—Akhiezer function, besides that on the next step we get
zero thus the dual equation appears. This method was first applied in the rational case
[5] (see also [10]), it works also in the trigonometric difference case [7]. The corresponding
formula for the Baker—Akhiezer functions in the rational case was found earlier by Berest
[2] under assumption of existence.

In this paper we follow the described strategy to construct the Baker—Akhiezer func-
tions and to establish the bispectrality for the configurations Cy(I,m), Ay 2(m). On the
way we introduce the generalizations of rational Macdonald operators related to these
deformations. An interesting feature of the configuration A, o(m) is that for the corre-
sponding operator (1.2) there is no Baker—Akhiezer function in the original axiomatics [11].
Thus we modify conditions in variables k which should be imposed on the Baker—Akhiezer
function in order to cover this case as well. The corresponding modification of rational
Chalykh—Veselov axiomatics for the Baker—Akhiezer functions from [11] was carried out
n [10]. We should mention that in our considerations we restrict ourselves to the simpler
case when a configuration A has no parallel vectors although a deformation of BC,, system
leading to algebraically integrable operators appeared in [8], so it is natural to expect the
bispectral property for the degeneration of this model as well.

The structure of this paper is the following. In section 2 we give the modified ax-
iomatics for the trigonometric Baker—Akhiezer function and review the Chalykh—Veselov
construction [11] adopting it to the new settings. In section 3 we recall how the bispec-
trality allows construction of commuting operators in the spectral variables if we know
commuting operators in x ([2], [14], [6]). Then we prove that the Baker—Akhiezer functions
for the root systems and for the deformation A,, 1(m) also satisfy modified axiomatics. In
section 4 we consider configuration C, (I, m). We introduce a deformed rational Macdonald
operator for this case and we construct the Baker—Akhiezer function. Then we prove the
bispectral property, and the family of commuting difference operators appears. In section
5 the analogous results are proved for the A, 2(m) configuration. In the last section we
discuss necessary conditions for a configuration of vectors with multiplicities to admit the
Baker—Akhiezer function. They reveal clear geometrical restrictions on the configurations.
The presentation closely follows [15].

2 Baker—Akhiezer function and commuting differential op-
erators

Let A be a finite set of non-collinear vectors a € C™, let every vector « have a multiplicity
meq € N. Meaning by m this multiplicity function we will denote such configurations as
A = (A,m). By the Baker-Akhiezer function ¢ (k,x) we will mean a function of two sets
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of variables k,z € C™ of the form

Y(k,x) = <H (k,a)™ 4 lower order polynomial in k) k), (2.1)
acA

(k,z) = kix1 + ... + kpoy, which satisfies special properties. We introduce —A to be the
system of vectors {—a|a € A} with the multiplicities m_, = mg. Inside AU—A we choose
a positive subsystem A, consisting of those vectors which belong to some half-space inside
R?" ~ C". The half-space should be in a generic position such that for any a € A either
a€ Ay or —a € Ayp. We say that a vector a € A is an edge vector if a is not a linear
combination of other vectors from A, with positive real coefficients.

In this paper we will assume that the set A of vectors « is such that all the vectors
belong to some lattice of rank n in the space C". Though constructions and most of
the proofs work without this assumption in all known examples such a lattice does exist,
also assumption on the lattice makes definition of the edge vectors and subsystems A,
more invariant. Namely, we now have an n-dimensional real vector space V' containing the
system A which is spanned by a basis in the lattice. Positive subsystems A, C (AU —A)
are those which consist of the vectors belonging to a generic half-space in the real linear
space V. We will also assume that A does not contain isotropic vectors « : (a, a) = 0, as
we will see such vectors do not contribute to the potential.

Definition 1. A function ¢ (k,x) of the form (2.1) is called the Baker—Akhiezer function
for a configuration A = (A, m) (BA function) if for any choice of positive subsystem A
and for any choice of an edge vector « the following identities hold

Yk + sa, ) _ Y(k — sa, x)
Hﬁﬁe:+ [T (k+iB+sa, ) Hﬁﬁe:+ [T (k +1iB8 — sa, B)

(2.2)

at (k,a) =0,s=1,...,m,.

Remark 1. For a given vector & € A there are normally few choices of the subsystems A,
such that the vector « is an edge vector. Therefore the existence of the Baker—Akhiezer
function for a system A forces, in particular, the following compatibility conditions. Let
A}r, Ai be two choices of positive subsystems in A such that « is an edge vector. Then
the following identity must hold:

HﬁeAl+ [T (k + i + sa, B) Hﬁ“i [125 (k + 4B + sa, B)

BFo — B#a
HBEAL H:iﬁl (k + Zﬁ — s, ﬁ) HﬁeAi H:{;ﬁl(k + Zﬁ — s, ﬁ)
BF#a B

at (k,a) =0for s=1,...,mq.

Introducing the functions 1/)&4 * depending on the choices of positive subsystem A, and
an edge vector a by formulas

Y(k, )
HB;;J [T (k+ i3, 5)

A
Yot =
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conditions (2.2) take the following form
YA+ (k4 sa) = 2+ (k — sa), if (a,k)=0, s=1,...,mq,. (2.2')

Also it will be convenient for us to use the following equivalent form of equations (2.2)

1 s—1
<5OCW> (5041/J§+ = O, at (k?,Oé) = O, s = 1, e, Mgy (22”)

)

Here 4, is an operator acting by the rule 6, f(k) = f(k+ «) — f(k — «). It is obvious that
conditions (2.2") and (2.2”) are identical for m, = 1. One can also check that they are
equivalent in general. Conditions (2.2) form an overdetermined system of equations for
the coefficients of a polynomial in (2.1). It takes place the following statement.

Proposition 1. (c.f.[11]) If a Baker—Akhiezer function exists then it is unique.

Proof. Assume there are two functions ¢, = Py(k,z)e™®) oy = Py(k,z)e®®) | which
satisfy equations (2.2), and assume the highest terms of the polynomials P;(k,z) are both
[Toca(k,a)™e. Consider the difference 1 — o = (P; — P2)el®®). This function also
satisfies conditions (2.2) but the degree of the polynomial P; — P, is less than ) . 4 maq.
Thus the proof of the proposition reduces to the following statement.

Lemma 1. (c.f.[11]) Let ¢(k,z) = P(k,x)e®?®) satisfy conditions (2.2) with P(k,z)
being a polynomial in k with the highest term Py(k,z). Then Py(k,x) is divisible by
HaeA(k’a)ma‘

Proof. Consider condition (2.2”) for some subsystem A, and an edge vector a. We have

WA = P(k7x)6(k,x)’

Q(k)
where

mg
Qk) =[] [Ix+i8.0).

peAL i=1
B

We denote by Qo(k) the highest term of Q(k) and consider conditions (2.2”) with s = 1.
We have

P(k+a,z) o) (k) _ Pk —a,2) (o) k) _
Q(k + ) Q(k —a)

y Po(k, ) (elx®) — e(=2)) Qo (k) + lower terms
Qk + )Q(k — o)

As Qo(k) =[] sea, (k,3)™8 is not divisible by (k, ) we conclude that Py(k,x) should be
fa

divisible by (k, «).

Now we rewrite the obtained relation in the form

— e(k7m

: (k).

Q(k)
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where ﬁ, @ are some polynomials in k with the highest terms ]50 = %Qo, and @0 =

[Tsea. (k, )25 so Qq is again not divisible by (k, ). Considering conditions (2.2") with
B#a

s = 2 we analogously conclude that Py | (k,a), that is Py : (k,a)?. Continuing in this

way up to s = m, we obtain Py : (k,a)™. Since any vector a € A is an edge vector
for the proper choice of a subsystem A, system (2.2”) contains equations for all « € A.

Therefore Py : [,c4(k, @)™, and lemma is proven. [
|

The existence of the Baker—Akhiezer function is possible for very special configurations
A only. In this case ¥(k,z) becomes a joint eigenfunction of a rich commutative ring of
differential operators. Namely to any configuration A = (A, m) we relate the ring R4 of
polynomials p(k) which for any « € A satisfy the conditions

p(k + sa) = p(k — sa) at (k,a) =0
where s =1,...,mq,.

Theorem 1. (c.f.[11]) Assume configuration A admits the Baker—Akhiezer function.
Then for any p(k) € R4 there exists a differential operator Ly(z,0,) such that

Ly(,0z) (k) = p(k) ¢ (k, z).
For any p,q € R4 one has the commutativity L,Ly = LyL,.

Proof. Consider function ¢ (k,z) = p(k) ¢ (k,z)—p(0 )¢ (k, ). Then the function v, sat-
isfies conditions (2.2) and it has the form ¢, = Q1 (k, z)e*®) with deg Q1 < 3 mq+deg p—
1. By lemma 1 the highest term of the polynomial @; has the form Q% = [[(k, a)™er(x, k).
We define now vo(k, z) = 1 (k, z) — r(z,0/0z) ¥ (k, z). We have o (k, ) = Qo(k, z)eH®),
where Q2 is some polynomial of degree deg Q2 < >~ m, +degp— 2, and 1) satisfies condi-
tions (2.2). Therefore we can again apply lemma 1 and inductively we construct operator
L, =p(0z) +r(z,0;) +

The commutativity [L,, L,] = 0 follows from the condition that if an operator L(z, 0,)
satisfies L(x, 0;)Y(k,z) = 0 for a function ¢ of the form (2.1), then L = 0. The theorem
is proven. |

We note that for any configuration A the ring R4 contains the polynomial k? = k3 +
..+k2. Indeed, (k£sa)? = (k+sa, k+sa) = (k,k)+2s(a, k) +5%(a, a), and if (o, k) =
we have (k+sa)? = (k—sa)?. The corresponding differential operator is the Schroedinger

operator.

