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Abstract

The Hamiltonian formalism of the Landau-Lifschitz equation for a spin chain with
full anisotropy is formulated completely, which constructs a stable base for further
investigations.

1 Introduction

The Landau-Lifschitz(L-L) equation for a spin chain with full anisotropy is one of the most
important completely integrable nonlinear evolution equations[1]. It is a universal model
for integrable magnetic systems that contains the sine-Gordon, nonlinear Schrodinger and
the Heisenberg model equations as particular or limiting cases[2]. The compatibility pair
were first given by E.K.Sklyanin[3] in terms of elliptic functions. From the general view
point, the complete integrability of a nonlinear equation means it describes a Hamiltonian
system with action-angle variables as canonical conjugate variables[4]. The Hamiltonian
formalism of the L-L equation with full anisotropy was also examined in the ref.[3], but
the reduction procedure and results have some open points so that the final results are
not conclusive. On the other hand, there were some works trying to solve the equation
based upon these compatibility pair, but exact solutions were not found until nowl[5, 6].
Because these problems are more basic, it is worth to putting a lot of work. In this paper
the Hamiltonian formalism is formulated to provide a base for further investigations.

2 Landau-Lifschitz equation
The L-L equation for anisotropic spin chain is in the form of

St =8%X S +SxJS, |S|=1 (2.1)
in which J = diag(Jy, J2,J3), J1 < Jo < J3, describing nonlinear spin waves propagat-

ing in a direction orthogonal to the anisotropic axis, and the suffices  and ¢ denote the
corresponding partial derivatives. Though spin is a quantum quantity satisfying quantum
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bracket relation, but if one introduces Lie-Poisson bracket for classical spin, all the proce-
dure of disposal is the same as the usual classical one[l]. The Lie-Poisson bracket is given

by

{Sa(x)a Sb(y)} = —EachC(CC)(S(x - y) (22)

where €4 is a fully anti-symmetric tensor, a,b,c = 1,2,3. By using it we write eq.(2.1)
in the form of the canonical equation

0pSa(z) = {Sa(x), H} (2.3)

in which the Hamiltonian is

H= /_ T deH(z), H(z) = 23 [(@8u@)* ~ uSa(a)? (2.4)

a

3 Jost solutions

The compatibility pair of the equation are a couple of 2x2 matrices given by E.K.Sklyanin|[3],

L=—iY wa(\)Sa0a (3.1)
and
M= i waN)ShSeaatare + 1S wn(Ne(N)Saalcane (3.2)
a,b,c a,b,c
in which
) = s ) = p% ws() = pgggj; ; (33)

and sn(\, k), etc., are elliptic functions with modulus «:

[Jo — J 1
R = 2 1, p = —\/Jg — Jl (3.4)
J3 —Ji 2

Since the coefficients wq () are double-periodic functions of the parameter A:

WA +4mK + idnK') = wa(N) (3.5)

where n, m are integers, K and K’ are quarter-periods. It is sufficient to consider A in the
fundamental period parallelogram 2:

Q: |Re) < 2K, |Im)| < 2K’ (3.6)
The first compatibility equation is now written as

0. F(x,\) = L(x, \)F(x,\) (3.7
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In the limit of || — +o0, S — (0,0,1), and the asymptotic solution corresponding is
E(x,\) = e~™3%93_ The Jost solutions of eq.(11) are then defined by

U(z,\) = (TZJ(CC, ), ¥(z,N)) — e~ wsr3 as r — 00
D(z,\) = (¢, \), d(x,\)) — e 3778, as r — —00 (3.8)

The monodromy matrix 7'()) is given by

O(z,\) = Uz, )T (N), T(A) = ( (3.9)

Furthermore, from the periodic properties of sn(A) and sn(A) = sn()), etc., the compati-
bility pair (5) and (6) have the following reduction transformation properties:

LA +2K) = 03L(\)os, M(\+2K) = osM(N)os (3.10)

LA+ i2K') = a3L(\)o3, M\ +i2K') = 03M (\)o3 (3.11)

