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Abstract

Let n be an integer such that n > 3 and C,, denote a cyclic group of order m . It
is proved that there exist exactly 17 non-isomorphic groups of order 227+! which can
be represented as a semidirect product (Can x Caon) X Co. These groups are given by
generators and defining relations.

1 Introduction

All non-Abelian groups of order < 32 are described in [1] (table 1 at the end of the book).
M.Jr.Hall and J.K.Senior [2] gave a fully description of all groups of order 2", n < 6. There
exist exactly 51 non-isomorphic groups of order 32. In [2], these groups are numbered by
1, 2,..., 51. Among these groups, the groups with numbers 3, 14, 16, 31, 34, 39 and 41
can be presented as a semidirect product (Cy2 x Cy2) N Co, where C), denotes the cyclic
groups of order m. In this paper we describe all non-isomorphic finite groups which can
be presented in a form (Can x Can) X Cy, where n > 3. Each such group G is given by
three generators a, b, ¢ and the defining relations

" =b*" = =1, ab=ba, ¢ lac=d'V’, ¢ tbe = ot (1.1)

for some 14, j, k, | € Zon (Zan — the ring of residue classes modulo 2").
The aim of this paper is to prove the following theorem:

Theorem 1.1. Let n be an integer such that n > 3. Then there exist exactly 17 non-
isomorphic groups of order 2*" 1 which can be presented as a semidirect product (Can x

Con) N Cy. They are:
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G1 =<a,bc| (¥), clac=a, c 1bc—b>
Gy =<a,b,c| (), clac= a1+2 c~lhe = p1+2"" 5

Gz =<a,b,c| (%), c ac—ab2 _1bc:b>,

Gi=<abe | (3), clac = a7, o =y s,

Gs =<a,b,c | (*)7 lge=a1, ¢ lbe=b"1>

Go =<a,b,c| (x), ¢ lac=a 142" ¢ lpe = b= 142" >,

Gr =<a,b,c| (%), clac= a2 e = b

Gg =< a,bc | (%), ¢ lac=a 1T2"p2"7 ¢ lpe = b 12 5
Gy =<a,bc| (), clac=ab®"", ¢ tbe=a® " H12 >,

Gio =< a,b,c| (%), ¢ —Lge = a, ¢ “1pe = pl+2n Tt S

Gi11 =< a,b,c| (%), c “loe = a~1p2"" 1, g = g2 12! -
G2 =<a,b,c| (%), c_lac— a~l, ¢ lbe = p-1H2" .

Gis =< a,b,c| (x), clac=a, ¢ tbe=b"112""" >,

G =<a,bc| (), clac=a"", ¢ lbe = b+ 1 .

Gis =<a,bc| (%), clac=b, ¢ 'bc=a >,

G =< a,bc| (), clac=a, ¢ tbe=b"1>,

Grr —<abc| (9, ¢ lac—al*, clpe— b1 S,

where (x) denotes the collection {a*" = b*" = c? =1, ab = ba} of defining relations.

Each group G, given by relations (1.1), is fully characterized by the matrix

A=

b e GLy(Zan), (1.2)
k1

where A% = I (I — the identity matrix) and GLa(Zan) is the set of all regular (2 x 2)-
matrices over Zon. Therefore, first we must find all regular (2 x 2)-matrices of order two
over Zon. We shall do it in the next section.

2 Matrices of order two over Zs»

Assume that n > 3. Choose
7

A=l

€ GLo (ZQn )

J
l
and determine the conditions under which A? = I. Equating the corresponding elements
of A% and I, we get the following system of equations for determining ¢, j, k and I:

i? 4+ jk =1 (mod 2"),
P2 —12=@{—-0D(@G+1)=0 (mod 2"),
jli+1)=0 (mod 2"),
k(i+1) =0 (mod 2").

Next we solve system (2.1).

The second equation of (2.1) implies that i and [ are both odd or both even. By the
first equation of (2.1), il and jk have different values modulo 2. Hence we can consider
four different cases for the solution of system (2.1):
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I 4 and ! are even; j and k are odd;

II 4 and [ are odd; j or k is odd;

III 7 and [ are odd; j and k are even; jk = 0 (mod 2");
IV i and [ are odd; j and k are even; jk # 0 (mod 2™).