Proposition 2. (c.f.[11]) In the settings of theorem 1 to the polynomial p(k) = k? it
corresponds the operator

me(m (o, )
L A — S .
B Z smh2 (o m)
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Proof. Let

V(k,z) = P(k,z)e®®) = (H (k,a)™ 4 Py + lower order terms)e®®),
acA

where Pj is a polynomial of degree Y m, —1. To obtain L2 we apply recurrent procedure
described in the proof of theorem 1. We have

V1 (k, ) = K2k, z) — Ak, x) =

_ <_ >e<m> _ <_
i=1

where R is some polynomial in k, deg R < > m,. According to lemma 1

op
—QZk 8961— ) [ (k, a)™

a€A

PR (k)
’ 63:2 ) € ’

for some function w(z). Also from lemma 1 it follows that ¢ (k,z) — u(z)p(k,z) = 0
Thus

oP;
Li2=A =A—
k2 +u HaeA Z axz

And the proof of the proposition is reduced to the following lemma.

Lemma 2. (c.f.[11]) Assume that a system A admits the Baker—Akhiezer function

Y(k,x) = P(k,x)e(k,x) _ (H (k,a)™ + Py + .. .)e(k,x)7

aEA

where Py = Pi(k,x) are terms of order Y my — 1 in the polynomial P. Then

P = —< H (k,a)ma> Z ma(m; +1) ((Z” c]z)) coth(a, x).

acA a€A

Proof. We choose a subsystem A, and consider conditions (2.2”) for an arbitrary edge
vector a. We want to show that Py is divisible by (k, @)™ ~! and to find Py /(k,a)™="1.
For s = 1 condition (2.2") can be rewritten in the following way

1 o) mp (o) _ o~ ()
R GG | (RN -+

BeA
BF#a
+ Tu(k) <ma(0" @) (k, )@ 4 e (@) T (k. )™ 4 (el0) — 6_(‘)"30))131) "
BeA
BF#a

+ O1((k,a)™) + Rl} e =0,
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if (k,) = 0. In the last formula

ms
nik)= ] [[k+i8,8),  Qi(k)=Tu(k+a)Ti(k - @),
BeEAL =1
B#a

and Oy ((k:, a)ma) is a polynomial of degree 2 ZBGA+ mg — 1 — mq, which is divisible by
(k,)™. And R; is some polynomial in k such that deg Ry < 2 Zﬁ€A+ mg — 1 —mq.
Going by induction we conclude that for an arbitrary s such that m, > s > 1 one has

! {Ts<k><k,a>ma—5+1 TT (k. 5"+

Qs(k) BeA
B#a
M —S m P1
+ Ty (k) <cs(ma)(a, o) (k, ) ﬁll(k:, 3)™8 coth(a, ) + W) +
B#a

+ OS((k’a)ma—s-l—l) + RS} =0 (23)

if (k,a) = 0. Here Ts(k) = Ts—1(k) Qs—1(k), Qs(k) = Qs—1(k + @) Qs—1(k — &), and the
polynomial O, ((k, a)™~**1) is divisible by (k, a)™ **1, deg O; < deg T} +2 gea, Mp—
s, deg Ry < degTs + ZﬁeA mg — s. It is important for us that cs(ma) = cs—1(Mma) +ma —
s+ 1. Consider now condition (2.3) with s = mq. As Ts(k) # 0 if (k,a) = 0 we conclude
that

Cme (ma) (e, @) [] (K, B)™ coth(a, z) + (kof)jﬁ =0 (2.4)
BEA ’
Ba

at (a, k) =0, and

Ma(Mma + 1)

Cma (Ma) =Mmg+ (Mo —1)+...+1= 5

Now we remark that conditions (2.4) characterize the polynomial Py uniquely. Indeed the
existence of a polynomial P, deg P; = deg P = ) mg — 1, satisfying (2.4) would mean

that (k];l)% =0 at (k,a) = 0, thus P, — P; would be divisible by (k,a)™. As any

vector a € A is an edge vector for a proper subsystem A, we get Py -p [Laca(k,a)me.

But this is impossible as deg(P; — P;) < Y acaMa — 1. Further it is obvious that the
polynomial

P = —< 11 (k,a)ma> - Malmo £1) (00) oy )

acA acA 2 (a’ k)

satisfies (2.4), therefore lemma 2 is proven. [

This completes the proof of the proposition. |
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3 Bispectral duality and examples

By bispectral duality we mean the situation when a function ¢ (k, z) of two sets of variables
k and x satisfies certain equations in each of the sets. In our case we will have the equations
of the form

L(x,am)qﬁ(k:,x) = k:%[)(k‘,:ﬂ), Dw(k’x) = )\(x)¢(k:,x), (3'1)

where D is some difference operator in k-variables, and 1) is the Baker-Akhiezer function.
Originally the equations in the spectral parameter were considered by Duistermaat and
Grunbaum [14] who analyzed in the one-dimensional situation the pair of equations (3.1)
for a Sturm-Liouville operator L and a differential operator D.

One of the applications of the bispectrality is the following construction ([14], [2], [6])
allowing to obtain a commuting operator for D if a commuting operator for L is given.
More exactly, assume we have some operator M (z,d,) satisfying

M (x,02)(k, @) = q(k)(k, ), (3.2)
for some polynomial g(k). Then from (3.1), (3.2) it follows
(AM = MA)p(k, z) = (¢D — D)y (k, x).
Tterating this process we obtain
(ady\ M) (k, x) = (=1)" (adpg)(k, x),

where adgB = Ao B — Bo A for any operators A, B. Now consider the difference operator
D given by deg q iterations of the operation ad,

D = ad®9q(k).

As
de; de;
a(z) = (—1)“®9ad\* M

becomes a polynomial in z, the function ¥ (k,x) is an eigenfunction for D:
Di(k,z) = a(z)y(k, z),
and therefore the commutativity relation holds:
[D, D] = 0.

It happens that the difference operator D allows simple construction of the Baker—
Akhiezer function itself. This method was introduced by Chalykh in [6] where such op-
erators and the BA functions for the root systems and the A, ;(m) deformation were
constructed. The formulas are as follows

blka) = C@) (D =AD" (QUR)e*) (3.3)
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where the number of iterations M =" 4 ma, Q(k) is the following polynomial in k
Ma
= H H(k +ja7 (X)(k - jaa (X),
acAj=1

and C(z) is a normalization function depending on x variables only. In the rational case
such formulas for obtaining the Baker—Akhiezer functions through applying differential
Calogero-Moser Hamiltonian were found earlier by Berest [2].

3.1 Root systems

Let A = R = {a} be a root system corresponding to a semisimple Lie algebra where we
take exactly one of any pair of opposite roots. Let function m(«a) = m, be invariant with
respect to the action of the corresponding Weyl group.

Proposition 3. For the system R = (R, m) there exists the Baker—Akhiezer function.

Proof. Essentially this statement contains in [31]. More exactly, in [31] it was shown the
existence of function ¢ (k, z) having the desired form (2.1) but satisfying conditions

(k4 sa) = Pk — sa), (3.4)

t (k,a) =0foral a € R, s=1,...,mq. It turns out that i(k,z) also satisfies (2.2).
Indeed, we have to check that for any a € R and for any subsystem R, in RU (—R) such
that « is an edge vector one has

H Hk+zﬁ+sa,ﬁ H Hk—i—zﬁ—sa,ﬁ) (3.5)

BER, =1 BER; i=1
B#a B#a
for (k,a) =0, s = 1,...,mg. We remark that the condition that « is an edge vector

for Ry means that « is a simple root with respect to R.. We show that the function
HBER+ [1:2% (k + i3, B) is symmetric with respect to (o, k) = 0, in particular that the
g

1dent1ty (3.5) holds for arbitrary s. Indeed, if 7, is the reflection with respect to a root a
then

ra ] sz+zﬁﬁ 11 Hralﬁ—zﬁﬁ

BERL i=1 BERL i=1
pa o

HHk—l—zraﬁ,rOﬁ HHk:—i—z'yfy

BER i=1 YERL =1
BFa TFQ

as for a simple root o the map r: Ry \ @ — Ry \ o is a one-to-one correspondence pre-
serving the multiplicity function. |

In order to construct the BA function let us first present the dual difference operator
D. For the root system A, this operator D was found by Ruijsenaars [24], and for an



Bispectrality for deformed CMS systems 105

arbitrary root system the operators D were introduced by Macdonald [21]. For simplicity
we will present here formulas for all reduced root systems except FEg, Fy,Gs. The last
systems do not have the so called minuscule coweight but we need its existence for the
formulas below. A minuscule coweight 7 is such a coweight that for any o € R the scalar
product (7, «) takes only three values 0,1, and -1 at most.

For example, the root system A, consisting of the vectors e; — ¢; in R"*! has n non-
trivial minuscule coweights given by the vectors m,. = e1 + ... + ¢, where 1 <7 < n.

So we define following [21] the difference operator D, by the formula

D= I1 (1 - (;”—“k)> T, (3.6)

T=wm €(RU(—R))
wew “ (a,7)=1

where W in the summation is the corresponding Weyl group, and the operator 177 is
the operator which shifts a function f(k) to f(k + 7). In the following way the bispectral
duality between the Calogero-Moser—Sutherland and Ruijsenaars—Macdonald systems was
established by Chalykh.

Theorem 2. ([6]) Let A = (A,m) be a positive part of any reduced root system of type
A,B,C,D or Eg, E7 with invariant multiplicity function. Let 1 be the corresponding
Baker—Akhiezer function (2.1). Then the following two equations hold

<A Zm“m”‘“ M)>w:k2w,

sinh?(a, z)

D7r¢ = Z e(wﬁ,x)¢’

weW

where Dy is the difference operator (3.6) constructed for the root system %AV with a
minuscule coweight w, and W 1is the corresponding Weyl group.