4 Lie-Poisson bracket

iJFrom the first compatibility equation, it is found that

oT(\) ,

55.02) T2, ) (iwaoa) ®(2, \) (4.1)
and

Tty ,

m = —® (2, \) (iwpop) U(z, \) (4.2)
Defining®

{TNST V) Yikge = {TNij, TN )i} (4.3)

the Lie-Poisson bracket of the monodromy matrix is now simply given in the form

—1 /
[TOET (V) = —eane / da §§ %)) ® 5f5b(%)sc<x> (4.4)

in which the symbol ® in the right hand side is the usual direct product. After substituting
egs.(4.1) and (4.2), the explicit expression of eq.(19) is

{TNPTY(N)) = /dm\I"l(m,A)(b_l(m,)\’)be(x,)\)\I/(x,)\’) (4.5)

where

R = Sg{iwlwéal ® 109 — ’L.C()Q(A)il‘O'Q & 0'1} + Sl{iwgwéidg X o3 — iwgwéUg &® iO’Q}
+ SQ{—Wgin'g ® o1+ wlwgal ® 0'3} (4.6)
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The eq.(4.5) has a simple result if the integrand in the right hand side is a full derivative
of some function with respect to z. In order to do so, we take into account of

By (\I’_l(m, Noal(z, V) & &Lz, N)oad(z, )\)) (4.7)

where oy = I, and o, is Pouli’s matrix for a = 1,2,3. Here another type of direct product
is introduced

AimBij = (AQ' B)itjm (4.8)

Using egs.(3.1) and (3.7), it is obvious that

T (2, )@ (2, VYW, (2, \) ¥ (z, \) (4.9)
in which

Wo = i(wg — wp)Sa(0, @ I — 1R a,) (4.10)

W = iSp(wpop0a + wyoaop) ® 04 + iS04 @ (Wyop0a + WpTa0b) (4.11)

In fact, eq.(4.5) can be expressed as a linear combination of terms in eq.(4.7), since R in
eq.(4.6) is expressed as a linear combination of W, in egs.(4.10) and (4.11):

R = foWo + fsWs+ fiW1 + foW2 (4.12)

Writing R and W, in bigger matrices, e.g. 4 X 4—matrices, and comparing the correspond-
ing matrix elements, a group of equations for f, are given in the Appendix A.
Eq.(4.5) is then

{TST X))} =D fala (4.13)

where
x=L

Ao =V Nz, Moo U(z, N) @ 0 (2, N)oa®(z, )| . (4.14)

5 Explicit expression of Lie-Poisson bracket

On the other hand, we have

3
Z JalAa = fo(Ao+ Az + A1+ Ag) + (f3 — fo)As + (f1 — fo) A1 + (f2 — fo)A2 (5.1)

a=0

Since {T'(A\)®T~Y(\)} is definite and only the differences f3 — fo, f1 — fo, fo — fo can
be determined from eqgs.(A.4)~(A.6), we should see that Ay + Az + Ay + Ay = 0, which
means that the value of fy is of no importance and may be assumed to be 0. Thus we
have

{TVETTHN)} = f3(AB) = Ab0)) + fi(=A(b) + A(bL)) + fo(~A(b) = A(BD)) (5.2)
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in which
/ / / / /
W1Wy + Wow] Wows + W3y wsw] + wiwsg
= —— = = 5.3
[3 2wy — o) fi o —ol) f2 2ws — ) (5.3)

and the explicit expressions of A(b), A(b0) and A(bl) are given in the Appendix B.
Because of properties shown in (3.10), A can be restricted in the region Q:

