Journal of Nonlinear Mathematical Physics Volume 13, Number 1 (2006), 81-89 ARTICLE

The Generalized Version of Dressing Method with
Applications to AKNS Equations

Junyi ZHU ¢ and Xianguo GENG °

% Department of Mathematics, Zhengzhou University, Zhengzhou
Henan 450052, People’s Republic of China
E-mail: zhujy@gs.zzu. edu.cn

b Department of Mathematics, Zhengzhou University, Zhengzhou
Henan 450052, People’s Republic of China
E-mail: gengrg@public2.zz.ha.cn

Received April 12, 2005; Accepted in Revised Form June 7, 2005

Abstract

The generalized dressing method is extended to variable-coefficient AKNS equations,
including a variable-coefficient coupled nonlinear Schrodinger equation and a variable-
coefficient coupled mKdV equation. A general variable-coefficient KP equation is
proposed and decomposed into the two 1+1 dimensional variable-coefficient soliton
equations. As applications, we obtain exact solutions of these variable-coefficient
soliton equations in 14+1- and 2+1- dimensions.

1 Introduction

The dressing method [1-5] is a powerful tool in the investigation of soliton equations,
which can not only derive the Lax pairs of soliton systems, but also present their explicit
solutions. Since its discovery this method has been applied to study a great variety of
nonlinear evolution equations which arise in various fields of physics [6-11]. In refs. [12,13],
a generalized version of this method has been developed to solve a more general case such
as the variable coefficient KdV equation.

The AKNS hierarchy [14-16] is the isospectral class of the Zhakharov-Shabat (ZS) eigen-
value problem. A number of research on the hierarchy has been conducted. For example,
its inverse scattering transformation, Backlund transformation, Darboux transformation,
conserved quantities, and others have been discussed in refs [17-24]. In this paper, we shall
extended the generalized dressing method to variable-coefficient AKNS equations, which
include a variable-coefficient coupled nonlinear Schrédinger (NSL) equation

U, = gy — 2uv) + p1(zu), + 2p0zU,

Vg = (=g + 2uv?) + p1(20)z — 2p07V, (1.1)
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and a variable-coefficient coupled mKdV equation

Uty = B(Ugzy — 6uuLv) + p1(zu), + 2pozu,
Uty = B(Vpgz — 6uVVL) + p1(20)y — 2pox0. (1.2)

These two coupled equations are the second and third members of the nonisospectral
AKNS hierarchy, respectively. We propose a general variable-coefficient KP equation

3 3, 3
Wip = Z(w:m::v + 6wwy )z + 170y + (Zv,olzc + P12 Wey — 3 PLEWay
21 9 )
+ (i + 3p1 = 3aypo)ws — Syp1wy + Gyprw, (1.3)

which is a generalization of the KP equation [25], where pg = po(t), p1 = p1(t),y = 8/a?
and «, (0 are arbitrary constants. Based on the idea in [26, 27], the variable-coefficient
KP equation (1.3) is decomposed into the variable-coefficient coupled NSL equation (1.1)
and the variable-coefficient coupled mKdV equation (1.2). With the aid of the above re-
sults and the decomposition, we obtain exact solutions of these variable-coefficient solition
equations.

The present paper is organized as follows. In section 2, we briefly describe the general-
ized version of dressing method. In section 3, the generalized dressing method is utilized to
discuss the variable-coefficient coupled NLS equation and the variable-coefficient coupled
mKdV equation. In section 4, the variable-coefficient KP equation is decomposed into
the variable-coefficient coupled NSL equation and the variable-coefficient coupled mKdV
equation. As applications, we obtain exact solutions of these variable-coefficient soliton
equations in 14+1- and 241- dimensions

2 A generalized version of the dressing method

For the sake of convenience, we introduce the upper and lower Volterra operators K and
the integral operator F' by

Fiy(z) = /F(:U,z)i/)(z)dz, (2.1)

where K (z,z) and F(z,z) are n x n matrices and depend on the variables t,,, ¥(z) is
any n x 1 matrix. For the kernels K (z,z), the property is required that K, (x,z) = 0
for < x and K_(z,2) = 0 for z > x. Assume that (I + K, )~ ! exits and F admits the
triangular factorization

I+F=(I+K,) 'I+K.),
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where I is the identity operator. We say %K(m, z) — 0 and %F(m, z) — 0, as
z — +oo(m,n =0,1,2,---). In addition, for all zp > —oo, we assume that
(o] o
sup/ | Ky (z,2)|Y(2)dz < o0, sup/ |F(z,2)|Y(2)dz < oo.
o o
From the above triangular factorization, we can get the Gel’fand-Levitan equation
o
Ki(z,z)+ F(z,z) + / K, (xz,s)F(s,z)ds =0, z>u, (2.2)
X
and
o0
K _(x,z) = F(z,2) + / K, (z,8)F(s,2)ds, z<x. (2.3)
x

from which K_(z,z2) is defined in terms of K (z,z) and F(x,z). Therefore, in the later
of paper, we will only consider the case of K (z,z) and omit the subscript ”+”.
We now consider a pair of "bare” operators My and My, which have the relation