As it was shown in [6] the BA function can be expressed by formula (3.3) where D is
the operator given by formula (3.6) constructed from the dual system %AV which means
that we consider the set of vectors { } instead of {a}. And

ma\ —1
Cl)=|IT [ X (@n(a e :
acA oew
where 7 is a minuscule coweight for the root system { } As to A(z) it is given by the
formula
Az) = Z (™),

weW
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3.2 Configuration A, ;(m)

The system Aml(m) consists of the vectors ep—€q, P < q,p,qg=1,...,n, Me,—e, = M,
and the vectors e, —vy/mept1,p=1,...,n,m p—ens1 = L This configuration appeared
in [30]. In [9] it was shown that the corresponding rational and trigonometric operators
can be intertwined with the Laplacian thus they were algebraically integrable. In [10] it
was shown that the rational version of the corresponding Schroedinger operator admits
the corresponding (symmetric) Baker—Akhiezer function. The bispectral duality for the
trigonometric version of this system as well as the existence of the BA function in the
sense of [11] was obtained by Chalykh in [6].

Proposition 4. There exists the Baker—Akhiezer function for the system A= Ay 1(m).

Proof. In the paper [6] it was constructed a function ¢ (k, x) of the form (2.1), satisfying
conditions (3.4) at (k,a) = 0 for all « € A, s = 1,...,mq. It happens that as in the
case of root systems (subsection 3.1), conditions (3.4) and (2.2) for the system A, ;(m)
are equivalent. Indeed, if & = e, — ¢4, then Hﬁ€A+7 Bta Hzﬁl(k + i3, 3) is symmetric
with respect to (o, k) = 0. Consider now a = e, — y/mep41. In order to state (3.4) it is
sufficient to check that in any two-dimensional plane 7, m 3 « one has

[T [Ik+iB+a8)= I [It:+iB-0a.8) (37)

BeAnm =1 BeA N =1
pa p#a
at k, — /mkyy1 = 0. There are two cases, either plane 7 contains only one vector

B € Ay, B # «, or ™ contains two vectors 1 and (5. In the first case (o, 3) = 0 and
relation (3.7) holds. In the second case the condition 3 € A, allows to set §; = e; — ep,

B2 =e€q—/Mmenq1 or Bi = e, —e€q, B2 = \/Mept1 — e since a = e, —y/mep41 is an edge
vector. For the first choice identity (3.7) takes the form

(kg —kp+1)... (kg —kp+2m —1)(ky — Vmkypt1 +2m+1) =
= (kg —kp+3)...(kg — kp+2m+1)(k; — vVmkpi1 + 1),
which is valid at k, = \/m kp41. The second choice also gives a valid identity. [

We present now the bispectral dual difference operator and the formula for the BA
function both found by Chalykh in [6]. The operator is given by the following formulae

D= (ZlTl +...+ anTn + anJrlTﬁa

1 2 ﬂ L =1 (3.8)
a; = — — ,i1=1,...,n, .
ki —/mkpi1+1—m oy kil'—k‘j

J

n

1 2m
a"*l:EH(Hki_\/mnﬂﬂ—m)’

i=1

where the operators T; act on the functions f(k) by shifting the ith argument k; to k; + 2,
and TV f(kry o ki) = F(k1y - bsr +20/m).
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Theorem 3. ([6]) Let ¢(k,x) be the Baker-Akhiezer function for the system A, 1(m).
Then (k, ) satisfies the following difference equation

D¢(k’ x) = A(£)¢(k’ x),

where the operator D is given by formulas (3.8), and
Mz) =X 4. e 4 lgﬁ““.
m
Also Y(k,x) itself can be expressed by the formula

(k) = O(r) (D — M) (QU)e)

with
-1
- - n(n—1)
C(x) = oM pn H(e%i — eij)m H(e%i — eZmQC"H) , M=m——=+n,
=1

i<j

HH ((k; — kj) H ((ki — Vmkni1)? — (m+1)%).

1<j s=1

Remark 2. When m = 1 the system A, ;(m) coincides with the root system A, with
multiplicity m = 1, and the operator D degenerates to the corresponding Ruijsenaars—
Macdonald operator (3.6) with coweight m = e;.

4 Configuration Cy(l,m)

This system consists of the following vectors in C™ depending on two integer parameters
[, m. The vectors v/2m + 1e; have multiplicities m; = [, « = 1,...,n — 1, the vector
V2l + 1 e, has multiplicity m,, = m, the vectors ¥ 2m+1 (e; = e;) have multiplicities m;; =

227?;11, 1 <i<j<n-—1 (it is assumed that 22lJ;11 € Z) and the vectors YZmHLeizy 2tlen

have multiplicities m;, =1,7=1,...,n — 1.

The configuration was introduced in [10] where the BA functions related to rational
potentials corresponding to this system was under investigations. For the trigonometric
version related to the Co(m, ) system the intertwining operator to the pure Laplacian was
constructed earlier in [9] (see also [30]).

We note at first that all the two-dimensional subsystems in C), (I, m) have the form either
of the system Ag 1(m) or the one of a root system or the form of the subsystem Cy(l,m).
We have noticed already that for a root system R and for the system A,, 1(m) identity (3.5)
holds. Tt also holds for the system Cy(l,m) and therefore for the system C,,(I,m). Thus
for the system Cy(l,m), as well as for the systems R, A, 1(m), conditions (2.2) for the
Baker-Akhiezer function are equivalent to simpler conditions (3.4).

Now we start constructing the BA function for the system C,(l,m). The effective
method we are going to use was found by Chalykh [6]. The method is based on finding a
difference operator D with special properties. Then the BA function ¢ (k, z) is obtained
by multiple application of such operator D to some initial function ¢g.




108 M Feigin

For the system C),(I,m) we define operator D by the following formulas
n
D=Y of T} +a; T}, (4.1)
i=1
where TZ-jE are difference operators which act as follows

TEF(kr, o kiy e k) = (R, ki 2V2m 4 1, k),

i=1,...,n—1,
TEf(y, .o k) = flky, ... kn £ V20 +1).

The coefficients azi are functions of k£ which are defined by the formulas

where

a#:<1_iii2><1_iiiij, 1<ij<n—1,i4j
+k; + kj +k; — /{?]‘

+ 1 (1—M>, 1=1,...

YT o 1 s
3

4 2m +1 2m+1
a, =(1————= 1l - ——= ,
mn +k,+k,—1l+m +k, —k,—1l+m

4 20+1 2l+1
a - =|1———— 1l————= ,
" tk, +kj+1—m tky, —kj+1—m

N 1 C_(m+nm>

"ol e

a

In the above formulai and throughout this section we use notation k; = /2m + 1 k; for
i=1,...,n—1,and k, = V2l + 1k,.

Remark 3. When m = [ the system C, (I, m) becomes the root system C,, consisting of the

vectors v/2m + le; with multiplicities m and the vectors ¥ 27;“ (ei tej) with multiplicities

1. Then operator (4.1) is a Wlﬂ multiple of the corresponding Macdonald operator (3.6)
1

written for the root system B,, = %CX consisting of the vectors NSk with multiplicity

m, \/ﬁ(ei + e;) with multiplicity 1, and the minuscule coweight 7 = \/2m + le;.

The next step is to prove invariance of the space V of holomorphic functions f(k)
satisfying

f(k+sa)= f(k—sa) at(k,a)=0 (4.2)
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for s = 1,...,mg, for all a € C,(l,m), under the action of operator (4.1). Notice that
for the system C,(I,m) conditions (4.2) can be rewritten in the following form. For

a=+y2m+1le,i<n—1,anda=+v2[+1e,

(T f=(T,)°f athk;=0, i=1,....n—1, s<l;and i=n,s<m. (4.3

(T;)f = (T} ) f

_ o 2 +1 (4.4)
at k;—k; =0, 4,j=1,...,n—1, s:l,...,2m+1,
or equivalently
(1) f=T7)°f
- 2l +1 4.4
at Tk =0, ij=1..mn—1, s=1,... 6—"° (4.4)
2m +1
For a = —Vzgﬂﬂ (ei +¢€5)
(T ) f=(T;)f
_ o 2+ 1 (4.5)
at k;+k;j =0, 4,j=1,...,n—1, s:l,...,2m+1,
or equivalently
(T;7)f = (T})f
o 20+ 1 (4.5)
; ;= L, =1,....,.n—1, s=1,... .
at k2+kj 07 Z?] b 7n ) S ) 72m+1
For o = \/2m+16i2—\/2l+16n
T f=T7f atki—k,—l+m=0, i=1,...,n—1, (4.6)
or equivalently
T, f=T,f atki—k,+l-m=0, i=1,....,n—1 (4.6")
Finally, for the case a = Y21+l ety 2tlen conditions (4.2) may be represented as
T f=T,f atki+k,—l+m=0, i=1,...,n—1, (4.7)
and also
T, f=T/f atki+k,+l-m=0, i=1,...,n—1 (4.7
The validity of the transformation from the form (4.2) to the form (4.3)—(4.7) can
be simply established. For example, consider condition (4.2) for o = Qmﬂei; Vatlen
Obviously it can be written as
—v?2 le; 20+ 1 - -
(Ti*—Tn‘)f<k+ v2m+ e’;\/ i e") =0, at Fi+ky=0.
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We are left to point out that the set

—OmFile+ VoA +le, | - -
{k:—i— m + e;— +1e ki—i-kn:()}

is given by the equation k; + &, +m — = 0. Thus we arrive to record (4.7). Representing
condition (4.2) in the form

=0, at Ei—i-En:

(Z’i—TTT)f(k—i— \/2m+1ei2—\/21+1en>

we get record (4.7"). The form (4.6) is obtained analogously. The equivalence of conditions
(4.3)—(4.5) to the corresponding conditions (4.2) is obvious.