Q4+ 0<Red < 2K, 0<Im)< 2K’ (5.4)
In this restriction, A(b1) has no contribution, and (5.2) reduces to
{TVRTH(N)} = f3(A(b) — A(b0)) (5.5)
0 7“}3#{5_’_1.0(15/ wa_wlé_i_iOd’B 0 ~
_ _wlwé + wow) *mb’a 0 278 (ws — wh)|al? ws_ié_m?a’
0 ma'b w3 7(})371—0 Zlb/ 0
where wj, wi mean wj(A), w;(X).
From eq.(5.5), there are
L+ waw 1
A), b)) = 2 L v
{alx), o0V} R
wiwh + waw! wiwh 4+ waw .
2(3 —) Lap' — 2 5 Lind(ws — wh)ab/ (5.6)
b+ wow! 1
a(\), bV et L ab’
wiwh + waw! wiwh + wa! .
= - 2(5) — Lap' — 2 5 Lird(ws — wh)ab/ (5.7)
and then
{la(N)|?, bB(\)} = —i276 (w3 — wh)wiwalal?b’ (5.8)
Furthermore, in the restriction €24, there are
1
dX\
as A =\, and
wiwh + waw! 5 dn(A) dws(N)
= = — -1
2 P sn?(\) P~ ax (5.10)
As a result, egs.(5.6), (5.7) and (5.8) become
/ /
{a()), b(N)} = %ao\)b(}\') +imps(A — M)a(A)b(N) (5.11)
w—w
/ /
(@(\), BV} = =2 T 925000 L imas(h — M)a(A)b(N) (5.12)

2(w —w')
and

{la(V 2, B} = i2mp8(A — N)la(N)Pb(X) (5.13)
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6 Action-angle variables in continuous spectrum
As known in inverse scattering transform, a()) and a(\) are independent of ¢, and the
phase of b(\) and b(\) is a function of ¢, which is determined by the asymptotic form of
M in eq.(3.2). We have

b(t, \) = b(0, \)e w12t (6.1)

and then the angle variable is defined as
1
Q(N\) = argb(A) = =Inb(N) (6.2)
i
The action variable P(\) is a function of a(A) and a(A), and usually assumed to be
P(A) = F(la(\)?) (6.3)

where F' is an unknown function. As these two variables are canonical variables, it should
be

{P(N),Q(\)} = =d(A =) (6.4)
By eq.(42), we find
{F(laI?), Q)Y = F'(Jla(N)*)2mpd (X = X)]a(N)[? (6.5)

where F” is derivative of F' with respect of its argument. Comparing it with eq.(46), we
obtain

F'(Ja(V)P)2mpla()[2 = —1 (6.6)
and thus
P() = F(la(V)) = —5—Infa() (6.7)

Eq.(44) yields
Q()" t) = Q()" 0) - 4&)1&}2 (68)

Hence the Hamiltonian is

B 2K B g 2K pdn()\) )
H = /0 dMuwiwaP(\) = _77/0 dA 20V In |a(N)] (6.9)

Therefore, the Hamiltonian has two kinds of expressions: one is an integral with respect
to x in eq.(2.4), and the other is an integral with respect to the spectral parameter in
eq.(6.9). Now it is necessary to derive a conservative quantity which has two integral
forms compatible with the Hamiltonian.
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7 Conservative quantities

In the inverse scattering transform, the conservative quantities are derived from the asymp-
totic form of the first compatibility equation. In the limit [A| — 0 or |k| — oo (k = pA™1),
by using the asymptotic expansion of elliptic functions, we have

L— —i(k+k 1r))Seoq+ - (7.1)
and

frira,rsh = 4275 {1+ #2), (1 262), (-2 + )} (7.2
i From the first compatibility equation in this limit, writing

o(x, k) = etkety (7.3)

and expanding

Ge = 10 + (12k) Ly + (12k) e + ... (7.4)
we obtain
(_ZSI + 52):1:
= S5, 1-S5 7.5
= Sas + (1 - 5) (7.5
and
(—iSl + Sg)x

—2n1 = Moz + 2778 — (no) + 27“0“93 (7.6)

—iS1 + 5o
etc.[9]. In general, nyg # 0. This situation appears also in the case of isotropic spin chain.
In that case, an additional phase in the transmission coefficient a(k) was introduced[7] to
cancel the non-vanishing 79. However, Takhtajan and Zakharov pointed out that this is
unreasonable[8]. Any way, 71 in eq.(7.6) does not give an expression compatible with the
Hamiltonian in eq.(2.4).

It was formerly shown that the gauge equivalence between the isotropic spin chain
and the nonlinear Schrédinger equation, which means, by choosing a suitable gauge, the
gauge-transformed compatibility pair of isotropic spin chain has the same form of that of
NLS equation. Therefore, the conservative quantities for the isotropic spin chain can be
derived from those for the NLS equation by revised gauge transformation and all results
expected are naturally found[8].