M1, Ms] = ;M + coMb, (2.4)

where ¢1 = ¢1(y,t), co = ca(y, t) are functions. According to Refs.[12,13], we introduce the

transformation from M; to M; by

M;I+K)-(I+K)M;=0, j=12. (2.5)
This implies
(M1, Mz] = 1My + 2Ma, (2.6)

which provides the nonlinear evolution equations with respect to the variables K;;. Notice
that the commuting relation

[M;,F| =0, j=1,2, (2.7)

which determines the matrix F(z, z). Then explicit solutions for the variables Kj; can be
obtained by solving the Gel’fand-Levitan equation (2.2).
Suppose that (2.7) has solutions in the form of separation of variables [6,8,28]

N
F(z,z) =) fi(z)g;(2), (2.8)
j=1

where f;, g; are some n x n matrices. On the other hand, we assume

N
K(z,2) = ki(z)g;(2). (2.9)
j=1

Inserting (2.8) and (2.9) into (2.2) yields

N g1
K(z,z) =) kj(x)gj(x) = —(fr,-- /)L |, (2.10)

=1 gN
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where the block of L is given by

e}

Ly=d,+ / () fi(s)ds, 1<, I<N,

and dj; is Kronecker’s delta. In the case of N =1 and let
0 fi2(x) > < g11(2) 0 >
F = = . 2-11
(z,2) = f(x)g(2) ( Fo1(2) 0 0 g22(2) ( )

Then we have from (2.10) that

K(x,x) 1—/ f12(s)g11(s / f21(8)gaa(s)ds]

« Jr2(@)g11(x) [° fa1(s)gaa(s)ds —f12( )ga2 ()
( —f21( )g11() Far(2)g22(x) [ Fra(s)gn1 (s)ds ) (2.12)

3 The variable-coefficient AKNS equations

In this section we shall discuss the variable-coefficient AKNS equations, including the
variable-coefficient coupled NLS equation and variable-coefficient coupled mKdV equation,
with the help of generalized dressing method. We consider the nonisospectral Zakharov-
Shabat eigenvalue problem [29]

w2 I )w (3.1)

which is written as

0

{030, + < o >}w =\, (3.2)

where 07 = %,n € N. Utilizing (3.2), we introduce two differential operators M; and
M,, by

M; =030, +a, M,, =0, + BI) — p1xd, — pozros, (3.3)

where a = a(t,,), pi = pi(t),i = 0,1, are functions, and B is a constant diagonal matrix.
A direct calculation shows that the relation [My, M,,,] = —p1 My holds if a;,, = p1a — po.
In the following, we give the first two non-trivial evolution equations of the variable-
coefficient AKNS hierarchy by using the above scheme. Firstly, we consider the case
m = 2,B = —2ao3 in (3.3). Using (2.5), we have

M1:M1+<0 u>a
—v 0

M2:M2—2a< 0 u>6x—a<_uv ux),
—v 0 —Vy WV

= [K(wv Z)]Z:x - (kij)v (3'4)

=)
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where k19 = %u, ko1 = %v, K11z = Kooz = —%uv, with the relation

(k120 — k12z)ome = —tkoo,  [k21z — ko12]ome = —vk11.

We will find in the later that k11, has a special meaning. The relation [ﬁl, Mz] =—p Ml
yields the variable-coefficient coupled NLS equation

U, = oty — 200) + py(zu), + 2pozu,

Uty = (=g + 2uv?) + p1(20)z — 2poT. (3.5)

In the following, we consider another case m = 3 and B = —4( in eq.(3.3). With the
same procedure, we can get

M1:1\4:1"i_<0 u>7

—v 0
~ _ —Uv Uy
M3z = M3 — 64 ( v —uw ) Op (3.6)
3 UV — 2UVy — 6uv/%11 + 4aq SUgps A
3Vps UV — 2u,v — 6uvkoy + 4as

where q; = %([2]@-@-1 — kjiz).=2), and the evolution equations

Uty — Uz — Uty — 3ulv, + 6(/2:22 — /2:11)u21) —4(az2 — ar)u) — (preu); — 2pozu = 0,
Uty — B(Vgzs — Suvv, — 3u,v? — 6(1%22 — l%ll)uvz + 4(ag — a1)v) — (p12v)s + 2pozv = 0,
4UppV + DULVL + YUy — 6(uv)ml%11 + 3(uv)2 +4a1, =0,

—UpgV — DULVy — dUV g + 6(uv)xl;:22 — 3(uv)? — 4ag, = 0. (3.7)

The equation (3.7) imply the variable-coefficient coupled mKdV equation

Uty = B(Ugzy — 6uuLv) 4+ p1(zu), + 2pozu,
Vg = B(Vpgz — 6uVV;) + p1(20)s — 2pov, (3.8)

If we set uw = v, pg = 0, then (3.8) reduces to the variable-coefficient mKdV equation
Uty = ﬁ(ummm - 6u2um) + P1 (xu)l‘y (39)

which is the generalization of mKdV equation [30].