Proposition 5. Let D be operator (4.1), let f(ki,..., ky) be any holomorphic function
satisfying conditions (4.3)—(4.7). Then the function Df(ky,..., k) is also holomorphic.

Proof. In principle the function D f(k1, ..., k,) could have singularities at the hyperplanes
where the operator D is singular. We will show that this doesn’t happen by the subsequent
consideration of the singularities of the operator D.

a)k; =0,71=1,...,n. We collect terms in Df(kq,...,k,) which are singular at k; = 0.
We have

Df=> alTi(f)+a;T; (Ha T f = anTi f>+fz( )
j=1

J#i J#i

where € = [ for i < n and € = m for i = n; the functions f;(k) are holomorphic at
k; = 0. We note that a = a;; at k; = 0, therefore a;; = a;; + kihij(k) where h;j(k) are
holomorphic at k; = 0, and we obtam the relation

ST a1y = (L)) £ @ =10+ Fw),

j=1 J# i

where fi(k) is holomorphic at k; = 0. Thus because of conditions (4.3) the function Df
is non-singular at k; = 0.

~
~

b) k; —Ej =0,1,7=1,...,n—1. For the appropriate functions f;;, ﬁj, fij holomorphic



Bispectrality for deformed CMS systems 111

at k; = Ej the following chain of equalities takes place
Df=af T f+af T} f+ a7 T; f+a; Ty [+ fij =

:__2l+_1<1__2l+_1> 1 (1 2m+1>H Lo
kﬁi—kij kiz—|—k‘] 2m +1 i

H ajsTJrf—i—

2l+1<1_2l+1> 1 <_(2m+1l
$F£1,j

Ej—EZ' EZ—FE] 2m +1 k‘]

:—(21+1)<1—_2l+_1> ! (1-@) aj;.%_l_(T;f_T;f)Jr

ki +k; 2m+1 ki i i —kj
2l+1 1 (2m+1)l> n 1 B _ ~
+(2[+1 1—|—_ 1+ = a - =——= (T, f=T; f)+fii,

as one has ai = a at k; = kj for s # i,j. Thus because of conditions (4.4), (4.4") the

function D f has no smgularltles at k; — k = (. Further it is easy to see the invariance
of the operator D under reflections around kj =0, 75 =1,...,n. But the hyperplane
ki — k = 0 is mapped to k; + k = 0 under such a reflection. Therefore Df is non-singular
also at the hyperplanes k; + k: =0,¢,5=1,...,n—1.

We are left to analyze the possible singularities of the function D f at the hyperplanes
kitk,+£(—m)=0,i=1,...,n—1. Because of the mentioned symmetry of the operator
D it is enough to restrict consuieratlons to the hyperplanes k; — kp +1 —m = 0.

¢) ki—ky+1—m=20,i=1,...,n— 1. The coefficients of operator D which are

singular at this hyperplane are a; , a; . We have

Df =a; T; f+a, T, f+ fin=

1 < (2m+1)l>< 2m +1 >

_ 2m+1 _
X a.. | ——— T f+
j31’:i[n ZJ( —k‘z‘+k5n—l+m> i

L <1+(21+1)m><1+ 2 + 1 >><

_ 20+ 1 B -
X a, .|\ ———= — Tn + Jin,
H "J< —kn—i-ki—kl—m) f+

JFin

where f;,, fm are some functions which are holomorphic at k; — k,, +1—m = 0. Obviously
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one has a;; = a,, j #i,n at k; — k, +1 —m = 0. Moreover, one has

(2m+1)l>< om + 1 )
( ki ki+k,+1l—m

ki+(@m+1Dl ki+ky+l+m+1

kn+@+1)m  ki+k,+l+m+1

(ki + ki — L+ m) 2k,
(2l4+1)m >< 20+1 )
14+ = |1+ =—=

at this hyperplane. Therefore we can extend the equality for D f as follows

Df:<1+w><1+_ 2m + 1 >><
ki ki + kn+1—m

1 ~
X a,. « —— T f=T ")+ 1;
H Y ki—kn—kl—m(lf n )+
]#%n
for some function fm holomorphlc at k; — ky +1—m = 0. Because of (4.6') the function
Df is non-singular at k; — k, + 1 —m = 0. Thus the proposition is fully proved. |

Proposition 6. For any holomorphic function f(ki,...,k,) satisfying conditions (4.3)—-
(4.7) the function D f(ki, ..., k) also satisfies conditions (4.3)—(4.7) if D is operator (4.1).

Proof. We consider different hyperplanes and subsequently show that the operator D
keeps axiomatics at any of the hyperplanes.

a) m:{ki:O},lgign.
We have

n

(T = T7)Df = (T =177 ) (o T + a7 T;) f =

H

—Z(T“ VTFTHf - TSZ )T+T_Sf)

J#i
(T )T T =T e T T ) +
J#i
+1 —8; —\mp—s+1 - -1 - —s—1
+ T a)T f = T @) f+ T e )T f =T ()T S

(4.8)

If 7 # ¢ then the functions at are invariant with respect to reflection s; around the
hyperplane ;. Therefore Ti+s(a,;t)]m = TZ._S(ajE)\m.. As si(a)) = a; we get s;(T; " (a})) =
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T, *(a;) and in particular 7;"*(a})|r, = T; °(a; )|x;- Thus the right-hand side of (4.8)

(A
can be rewritten in the form

DT @HT (T = T7) [+ 3 T @) T (T =177 f+
j#i J#
+ ﬂ+s(a;r)(ﬂ+s+1 s—l—l)f + T+s( 7)(T,i+s—1 . T’;S_l)f-

Because of conditions (4.3) at s < m; everything is proven. For s = m; we are left to
notice that 1}+S(aii)|m = 0.

b)ﬂij:{ki:kj},1<i<j<n.
We have

n

S S S S —_ —
(L = T)Df = (L7 = T1) 3 (ag Tf +a, ) f =

q=1
=Y (T a)T T f =T (o)) T, T )+
q#4,J
- (T, (a T, T f — T (a) )T, T F) +
j \dq)tq 4
q#4,J

+ (T @I = T T )+
+ (L ()T f =TT )+
+ (T @)L Tf f = T (0T T )+
+ (T ()T T; f = T (a7 YT T ). (4.9)

We show that sum (4.9) vanishes at the hyperplane 7;;. For ¢ # i,j the functions a;t

are invariant with respect to reflection s;; around the hyperplane k; = k;. Therefore
S S + +
T (aqi)|mj = TjJr (aflt)|m].. As s45(a;") = aj we get

sif(T(0) = T (af),  siy(T(a) = T (a),
and in particular
+ +
Tz'+s(a;t)‘m’j = TJ‘—FS(aj )’Wij7 T]‘—Fs(a?:)’mj = Tz'+8(aj )‘Wij'
Totally we conclude that the right-hand side of (4.9) can be rewritten as

q#i,J q#1,J
1 T?_s(a;_) <TZ~+S+1 _ T+s+1) f i Ti+s(ai_) (1_;+st _ T,j+371) f"‘

+ T @ T T (T+s ! TJ.+S*1>f+TZ.+S( OTT (T*s“ T+s“> f.
(4.10)
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Because of conditions (4.4) the first two sums in (4.10) equal zero. As the shifts along the
vectors €;+€;, —¢; —€; do not change k; —Ej, the left four terms at s < m;; also vanish be-
cause of (4.4). If s = m;; then this is correct if we recall that ;""" (a;") = T;™ (a;)=0
at k € Tij-

) Tin=14{kn —ki +1—m =0} 1<i<n.
We have

n

(T,F —=T;)Df = (T,F —=T;)> (af T} +a; T,V f =

q=1
=Y (TH@)T T f — T (0T T ) +
qFin
+ Y (T a) T, T,F f = T (ag )T, T f) +
qFin

+ (T,F = T77) (i TF + a, Ty, +af T, +a; T;) f. (4.11)

We notice that both sums in (4.11) vanish like in the case b) because T;f (aF) = T;" (ai).
Indeed,

H aj[TJr

t#n
2 1 2 1
:HaqtaiTg< — T+ ><1— — T—i_ ):
tmi tky+ky—1l+m tky =k, —1l+m
20+ 1 20+ 1
tni :tkq—{—kiz ikq—kﬁi
><<1 2m+1 ><1 2m+1 >
+ky+kn+1+m+1 +ky—ky,—3l+m—1)
Analogously,

2m +1 2m +1
T (af) = ai<1— S ><1— S )x
() H. at tky+ky—1+m thy—kn—L+m

><<1 2l +1 )(1 20+1 >
+k,+ki+2m+1 thky—ki—2m—1/
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It is easy to check that if k& € 7, then one has

(1 2l+1><1 2l+1><1 2m +1 >><
iEq—i-Ei iEq—EZ‘ iEq—i—En—i-l—i-m—Fl

( 2m + 1 )
X |1—— — =
tky -k, —=3l+m—1

_(1_ 2m + 1 )(_ 2m + 1 >><
B tky+kn—L+m tky —kn—1l+m

><<1 20+ 1 ><1 20+ 1 )
kg + ki +2m+1 thy—ki—2m—1)

Thus the right-hand side of (4.11) is simplified to the following expression

T (@) T = TH )T f + T (0] )T T f = Tt (g )T T f+
+ (T (af) = T ()T T f + (T (ag) = T (a) . (412)
We note that
T, (a) = T (af,) = T (ak,) = T; (a,;) = 0

at k € m;,. We are left to check that

Ty (af) = T; (ay), (4.13)

T (a,) =T} (a;). (4.14)
We note that if ¢ # i, n then

T, (agy) = ajy = apy = T; (ap,)-

Therefore condition (4.13) is reduced to the condition a; T, (a;

1w n n

1 (1_(2m+1)l><1_ 2m +1 )x
2m + 1 ki ki+k,+l4+m+1
< 2m + 1 >
X |1—=—— =
ki—kn,—3l+m—1
! (1_(2l+1)m><1_ 20 + 1 )X
C2+1 kn kn+ki+14+m+1