After Takhtajan and Zakharov[8], it was tried to find some equations that are gauge-
equivalent to the L-L equations for a spin chain with axial symmetry. However, such
equations seem not existent. From a careful analysis of the gauge equivalence between
the isotropic spin chain and the NLS equation, only the leading terms of the first one of
compatibility pair are essentials, while other terms corresponding and the second one of
compatibility pair are of no importance. That is, a gauge is chosen such that it turns the
spin in the first order of spectral parameter of the first one of compatibility pair into the
3— axis in the spin space[9].
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The explicit expression of the gauge B was given(see Ref.[6]). After the gauge trans-
formation, eq.(7.1) turns to

L'=—i(k+2reSHos + U + kv 4 - (7.7)
where U = B,B~! = ( _Oﬁ g ) and V is an 2 X 2 matrix with vanishing diagonal

elements.
Replacing L by L', the similar procedure for eq.(7.5) and (7.6) yields

m =0, 1 = —[ul® +2(r1S§ + 1253 + r353) (7.8)
Noticing (3.4), there are
1 1
{7’1,’1“2,7“3} = 6{J3 4+ Jo—2J1,J3 =200 + J1, —2J3+ J1 + JQ} ~ —§{J1, Ja, J3} (79)
since common constant is immaterial[10]. As shown in the case of isotropic spin chain[8]
4|ul* = —SuzSus (7.10)

We finally obtain

1
M =5 (SaxSaz — (115 + 1255 + J353)) (7.11)

which is just the density of the Hamiltonian in eq.(4).

8 Expression of a(\)

Eq.(7.8) indicates a(k) — 0 as k — 00, so that in this domain

1 /Ina (k)|
_ 1 1
Ina(k) iw/dk T (8.1)
We have
Ina(k) = Iy + I, (i2k) "t + - - (8.2)
2
Iy=0, I} =—= /dkz’ln|a(l<:’)|2 (8.3)
T
In terms of A(k = 2pA~1), eq.(8.1) is re-written in the domain of A ~ 0
1 Inja(N)]? A
lna(\) = — [ dN 1= 8.4
na) m/ NV —) N (84)
so that
2 p
L=-= /d)\’ﬁln\a()\')\Q (8.5)

It is equal to eq.(6.9) in this domain, since dn(\) ~ 1 and sn(\) ~ A~ 1.
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Since the general formula in this case is invariant with double-periodic transformation,
eq.(8.4) may be rewritten as

n|a(ws(N))[?
Ina(ws(A)) = % /Q dw?,(x/)% (8.6)

where the integral domain is real axis in Q4 given in eq.(5.4). We obtain

Ina(ws(N)) = Iy — 2'1'12i +--- (8.7)
p
where Iy =0 and
2 / Y2 2 /dw3 Ny (2
L=2 [ desWlalwsW)P =2 [ ax B 1mja(us(V))] (.9)
i Qy s Qp d)\

It approaches to eq.(6.9) in the domain of |A| =~ 0.

9 Discrete spectrum

Eq.(7.8) should include the discrete part

k—k;
k) =15 (9.1)
J
where k; in the complex k—plane. It can be transformed into A—plane, that is
A=A\
N=||—=2 9.2
) =15 =5%) 92)

J
In general, we write
w3(A) — w3 (A
aa(ws(\) = [ 1 ws(d) = ws0y)
L) —50y)
In the limit of |A| & 0, it coincides with eq.(9.2) since w3(A) — pA~! in the limit of |A| — 0.
Extending analytically into €4, the left hand side of eq.(5.6) is

{Ina(ws (X)), b(Ar)} = - +Z{ In(ws(A) — ws(A))) — In(ws(A) = w3(X;))), (M)}

(9.3)

:..._Z—wgw_l%( 5 (s), DOW) }+Z —w?,()\ ){W, b(\)(9.4)
where A\, \; € {14 and the right hand side is

R JQFWQ(Ak)W1(A) wa(A) _1 a0 ) (9.5)
Eq.(9.5) has a pole at w3(A) = ws(Ag) so that