4 Applications

In this section, we shall construct exact solutions of variable-coefficient coupled NLS equa-
tion (3.5), variable-coefficient coupled mKdV equation (3.8) and the variable-coefficient
KP equation (1.1) by means of the generalized dressing method. To this end, we first
prove the following proposition.
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Proposition 1. Let u(x,y,t),v(u,y,t) be a compatible solution of the variable-coefficient
coupled NLS equation (3.5) and the variable-coefficient coupled mKdV equation (3.8),
(ta =y, t3 =1t). Then

w(z,y,t) = —2u(z,y, t)o(z,y,1) (4.1)
solves the variable-coefficient KP equation

Wty = %(w:m::v + 6ww:v):v + %'way + (%r)/p%xQ + plx)wim? o %r}/plxwxy

4.2
+(3yptz 4 3p1 — Baypo)we — §yprwy + 6yptw, 4.2)

where v = 3/a?.

Proof. A direct calculation gives

3
Wyt = memmm + 56(“’2):1::1: + P17Weg + 3p1Ws + Gﬁ(u:m::vvx + 2Upp Uy + umvmmm)a

(4.3)
3 3 3 3 3 21 9
Zwyy = Zazwmm + ZOcQ(wz)m - Zp%wam + §p1xw$y + (Bapg — Zp%m)wx + §p1wy
— 6p2w + 602 (UppaVe + 2peVaz + UgVpzz), (4.4)
which imply the variable-coefficient KP equation (4.2) by combining the above expressions.
|
According to (2.7), we have the evolution equations of integral kernel F'
o3l + F,03 =0,
Fy - 2a(U3Fx:v - zz03) - Pl(xe + ZFZ) —pmF+ P0($U3F - ZFJ3) =0 (45)
and
o3F, + F,03 =0,
F, —48(Fppy + F.zo) — p1(xFy + 2F,) — p1 F + po(zosF — zFo3) = 0. (4.6)
If F(z, z) has the form of separation of variables
N
F(z,z) = Z fr(@)gr(z) (4.7)
k=1
i 0 \ /ml,lge*mim \ /ni‘e*"%z 0
B 1 \/n}ﬁe_"igﬁ 0 0 \/m}ge_miz
N 1,—m?2(z+2)
- Z < nle—r?%(x—i-z) O Ok ) (48)
k=1 k

where mé, = mi (y,t),ni = ni(y,t), (i = 1,2), substituting (4.7) into (4.5) yields

mi(y) :eXP(/ p1dy)(77k+/po eXp(—/mdy)dy), mi(y) =eXp(/ 4a(mi)? + pidy),
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(4.9)

and

nj(y) = eXp(/ pldy)(ﬁk—/,oo eXp(—/mdy)dy), n(y) =eXP(—/4a(ni)2+,o1dy)-
(4.10)

From (4.6), it is easy to verify that m! and n} have the form

m2 (1) = exp( / pret) (i + / poexp(— / prt)dt),  mi(t) = exp( / 86(m2)* + pydt),
(4.11)

and
nt(6) = expl [ puat) [ mesp(= [ praeyde), nk(t) = expl [ 85(n3)+prde), (1,12

where &, and 7y, are arbitrary positive constants.

From (2.8) to (2.10), we know that u(z,y,t) and v(z,y,t) are the compatible solutions
of (3.5) and (3.8), which implies that (4.5) and (4.6) have the compatible solutions. Set
p1 and po are constants. Then we can obtain a compatible solution F(z,z,y,t), where
m}%, n}c are determined by

mi(y,t) = nkexp(p1(y + 1)) — 2po/p1,
mh(y,t) = exp( / da(m2)2dy + / SB(m2)dt + py(y + 1)), (4.13)

and

ni(y,t) = & exp(pi(y + 1)) + 2p0/p1,

nb(o.0) = exp(— [ da(md Py + [ 852 0dt + pr(y+ ). (414)
Furthermore, the solution w(z, y,t) of KP equation (4.2) is exactly 4ki1,, where explicit

form of K is given by (2.10). If N = 1 and omit the subscripts of m!,n}, by virtue of
(2.12), we have

1ol o022 92
m!in! —2(m2+n?)z1—1 #frﬂe R —mle 2
(m +n )2 —ple—2n°z mn-_ _—2(m*+n?)x
m2+n2

(4.15)

Then compatible solutions of the variable-coefficient coupled NLS equation (3.5) and cou-
pled mKdV equation (3.8) are as follows

1,1

om? m'n DY T N
u= —2mle—2m T — o +n2)2e 2(m?+n )x] 1’
1,1
v= —2711672”21[1 - L672(m2+"2)m]71. (4.16)

(m2 + n2)?
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Noticing the proposition 1, we arrive at a line one-soliton solution of the variable-coefficient
KP equation (4.2)

1,1
w = 20%1In[1 — %6_2(7”2‘%2)”1]. (4.17)
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