( 204+1 )
X|1—-=—— ,
kpn—Fki+1—-—3m—1

which is valid. We are left to check condition (4.14). We note that if ¢ # i, n then

) =at, T (al), or

7 ni

_ 20+ 1 20+ 1
T a) = T, (1 - ——= 1-—— )=
—n+kt+l—m —kn—kt—i-l—m
- 20 +1 1 — 20 + 1 -
Tt hi—l—m—1" “Rp—TFa—l-m—1

2 +1 1 - 2 +1 )
i+ ki —2m—1 ki —k—2m—1"

20 + 1 20 + 1 _
~kitke ki ke

=(1-
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Therefore identity (4.14) is reduced to the following relation

THa, a ) =T"(a;a;).

nn'ng K3 i in

Substituting the corresponding expressions we get
1 20+ 1
<1+_(l+ )m><1_ _ _21+1 >><
20+1 kn+20+1 —kn+ki—l—m-—1
2
><<1— _ _l—i—l ): 1 <1+_(2m+1)l>x
—kp—k;i—1l—m—1 2m +1 ki+2m+1

( 2m + 1 >< 2m + 1 >
X|1l————= 11— ———= ,
—ki+kp—1l—m-—1 —ki—kp—l—m-—1
equivalently,

( (21+1)m>< 20 +1 )
14+ =—-—"—— 1+ = — =
kn+20+1 kp+ki+l4+m+1

:<1+_(2m+1)l><1+_ m 1 >
ki+2m+1 ki+kp+l+m+1

which is valid for k € m,.

d) The fact that axiomatics at the hyperplanes k; +k; = 0, kn+ki+l—m=0, i,j =
1,...,n—11s preserved can be checked analogously to the cases b) and ¢) correspondingly.
Thus the proposition is proved. |

Now we are ready to construct the Baker—Akhiezer function ¢(k,z). We define the
sequence of functions ¢;(k,z) by the following formulas. Let

wo = H H(k: + sa, &) (k — sa, )elF?), (4.15)
a€Crn (I,m) s=1

More explicitly we have

where

a = 921-m)(2+(n—2) 2E5)
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Then we define

2 = 2
Vit = (D = I Zcosh vV2m+la; — 2l—+100$h\/2l + 1xn>goi. (4.16)
j=1

It turns out that at the step

20+ 1
2m +1

M = Z ma=02+)n—-1)4+m+(n—-1)(n—-2)
a€Cn(l,m)

(4.17)

one gets the BA function. Before formulating the theorem let us introduce the abbrevia-

tions T; = v2m+ lx; fori=1,...,n—1, and T, = V2l + lz,,.

Theorem 4. The Baker—Akhiezer function is given by the formula

Y(k,x) = cfl(x)goM,

where pyr is defined by formulas (4.15), (4.16), (4.17), and

% (efi _ e—fi)l H(efi—fj _ efj—fi)gfrf’:ﬁll (eEi—FEj o e—fi—fj)é%i;:ll y

i=1 i<j

n—1
X H(efi_fn _ efn_fi)(efi‘i‘fn _ B_Ei_fn).
i=1

Proof. For the function ¢g the axiomatic conditions (2.2’) are clearly satisfied. Therefore
in view of propositions 5, 6 these conditions would also hold for all ;(k, x), and p;(k,x) =
Pi(k,x) e(®) where P; is a polynomial in k. Further we use induction to find the highest
term P?(k,x) of the polynomial P;.

By definition for any s € N we have

k:7:l:)

(P2 + lower order terms in Pyq)el

1 n—1 1 n—1 1 1
= (D-— Tj —Zj _ Tn __ —Tn %
( o 71 2= 2m+1jzle 20 +1° 2+ 1° >

x (PY 4 lower order terms in Py)e®®). (4.18)

In order to get the formulas for P? ', 1 we represent the right-hand side of (4.18) as a fraction
of two polynomials. In the denominator of (4.18) it will be the polynomial

n—1
N = ] (ki + k) (ks — kj) %
1<J
n—1 n
x [T i+ Ton — 1+ m) (ks — T — 1+ m) (=K + o — L+ m) (=i — o — L+ m) [ [ .

i=1 =1
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We continue equality (4.18) using the formulas for the coefficients of the operator D given
by (4.1). We introduce the notation [Q(k)]® for the highest homogeneous part of the
polynomial Q(k). Let N! denote the homogeneous component of the polynomial N of
degree deg N — 1. Then up to the lower terms we have

20+1

1 n—1 _ a 1 B B
D — Zj Ty — Zn —Zn 0 Ly elka) —
( 2m+1;(e +e) (€™ +e )>(Ps + P+ e

i= J#i

2m +1 _ 2m+1 )]0+ )Tf—

ki+kn—l+m ki—k,—1l+m
— (NO+ N+ )€™ +
n—1

1 2 +1 2l +1 (2m + 1)1
+ N+ N = [N <_ _ 2 _>_ UL
2m+1;< ; ~kit+k;  —ki—kj ks

2m + 1 2m + 1 0
—— + == +. )T —
—ki+kn—1l+m —ki—kn—l—i-m)} >Z

— (NO+ Nt )e @ 4

+ % <N0 + N - [(L %nl)er

arl Al >)N}O+.._>T+_

= En+Ej—|—l—m En—Ej—i—l—m

n—1

3 20+1 20+1 0 -
+; —En+Ej+l—m+_En_gjﬂ_m))N] +--->Tn—

J
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Applying operators TijE we get the following expression

1= 2+1 241
g (S -

om + 1 om + 1 om + 1 0 _
o mAl  _ ZmAl  (Omd >Z>N} ¢ PO+
ki+k,—0l+m ki—k,—1l+m k;
(9P e(k:x)
+ €%iNO om+1) + ... +
SEeme) }N
n—1
1 [( 2l+1 20+1
: > ULy
2m+111{ ¢< _ki_kj)
0
o 2mA1 L 27_n+1 +(2m_+1)l>N] e po_
—k;+k,—1l+m ki —k,—1l+m k;

)

OPY (k)
TN 2m +1)+...}e +

—_

N 1 K_"‘( 20+ 1 N 20+ 1 )_
20 +1 —\kn+kj+l—m kn—kj+l—m

=1
0 (k@)
- Oy e 0 EE 1)+ } +

<

kn,

n

—

—_

L1 [( n_< 2041 n 2041 >+
21+1 ~Fknt+kj+l-m —ky—Fkj+l-m

0 N _ 0 (k;,$)
+ M)N} e Py — eanog%(% ++. -}e

<.

n N ‘

n

We assume now that P? has the following form

where

Then PSOJrl being the ratio of the highest term in the numerator to the highest term in the
denominator takes the following form

Py = ZCAP +L{Ap
(A
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where
n—1 o] n—1 + 2041 - _ 2l+1
— 672 _ 671'2 Z_ v] 27_)’L+1 1) 2m—+1 >+

and we assume the notations )\fj = )\;5 Thus finally we have

n—1
_ .
PSO_'_L{)\} = Z()‘io — 1) (%o — xm H k‘ H )>\ij (k; — kjj))\ij—k
ip=1 JFi0 1<J
An—1 A - + -
+ (A —m)(e™ — ek T &Y TR+ R (s — &)™ +
J#n 1<j
= A+11, - +
+ Z ( iodo 2m + 1)(6%’0 €0 + "0 — €700 (g + Fjo) 030 T x
10<jo
n A "
TN T T\ R T\
X ij] H (ki + k?j) i H (/ﬁ)l — k?j) i+
j=1 i<j i<j
(4,7)#(i0.30) (4,9)#(ig,30)
i 2+ 1 _ _ -
+ ()\;Ojo C2m+ 1) (€0 — e 0 — €% + =0 (R, — Kjy) Moo~
i0<jo
A = TN T TN
<[1%" JI Gi+k)™ ] G-k +
j=1 i<j i<j
(4,3)#(i0-30) (4,9)#(ig,30)
= - = — Ot
+ Z Eu = D(€%0 — 70 4¢P — &) (B, + i) Vo x
i0=1
n \ "
X A 7. \A T T\
M%7 1 Gk I R—F)+
j=1 i<j 1<j
(4,)#(ig,m) (1,3)#(ig.m)
T Z ion Tio —e"To — ™ 4 e (ki — kn))\;o" tx
io=1

j:l 1<J 1<j
(2,3)#(ig:m) (#,3)#(ig.m)
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We now follow the changes of P° starting from

vo=JI TI*+ica)k—ja, e,

a€Crn (l,m) j=1

that is . . .
P = TTR™ T (ki + Fs)2m T (ki — Fej)2mes.
i=1 1<j 1<j

Formula (4.19) shows that for any s P? is a linear combination of monomials consisting

of the products E? Yk + Ej))‘:rj (k; — Ej))‘i_ﬂ' , and the degree of monomials is decreasing by
1 at every application of the operator D. Besides this the coefficients in formula (4.19)
show that the monomials with degrees A\; < m; and )\Z-ij < myj cannot appear. Thus we

get
B e = Hk"“Hf )5 (i — o)™

1<J

Therefore the function c(x)_lgpz ., Satisfies conditions (2.1), (2.2) of the BA function.
We are left to determine the coefficient ¢(x). For this we analyze once again formula

(4.19). At every step one of the terms k;, k; + Ej in the monomials is changed by the

corresponding function of x with some coefficient. We begin with the monomial

H k2m] H __ k )2m” (E Ej)Qm'j

1<j

and finish by the monomial

j=1 1<j
Therefore
n—1
c(x) =co H(eml — e Tl (€T — 7T )My
=1
n—1 —
_ 20+1 _ _ _ 2141
xH(eml—e Tip el —e ™ )2m+1Hexl—e T — €% 4 e TI)mE X
1<j 1<J
n—1
XH(@EZ— :1:1_'_6?” e fn)(efl_e T; :vn+e fn):
=1
= ¢ (65" — e_fn)mx
n_l n_l 201+1 214+1
x T (% — eyt [T e7 7 — =Ty amt (et — =Ty ausn
i=1 1<j
n—1
% (exz Tn exn $1)( Ti+Tn e Ti xn)
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It is left to determine the coefficient ¢g. This is an integer equal to the total number
of possible monomials. From (4.19) it easily follows that at the first step there appear
M = %" m; + 2> m;; monomials, and after the second step there appear M (M — 1)
monomials. In total we obtain ¢y = M! and the theorem is proven. |

In the end of this section we put the result on bispectrality.