{w3()\j), b()\k)} _ _wl()\ )w2(>\k) ‘;w2()\k)w1()\ )b()\k)(; — p(ii_(“;\fi )\b()‘k;)(;]k‘ (96)

as seen in eq.(5.10). Then eq.(9.6) gives
{Xj: b(Ak)} = b(Ak)djk (9.7)
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10 Action-angle variables in discrete spectrum

We introduce the action-angle variables in discrete spectrum

Py = Flws(h). Q; = nb(ws(Ay) (10.1)
Then we find
dF dF  dws
P, b(A\g)} = ——— Aj), b((Ag)} = —————=b(\k)0; 10.2
namely,
dF dws
2 — 10.3
du)g()\j) d)\j ( )
and then
P(ws(Aj) = X (10.4)
From eq.(9.3) the discrete part of Hamiltonian is
Hy=idpy <—w3()\n) + w?,(An)) (10.5)

Here A, lies in 4, and the factor 4 stands for four zeros of a(A) in €2 for a single soliton
case. We thus obtain

{Hd, b()\k)} = i4p(jli;{)\j’ b()\k)} = —i4w1wgb()\k) (10.6)
J

which is just canonical equation for b(\).

11 Concluding remarks

The Hamiltonian theory to the L-L equation for a spin chain with full anisotropy was
examined by E.K.Sklyanin[3]. As mentioned, the conservative quantities derived by him
are not compatible with the usual conservative quantities, such as the Hamiltonian, which
affirmatively concludes that his procedure is unreasonable. Moreover, some other results
may not be beyond doubt. For example, his eq.(2.15) written in the present notation is

{a(\), 6N} = —w3(A — X' + i0)a(\)b(N) (11.1)

which is questionable, as comparing with egs.(5.6) or (5.11).

Mikhailov and Rodin tried to solve the Landau-Lifschitz equation for a spin chain with
full anisotropy based upon the compatibility pair given by Sklyanin. But explicit solutions
were not given. In the isotropic spin case, the Jost solutions do not approach to the free
Jost solutions as spectral parameter |k| — oco. To construct the equations of the inverse
scattering transform by Cauchy contour integral, Takhtajan introduced a redundant factor
k~! to ensure the integral having vanishing contribution of the integral along the big circle
in complex k—plane when the radius reaches infinity. In the case of spin chain with full
anisotropy, the behaviors of the Jost solutions do not approach to the free Jost solutions
when |A| = 0. Rodin and Mikhailov are unable to overcome this difficulty[5, 6]. But in
order to solve the equation, it is necessary to propose a way to do so.
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Appendix
A

To calculate f, in 4.10, the terms involving S3, S1, S in 4.10 are
—(wiwhor ® o3 —wowioa @ a1) = (fs — fo)i(ws —wh)(I ®@ 03 — 03 @ 1)

+(f1 — f2)i(ws + ws)(ioy ® 03 + o2 ® 01) (A1)

—(wawioe ® 03 —w3whoz @ a2) = (f1 — fo)i(wr —w))(I ® 01 — 01 @ 1)
+(f2 = f3)i(w1 + wy) (i @ 03 4 i03 © 03) (A.2)

—(wswios ® o1 —wiwhor @ a3) = (fa— fo)i(ws —wh)(I @ 09 — 02 @ 1)
+(f3 — f1)i(we + w))(ios ® o1 + o1 ® 03) (A.3)

among which one equation turns to one another by simple circular permutation of 1,2, 3.
Noticing the direct products in two sides are different, and writing them in 4 x 4 matrix
form, we obtain

wiwh — wow) = 2(f1 — fo)(ws + wh), wiwh + wew] = 2(f3 — fo)(ws — wh) (A4)

wowy — wawy = 2(fo — f3)(w1 4+ wy), wowy + wawy = 2(f1 — fo)(w1 — wy)

wawy — wiws = 2(f3 — f1)(w2 +wy), wiwy +wiws = 2(f2 — fo) (w2 — wh) (A.6)
B
Denoting
Ap(L) = UYL, N oo U(L, N), Aq(—L) =V (=L, \)oa¥(-L,\) (B.1)
Co(L) = YL, N)oou®(L,)\), Co(—L) =0 H—L,N)oa®(—L,\) (B.2)
We can see
Ag = Ap(L) @ Co(L) — Ag(—=L) @ Co(—L) = A(b) + A(b0) (B.3)
Az = A3(L) @ C3(L) — A3(—L) @ C3(—L) = A(b) — A(b0) (B.4)
A = Al(L) Q' & (L) — Al(—L) Q' Cl(—L) —A(b) + A(bl) (B5)
Ay = AQ(L) Q' CQ(L) — AQ(—L) Q' CQ(—L) = —A(b) — A(bl) (Bﬁ)
where