Theorem 5. The Baker—Akhiezer function ¢ (k,x) for the system C,(l,m) satisfies the
following equation in variables k:

Dib(k,w) = | 5oy 3

2 X 2
Z coshv2m + 1x; + 1 coshv2l + 1z, | Y(k,z),
7=1

where D is operator (4.1). For the polynomials p(k) € Re, 1,m) the difference operators
d
Dy = adp*Pp(k)
commute with each other. These operators also commute with the operator D.

Proof. In the notations (4.15), (4.16) it follows from theorem 4 and propositions 5, 6
that O o1 has the form P(k, CE)B(k’x) where P is a polynomial in k of degree less than
>_ Mg, and it satisfies axiomatics (2.2). By lemma 1 it follows that ¢y 11 =0 which is
equivalent to the first statement of the theorem.

Now, as it is explained in section 2 for any p € Re, (1,m) there exists differential operator
Ly(z,0;) such that

Lp(xa am)w(k’ :C) = P(k‘)ﬁ)(k‘a :C)

By the bispectrality arguments presented in section 3 we have

Dy(k,x) = ap(z)(k, x)

for some function a,(x), therefore we have the relation

(DmDpz - Dpsz)w(kaCU) = (%1%2 - amapl)qp(k,x) =0.

Because of the special form of % it follows that D, D,, — D,,D,, = 0. |

5 Configuration A, >(m)

The vectors and multiplicities forming this system in C"*! are as follows. The vectors
ag; = vV—m — leg — ¢;, €; — y/me, have multiplicities mo; = my, =1, i = 1,...,n — 1.
The vectors «;; = e; — e; have multiplicities m;; = m, 1 < i < j < n — 1, the vector
apn = vV—m — leg — /m e, has multiplicity mq, = 1.

This configuration was introduced by Chalykh and Veselov in [12] as the one satisfying
the rational locus conditions but not satisfying the V-conditions and thus not leading to
a solution of the generalized WDVV equations (see [12]). In the case n = 2 the system
contains three vectors all having multiplicity 1 thus the parameter m can be arbitrary
complex rather than an integer. The corresponding elliptic operator was considered by
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Hietarinta [16] (see also [8], [10]). The important for us feature of this configuration is the
fact that the system does not admit the Baker—Akhiezer function in the sense of [31], that
is satisfying the conditions

Wk + sa,z) = (k — s0,2)
at (a, k) =0, s < my. But the system admits the BA function in the sense of our definition
that is we impose conditions (2.2).
In order to construct the BA function we again follow the scheme of [6]. As a difference
operator D we take

n n
1 1
D= E —|| k—myiaq, i) T; , 5.1
e L =m0 o) )

J#i

i
where for this section we have introduced the following notations
eo=vV-m—1ley, €, =+/me, and ¢ =e¢; forl<i<n-—1.
Also for 0 < i < n we denote
€2 = (€1,&), ki = (k, &), T = (2,&)

for this section. Operators T; act by the rule T;(f(k)) = f(k + 2€;), and we understand
that a;; =¢€; —€; also when ¢ > j. Then operator D can be written as follows

1 2(m+1 2(m+1) >
D=——- (14— To+
m+1< %o — ko —2m—1>H< Fo—kj—m—2) "

1- = 1- T L- T+
Z( ki—ko+m+2>< ki—kn—m—kl)H( ki—kj>

=1 =1

+i<1— )H( _m >Tn.
m /{? —/<:0+2m+1 —kj—i—m—l

At first we rearrange conditions (2.2') into more convenient for us form similarly to the
case Cp(l,m) system considered earlier. Namely, for @« = ¢; —e;, 1 < i < j<n—1
dropping A, in the notation 9" (k) for simplicity, the condition g (k + sa) = 14 (k — sa)
is equivalent to the condition

Tf’l/)a = T]ﬁgwa at k€ mij k; — /{?j = 0. (5.2)

Now we move to the consideration of the condition for o =€; —€;, where i =0 or j =n
or both. The identity 1, (k + o) = ¥o(k — @) is equivalent to the relation

Tithe = j¢a at kiE?TZ'j ZEZ‘—E]' —|—E?—§? =0, (5.3)
where k; = (k, ;). Indeed, let k € 7;;, then
Tl¢a(k‘) = T,Z)a(k + 26@') = T,Z)a(k +a+e; +§j),

le/)a(k) = %(k + 2§j) = Iba(/{? —a+e + Ej).
As (o, k +€; +€;) = 0 the conditions in the original form are equivalent to (5.3).
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Proposition 7. For any holomorphic function f(ko, ki, ..., k,) satisfying conditions (5.2),
(5.3) the function Df(ko,...,k,) is also holomorphic if D is given by (5.1).

Proof. In principle the function D f(ko, ..., k;) could have singularities at the hyperplane
7 of the form

T; (k — Qigjo, aiojo) = (k + €ip Tt €jg, Cig — Ejo) =0, (5'4)

1o # jo. We will show that this does not happen. We collect terms in D f which possibly
have singularities at (k + €;, + €j,,€i, — €j,) = 0. Since

T; (k — Qigjo5 aiojo) = _Tjo(k — Qjgigs O‘joio) = (k + €ip + €y, €ig — E]’0)’
we get the sum of two terms

1

(k + €ip T+ €jg, €ig — Ejo)

f (k)

k — Qgjs aioj)

PR
c.‘i\';| —
=

=
[=}

(k = migj, @igg) Tig =
Hj?'éio,jo(

S,
I
S o

f(k)
(k= 5, i) Ty . (5.5)
Jois Xjoi)d jo Hi¢i07j0(k — Qjois i)

S
<
Il
o

|

ml|
S|
gamb

~
*
o
o

We have to show that the expression in brackets vanishes at & € 7 (5.4). We note that
the vectors A;yj, = {Qigjs joil 7 # i0,1 # jo,i0} lie in some half-space in C" ~ R?", and
for any choice of the subsystem B C A such that B U A;,j, is a positive system A, the
vector o, j, is an edge vector in A;. Therefore axiomatic conditions (5.2), (5.3) state, in
particular, that
T f (k) _
v Migj Mo mg =
Hj;éio,jo [T29" (k — saig, vig) Hi;éio,jo [T:29" (k = sajgi, ajgi) HﬁeB [Is21(k — 5B, 8)
_T f (k)
— Jo Mjgi Migj
H?;éimjo [T:28 (5 — sajgi, i) H#iwo [T29 (k= savgj, @igj) HﬁeB [I.(k —s8,8)
(5.6)

on the hyperplane 7. Further we apply the shift operators to a part of the product in
(5.6) and we use equality

mioj miojfl
Ty ] (k = sctigj, cing) = T (k= sctigg, cvigg),
s=2 s=1

which is non-trivial only if m;,; > 1, that is for 1 <ig,j <n — 1. We get
‘ f(k)
T’ZO Hj;éio,jo (k*aiohaioj)
Mmiqj—1 Mo -
Hj;éio,jo [T.2Y (k= sy, aigy) Hi;ﬁio,jo [T.27 (k= sajgis ajgi)
f(k)
T

0 [Lizig, o (F—tjgitjgi)

Mjgi—1 My 5 :
Iisio o I1s29" (k= s0vois 0igi) Tl 240 50 TLe=y (B — sctigg, cvig;)
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After necessary cancellations we obtain from above

f(k)
(k; — My Oigiy O )TZ -
H 0J7t0] 2 TR0 J k0 Hj?éio,jo(k — Qo> ain)

J#i0,J0
f(k)
= 11 (/ﬂ—mjmaa‘ma%m)TjaH k= apman)
Z'?éio,jo i;ﬁio,jo Jotr =*Jot
Simplifying (5.5) with the help of equality
(k — Mg jo Xiggos aiojo) _ (k — Moo Yoo ajoio)
(Eio ) Eio) (Ejo ) Ejo)
which is valid for k € 7, we conclude that expression (5.5) has no singularities at the
hyperplane 7. |

Proposition 8. Let holomorphic function f(k) satisfy conditions (5.2), (5.3). Then the
function Df(k) also satisfies (5.2), (5.3) if D is given by (5.1).

Before we start proving the proposition we state a lemma which will be useful for us
to work with axiomatic conditions (5.2), (5.3).

Lemma 3. Let vector a;; € Ay 2(m) be an edge vector for two subsystems ASLl) and Af).

Then the following condition for a holomorphic function f(k)

P 0))
71— g
| ])HﬁeA(pﬁ

BF#a

at keﬂ'ij, 1§s§mij

1s equivalent to the condition

s _ sy (K)
s —TH—1"
| j)HﬁeAf)ﬁ

BF#a;

at k‘GTI‘Z‘j, 1<S<mij

where 3 = H;lﬁl(k: +18,0).
Proof. We denote for the brevity [], B = HBeA(t) 5, t=1,2. As
+

BF#a;
s 7oy L) _ (Tff(k) ) (Tisnlﬁ*) ) <Tff<k> > <THﬂ>
C LA \T LA\ L, 0 TFIL B/ NI, 8
we have to show that . .
’_Z—;Snlﬁ_,:TjLﬁ_, at k‘Gﬂ'ij.

1,5 [I,5

This is equivalent to
I seapp B
(TF T3 —"27 0 atkemy. (5.7)

IT a0 B

(B,00;5)#0
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Regrouping the product terms condition (5.7) takes the form

Mjq Miq

%) H H H (k 4 seiqtiq, iig) (k + tejqjq, ovjq) 0 at b € i
i it a1 (Bt 80iquig, cig) (k + 10jq0tjq, @tjq)

where €;4, ;4 = 1. And it is sufficient to show that Vq # i, j

Mjq M

Ts H H k? + SE€iqUigq, Oézq)(k + t&jqa]% OZJQ) -0 at k € i (58)
t=1 s= 1 (k 4 s0ig@tig, vig) (k + t0q0tjq, atjq)

This means that condition (5.7) is reduced to the two-dimensional identity (5.8) in the
plane containing vectors j, g, ajq. And the condition that «;; is an edge vector for
A(j), Af) means that o;; = %(giq0iq — €jq0tjq), that is €;; = €j4, analogously we have
diqg = ;4. Therefore property (5.8) is reduced to the identity

Mjq Miq

(k k+tajq, o
Ts H H + 304@(170%(1)( + O‘]Q?“]Q) =0 at k € Tij (59)
=1 s— L (k= saig, aig) (k — tagg, ajq)

Now we separately consider the arising cases

a) 1 <i4,j < n—1. At any ¢ the product in (5.9) is invariant under the reflection
ki < k;. Therefore in particular property (5.9) holds.

Further we may assume that s = 1.

b)i=0,1<j<n-—1. Consider firstly the case ¢ < n. Identity (5.9) takes the form

(k + aog, aog) T2, (k + taje, ajq)

(To — Ty)
(k — aog; aog) T2, (k — tag, ajq)

=0

at ko — k; + (€o,€) — (€¢;,€;) = 0. Or, more explicitly, we have

(k + 2e0 + aog, aog) TT;2 1 (kj — kg +2t)
(k + 2e0 — g, aog) T/, (kj — kg — 2t)

_ (kA aog, aog) T2, (k) — kg + 2t +2)

(k — aog; a0g) [Ti21 (k) — kg — 2 + 2)

Performing the cancellations and recalling that ko = k; — (€0,20) + (€;,€;) = 0 we get
(kj — /{?q — Qm)(k:j — kq + 2) . (kj — kq + 2)(/€j — /{?q +2m + 2)

(kj — kq)(kj — kq — 2m) (kj — kg +2(m +1))(kj — kg)

which is obviously satisfied. Further we consider relation (5.9) at ¢ = n. We have to check
that
(k + Qon, OZOn)(k + Qjn, Oéjn) —T (k + aon, aOn)(k + Qjn, Oéjn)

T
0 (k — Qon, OZOn)(k — Qjn, Oéjn) ! (k — Qon, aOn)(k — Ojn, Oéjn)

at ko — k; + (€0,20) — (€;,€;) = 0. Applying the difference operators we have

+e+e)

@ -a)

(ko — kn + 323 + 22)(k;
—ky, +

k +e3—e )(E

T
o "o
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We substitute now ko = Ej —Eg +E§, E% =-m-1,8 =m,e j = 1 and we get the obvious
identity

(kj—kn—m—1)(kj —kn+m+1)

(Ej—k m+1)(kz —kn—m —1)

 (kj—kn+m+1)(kj —k,+m+3)
(EJ—En+m+3))(EJ—En—m+1)

c) i =0, j =n. We have to check that

(k + aog, o) (k + ang, ang)
(k — ang, og) (k — ang, Qing)

(k+ Qg OéOq)(k + Qing, anq)

T
0 (k — ang, 20g) (k — ang, ing)

=T,

at ko — k,, + Eg — 2 = 0. Equivalently we have

(ko — kg + 3e3 +€2) (kn — kq + €2 +€2)

(kO_k +60_eq)(kn_Eq_E%_§g)

(ko — kg + + €2)(kn — kq + 32 + €2)

TR =

We express kg through k,, and substitute the lengths of the vectors. We obtain the correct
equality

(kn—kqg—m—1)(kp —kg+m+1)
(kp —kg4+m—1)(kn —kg—m—1)

(k= kgt m+1)(kn — kg +3m+1)
(kn — kg +3m+1)(ky — kg +m —1)

Finally, consider the last case
d) 1 <i<n-—1, 75 =n. Like in the case b) we have to consider the cases ¢ > 0 and
q = 0 separately. We assume at first that ¢ > 0. We have to check that

(k + ang, ang) H:iﬂk + tovig, Qig)
(k — Qng; O‘nq) H;n:1(k7 — tayg, Oéz‘q)

(T — Tn) =0 (5.10)

at k; — k, + € e — €2 = 0. We consider separately (T; — T},) applied to the numerator of
(5.10). We get

(B — kg +m+1) [ (ki — kg + 2t +2) — (kn — g + 3m + 1) [ [ (ks — &g +2t) =
t=1 =

= ((ki — kg +2m+2)(k; — kg +2) — (ki — kg + 2) (ks — kq + 2m +2)) x

-+
[|
N
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Analogously we get

m

(Tz - T ) — Qng, Qng H - 750‘2qa Oézq =0,
t=1

therefore condition (5.10) is satisfied. Finally let ¢ = 0. We have to check that

(k + cvio, io) (k + ano, ano)

=0
(k — cvio, o) (k — ano, ano)

(Ti - Tn)

if ki — kp +1 —m = 0. We have
(k + aio, aio) (k + ano, o)
(k — o, io) (k — atno, aino)

. (Ei—Eo—m+2)(En—E0—1) B (Ei—Eo—m)(En—Eo—i—ZI’n—l) .
(Ei—Eo—Fm—l—Q)(En—Eo—i-l) (Ei—Eo—Fm)(En—Eo—FQm—i—l)

(T; = Tn)

N En—Eo—l _ Ei—Eo—m N
_Ei—E0+m+2 En—E0+2m—|—1_

Lemma 3 is fully proven. |
Now we are prepared for the proof of proposition 8.

Proof. At first we note that the operator D can be represented in the form

1 1
D = g,
(€p: p) o PP T gp’
p=0 g;ﬁg q#
where
Maqp
Qgp = H(k + s0p, Ogp).-
s=1
We have to prove that
Df(k
(T-S—Tf"’)fi()_,:0 at k€ my;,
7 7 J
H5€A+ ﬁ
BF#a;
if
k
(T-S—Tf"’)L)_,:0 at k€ my;, (5.11)
) i H@ \ B J
€
ey
s = 1, sy My
We have
Df (k) I 1 & 1
(17 - T =2 = (1 -1 — G, F(k)
' ! g Y I[85 (€, p) g v pHg 0 Clgp
q9F#p
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We show that the terms in the last sum corresponding to p # i, j vanish, that is we show
that

1 oo 1
(T7 = T) =———= | [ G Tpmm——=—1 (k) = 0 (5.12)
[seay B = [T%=0 dgp
B#a” Z#P 7P

at k € m;;. According to lemma 3 conditions (5.12) are equivalent for different choices of
A, such that o;; is an edge vector. Therefore we can assume that A contains the vectors
agp,0 < ¢ < n, ¢ # p. For such a choice of Ay one can carry out the cancellations in
(5.12) and continue the equality

1 k k
(12 - 1) 1, gy S
[T seas 0 [T%=0 dyp [Isea, B
Baj,(B,ep)=0 9P o
because of (5.11). Thus we get
1
TS — T8 Df(k) =
(T = T} e DI ()
BF#a;;
1 1 1 1 1
=(TiS—T$)—~<7_ — || i Tim—=+ == ATy >f(k). (5.13)
7115 (euez‘)g T, g (%6;‘)1;[ YL, G

Because of lemma 3 it is again legal to prove the triviality of the last expression for a special
choice of A only. We choose A containing the vectors ag;, agj, 0 < g <n,q # 7,j. Then
in equality (5.13) one can perform cancellations and commutation such that the equality
continues as follows

1
Ts _ T Df(k) =
@7 - T Dit)
BF#a;;
aj; 1 1 i 1 1
P\ (@) A [eear B (5,85) N JH5€A+ﬁ
Foij BF

_ 1 TG e <f(/<r)> 1 T <f(k)>_
Ee) 7 a,  \[18/ @) Ta; ’ \I15
T Ta i\ T3 ) T e g, it =] (5.14)
(%GZ)TJ'TZOCJZ 15 (€j,€;) T7Tidy [15
In order to check that the obtained expression is equal to zero we analyze the possible
cases. If ms; = 1 then s =1 and TZO_ZJZ = Tl(k + oaji,aji) = /{?]‘ —k; + (Ej,éj) — (éi,éi) =0
if & € m;;. Analogously T;d;; = 0, thus the first two terms in (5.14) vanish. Also the last
two terms in (5.14) cancel pairwise as

1 Tydu _ Tik+oagney)  _ kj—kit3ej+e
(@, e) TiTidgi (@) TiTi(k + agis i) (e5,€)(kj — ki + 3¢5 — €7)
B 2(ef +¢5) 1 Tid

2.2 (2. e TT 0
2ej €] (€5, €5) TiT; i
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at k € m;. Now, if m;; = m, that is 1 < 7,5 < n — 1, then at k; = k; because of the
symmetry we obviously have

1 Tray; 1 TPag o(k)
( ) T8+104]z (ej’ 6]) TS+1OCU ’

and also < = .
1 Tj Qi1 T3 — h(k).