A(b) = e (B.7)
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Ciin ba'ei2ws—wi)L [ ge—i2(wh—ws)L 0
A(bO) = a'be—12(ws—ws)L 0 C12.91 —al e—i2ws—wh)L s,
= db’ei2(w3*w/3)L 021 1 0 _&/BeiQ(wgfwg)L .
0 _b/aei2(w§*w3)L _bd/efﬂ(wgfwé)L 022’22

Ch111 = b'be™ 2wl _ ppf gi2(ws—wi) L

012721 — a/ae—iQ(wg—w;g)L _ a&/e_iZ(“?’_“é)L

Cor1 = @ aeWs—wa)l _ G/ gi2(ws—wi)l

Caz.90 = Y hei2@s—ws)L _ pit p—i2(ws—wh) L (B.9)
and

0 a/beiQ(W?fl—wé)L able—iZ(wg—f—wé)L 011722
Alb bl ei2(ws+wh) L Croto 0 Y aiteatd)i
H=1] .
(b1) b qe—i2(ws+ws) L 0 Co1.91 _ba e—i2(wstwh)L
022711 _agleiQ(ws-i—wg)L —a,i)e_ﬁ(wiﬁ'wé)L 0
(B.10)

C11.99 = @ ae2@stws)l _ o g=i2(wstws)L

Ci212 = —b/beiQ(w3+“é)L + BE’eiQ(wfi—wg)L

Coro1 = —b/be™2Wstwy)l 4 pp p=i2(wstws)L

Cap11 = o qe—2wWs W)L _ a1 i2(wstw)) L B.11)

Here we show the procedure for obtaining eq.(B.3) as an example. Firstly, there is

0 efi(wg —wh)L

Ao(L) @' Co(L) = (

o

eilws —wi)L 0 )

d/aei(wé—wg)L + l;/be—i(wé—wg)L
_b/aei(wé—wg)L +a/b€_i(wé_w3)L

(B.12)

_d/l;ei(wé—w;).)L + Elde—i(wé—w;).)L
blgei(wé—wg)L +alde—i(wé—W3)L

According to the definition of ®’ in eq.(4.8), the terms involving vanishing exponent e’

and the terms involving non-vanishing exponent e

+i2(w3—wh)L

are collected separately,

aa 0 —ab 0
—ba 0 Wb 0
o ¥ o Wil
0 a'b 0 a'a
Y be— 2wy —ws3)L 0 b ge—i2(ws—ws)L 0
a'be—12(ws—ws)L 0 o' Ge—i2(Ws—w3)L 0
0 @ aet2(Ws—ws)L 0 i/ hei2(wh—ws)L (B.13)

0 _b/aei2(wé7ws)L 0

b hei2(ws—ws) L
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Secondly,

AQ(—L) ®/ CQ(—L) =

/

ba/efi(wgfwé)L _ db/ei(w37wé)L bB/efi(wgfwé)L + da’ei(‘*’g'"*’i’v)[‘

e~ i(wy—ws)L 0
®/ ( 0 i(wy—ws3)L > (B14)

< ad/efi(wgfwg)ll + E)b/ei(w37w§)L aB/efi(wgfwg)L _ Ba/ei(wgfwg)L >

is equal to

ad’ abl 0 0

0 0 B —bd |
ba' bb 0 0
0 0 —ab ad
Bblei2(ws7wé)L _Ba/ei2(wS7u}g)L 0 0
0 0 adle—2ws—ws)L T/ ,—i2(ws—w3)L
_&bleiZ(wg—wé)L daleiZ(wg—wé)L 0 0 (B15)
0 0 bale—2ws—wy)L  pif o—i2(ws—wy)L

Finally, combining (B.13) and (B.15), we have shown eq.(B.3).
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