(€,2) Ty Tidyi  (e5,¢;) T7 T

Thus relation (5.14) can be rewritten as

1 f(k) 1f(k7)
TS — T35 —=Df(k) = g(k) [ 51122 — st A
(T; ])Hﬂ f(k) g()<@ g Hﬁ>+
f() T‘.S_lf(k_),)—i—O(ki—k‘):O
[é 7’ 118 ’ ’

since conditions (5.11) hold, here we have 1 < s < m,. In the case s = m, the previous
equality also takes place as in this case g(k) = 0. The proposition is proven. |

+ h(k)T;T; <TS !

Theorem 6. Let

wo = ((ko — kn hﬁ ki —kj)? — 4s%) x

i j:l s=1

n—1
[T ((Ro = ki)* = m?) (ki — &n)® = (m + 1)%), (5.15)
=1

and let
Pr+1 = (D — A(@))er,
where D is operator (5.1), XN(z) =>_7", Ei?e?fi, andt=0,1,2,... Then

—1
wlba) = |20 TLE - ] (i)

1<J
is the Baker—Akhiezer function for the configuration Ay 2(m) if M = M +2n—1.

Proof. We note at first that the function ¢ has in fact the following form

o = H H k+ia, o) (k — i, a)e®),

€Ay 2(m) 1=

Therefore propositions 7, 8 guarantee that for any s the function ¢4(k,z) has the form
ps = Ps(kr,x)e(k’m) where Ps is a polynomial in k& with the highest term P?, and also

s satisfies axiomatics (5.2), (5.3). Thus we have to show that if s = M then the first
condition of the BA function definition (2.1) holds, that is P, = [, (ki — kj)™3. For

that we analyze how P? changes while one applies operator D — \(z).
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Lemma 4. Let (D — )\(x))(Ql(k m) ) = Qa(k, z)e™®) | where Q1,Q are polynomials
in k with the highest terms QY,QY. Then

. i T; 2 ?
QQ:Q;eQZ < (Z 2= Zk _m;) (5.16)
J#Z

To prove the lemma we rewrite the operator D in the form

n n ki —]C mZJ(EQ—F@Q)

b= Z_QH ki —kj+e—¢e2 L.

= ZJO J
J#i

Now the arguments analogous to the ones given in the proof of theorem 4, show that

n €2§i aQO —
Qg = Z = akl 2 (e,‘, ei)—i-
i=0 b '

= mw + 1)6 - (ml_] )E?) Q(l]

=0 © ]#z
And it is easy to notice that the obtained expression coincides with the one in for-

mula (5.16). In particular, if Q¥ is a linear combination of monomials, QY = > oy ey (ki—
k;)i, then

=33 2 Nigjo = Migjo) (€0 —eTi0 ) (Riy —Fgo Moot [T (Ri—Fj)™. (5.17)

{2} i0<do (4,3)#(i0,J0)

Thus in order to construct ¢; we start with the monomial P) = [Tic;(ki — k;)?™i, and

at every step i the highest term P? is a linear combination of monomials of the form

[1(k; — k;)*4. From formula (5.17) it can be seen that X;; > m;;, therefore at the step

with the number M = Y m, it is necessarily that PJ, = C(x ) [T;;(ki — k;)™i. The

combinatorial arguments similar to the ones given in the proof of theorem 4 for the system

Cn(l,m) show that C(x) = 2 M! Hiq(eﬁi — e%%i)™ij thus the theorem is proven. [ |
In the end of this section we put the result on bispectrality.

Theorem 7. The Baker-Akhiezer function ¢(k,xz) for the system Ay a(m) satisfies the
following equation in variables k:

Dy(k,x) = Y =™k, z),
=0
where D is operator (5.1). For the polynomials p(k) € R4, ,(m) the difference operators
D, = adpy*"p(k)

commute. These operators also commute with operator D.
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Proof. By propositions 7, 8 the function

n

- _12 2 )k, )

=0

has the form P(k, x)e(k’:”) where P is a polynomial in k of degree less than ) m,, and sat-
isfies axioms (5.2), (5.3). By lemma 1 we have P = 0 which is the required equation. The
proof of the second part of the theorem is also identical to the proof of the corresponding
theorem 5 about the configuration C, (I, m).

|

6 Trigonometric locus conditions

In this section we obtain the restrictions for a configuration A = (A, m) to admit the
Baker—Akhiezer function. We obtain them from the Scroedinger equation which holds
for the BA function, the restrictions turn out to be quite strong, they also have clear
geometrical sense.

By Proposition 2 we have the following equation for the Baker—Akhiezer function

Y(k,x):

<A 3 ma(ma + 1)(e, O‘)> bk, x) = Kok, ). (6.1)

2
ey sinh®(a, x)

In paper [10] such an equation was considered for an arbitrary meromorphic potential and
a function 1 of the form ¢ = P(k, x)e(k’m) where P is a polynomial in k. As it was shown
in [10] (see also [15]) the potential should satisfy the so called locus conditions. Regarding
the form (6.1) these conditions have the form

1)(
= smh (8, )
BFa
s=1,...,mq.

We take vectors @ forming a positive subsystem Ay, with a one of the edge vectors.
Then projections

5smem 0= 2

(6.3)

of the vectors (3 to the hyperplane IT : (o, z) = 0 belong to a half-space in this hyperplane.
Indeed, otherwise we have a non-trivial dependence ) BeAi\a ’I“BB = (0 with some non-
negative real coefficients 73. Then ZB€A+\Q rgf = Aa for some A € C. Since all the
vectors from A belong to some lattice it follows that the coefficient A must be real. In
order for a to belong to the same half space as all § it must be A > 0 which contradicts
the condition that « is an edge vector. So the projections B must belong to a half-space.
We denote by o the border of this half-space.

The cone K = {Re(ﬁ,x) < 0] B € Ai\a} has a non-empty intersection with II.
Indeed, we consider a generic extension to C" of the (2n —3)—plane o to form a (2n —1)—
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-~

hyperplane. Let it have the equation Re(u,z) = 0 for some u € C" so that Re(u,3) < 0
for all projections 3. Now consider & = u— Egzga One has u € I1, and also (u, 3) = (u, )

thus u € K so the intersection K N1I is non-empty.
In the cone K we can expand sinh(f, z) into the corresponding series so that conditions
(6.2) take the form

91 Z dmg(mga + 1)(8, B) Zje2j(ﬁ’m) =0 at sinh(a,z) = 0.
BeAy j=1
G
More explicitly we obtain
> D mp(mg +1)(8, 8) (e, ) jeH 3D = 0 (6.4)
BeAL j=1
G

at I, : {(a, x) = win}; n € Z. We note that the intersection K NII,, is non-empty for any
n. Indeed, we represent x in the form x = (glg)a + gy for some vector y. The condition

x € II,, N K takes the form (o, y) = 0 and Re(b,x) <0, B € A\ In terms of y we get

Re(B,x) = Re(ﬁ—l— ago, %a + y> = Re(a,y) + Re(agmin) < 0.

Thus x belongs to 1I,, N K if and only if the corresponding y = z—

mn
(a,@)
and also Re(a ,y) < —Re(agmin). The last intersection is non-empty as it contains a real
multiple of any vector from the cone II N K.

Now in the cone K, = {y| (a,y) =0, Re(B, y) < —Re(agmin)} the following form of
conditions (6.4) takes place:

«a satisfies (o, y) =0

S S mplms + 1)(8, 8) (la, 8)*1 j eXasmin i) = g, (6.5)
BeAL j=1
B#a

We notice that the vectors B belong to a lattice of rank n — 1 in the hyperplane II.
Indeed, considering if necessary a sub-lattice of the original lattice in C™ we may assume
that the vector « is an integer multiple of a basis vector of this lattice. The projections
of other n — 1 basis vectors to II will generate a lattice in II containing the vectors 3

Let e},...,e;_; be a basis of this lattice. We claim that after collecting the terms
the coefficients at each particular exponent (piej + ...+ pp—1€)_;,2) in (6.5) equal zero.
Indeed, the cone IA(n contains a parallelepiped of the form

By = {z| (z,€}) € [\j, \j + 2mity], 0<t; <1, j=1,...,n—1} (6.6)

for some \; € C. Multiplying the series (6.5) by exp(—pie] — ... — pp—1€;_1,) and
integrating it over By (which can be done term by term as (6.5) is uniformly convergent
on B)) we conclude that all the terms are zero except the coefficient at the chosen exponent,
thus it should vanish as well.
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Consider now the set of vectors B! = {f,...,3,} C A such that 31 =...= /ﬁ\p, and
jB # p1 for any g€ A4, j € N, j > 1. By the previous argument we conclude

Z mﬁ(mﬁ + 1)(5’ﬁ)(a’6)257162a5mn = 0.

peBt

Since n € Z is arbitrary the set B! is decomposed into the subsets B! = B{ U...U B}
SuCh that \V/ﬁ,’}/ e Bll one haS 620’57” f 62&»«/7”' and

> ma(mg +1)(8,8) (e, B)* 7L = 0. (6.7)

BeB}

We note that the condition €™ = 2017 is equivalent to ag — a, = ngy € Z. Using
B =7 and recalling (6.3) we get

B —v =ngya. (6.8)

Further, for any j > 1 we clearly have

> mslmg +1)(8,5) (i, )21 j eaamin = o,

pBeBl!

and therefore identity (6.5) is valid with the summation over 8 € A, \a\B!. Thus the
system A, \a can be presented as a union of subsystems B! LI B? ... for each of which
it is valid (6.7), (6.8). We have proven the following

Theorem 8. Let configuration A = (A,m) admit the Baker—Akhiezer function. Let
Ay C (AU (—=A)) be a positive subsystem and let vector o € AL be an edge vector.
Then the system of vectors Ay\a can be represented as a disjoint union of “series”
Af\a = By U...U By such that for alll, 1 <1 < N one has

1) for any 3,7 € By the difference 3 — v = ngya, with ng., € Z;

2) > pep, mp(mp + 1)(8,8)(a, B)%~1 =0, where 1< s< my.
These properties are equivalent to locus conditions (6.2).
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