Solving system (2.1) in cases I and II, we get the following three sets of matrices of

order two: '
_ J
(1-— i2 —1

]z’eQZzn,jeZEn},

{Hl—z zi‘]ieZSn,]‘GZ;n},
=R \
Mg:{ IZ{ ( i’L) ‘ZGZQn, kGZQn}7

where Z3%. denotes the group of invertible elements of the ring Zon. The numbers of
elements in these sets are

M| = [My| = |[Ms| = 2772
Let us consider case III. In this case
i, | € Zsn; j, k € 2Zon;  jk = 0(mod 2").

Under these conditions the first and second equations of system (2.1) imply ¢, [ € {£1, 1+
2"~11 Hence
i+1€{0,2, —2,2" 1 24277t 9 on—ly

Solving system (2.1) in these six cases for i + [, we get the following six sets of matrices
of order two, respectively:

My — i 2% | i€ {£l, £1+2" 1 1<, t<my
4= 2ty —i s+t>n; uell,_,, vell,, ’
1427w 271y
:{H o1y, 14 9n—1y H]uvwezg}
_1+2n—1w 2n—1
MG:{H o1y, L1 4oLy | u, v, w € Zy

Mo — i 25u | ie{£l, £1+27 1 1<, t<my
T oty —j42n1 s+t>n; u€ll, ., vel, ’
1 on—ly,

|
-

The numbers of elements in these sets are

14277t 2n7ly
21y 1

‘U,’UGZQ},

b

2"y 14277t

-1 on—ly
2n—1,U -1 + 2n—1

_1_|_2n71 2n71u
2"y -1

IMy| = [Mq| =2"n, [Ms| = |Mg| = |Ms| = |My| =38.
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For the purpose of the considerations of section 3, we divide My into a union of two
disjoint subsets M} and M2, where M} consists of all matrices of M, in which s+t =
n,i=+1+2"1ors+t>n, i==1, and M? consists of all matrices of M, in which
s+t=mn,i==xlors+t>n, i =21+2""1 Similarly, we divide the set My into a
union of two disjoint subsets M} and M2, where M2 consists of all matrices of M7 in
which s +t=mn, i € {-1,1+2" Y or s+t >n, i€ {1, —1+2""1} and M2 consists of
all matrices of My in which s+t =mn, i € {1, =1+2" Y or s+t >n, i € {1, 14+27"1}.

Finally, let us consider case IV. Then j and k can be presented in the forms
j=2%, k=2; 1<s,t<n-1,
2<m=s+t<n—1, u€Zy_, vE Ljn.
Since 2 — 1 = (i — 1)(i + 1) = —jk (mod 2"), we have
1—1=2"p, 1<r<m-1, peZ._,.
Then ¢ +1 = 2"p + 2 and the first equation of system (2.1) implies
i2—1=2""p(1+271p) = —2™uv (mod 2"),

p(1+27"1p) = 2" Lyp (mod 27771, (2.2)

For the solvability of equation (2.2), it is necessary that r =m —1 > 1 or r = 1. In both
cases m > 3. Next we consider these cases separately.
Assume that r =m —1>1,ie. r=2,3,..., n— 2. Then, by (2.2),

uv = —p(1 + 27" p) (mod 27 ™). (2.3)

Choose the numbers r, p, s, t, u, v as follows. First, let us choose arbitrary r € {2, 3,..., n—
2} and p € Z%, .. Now choose s and ¢ such that

s+t=m=r+1, 1<s,t<n—1.

After that choose an arbitrary ug € Z3,_,., replace u by ug in (2.3) and solve equation
(2.3) with respect to v. Denote this solution by vy (vo € Z3,_,,). Then the pairs (u, v),
satisfying (2.3), are

u=1ug+ 2" ko, v=2v9+ 2" "ly; ko € Lo, ly € Zos.

If the numbers r, p, s, t, u, v are chosen in this way, then the corresponding numbers i, j
and k are the solutions of the first equation i? 4+ jk = 1(mod 2") of system (2.1). Let us
determine the number of solutions of this equation. For the choice of the pair (u, v) we
have 2¢.2777=2.25 = 27~1 possibilities. The number of choices of (r, p, s, t) depends on r:
there are r possibilities for the choice of pairs (s, ) and 2" "~! possibilities for the choice
of p. Hence we have

n—2
doreonrl=3.2m2 — o
r=2
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possibilities for the choice of (r, p, s, t). Therefore, the number of solutions of the first
equation of (2.1) in the case r =m — 1> 1is

2l (3-2"72 — 2p). (2.4)
Next assume that » = 1. Then (2.2) implies
p(1+p) = —2"2uw (mod 2"~™). (2.5)
The number 1 + p can be presented in the form
L+p=2""2q, q€ L 1 m2 = Linmi1.

Hence (2.5) implies
(1—-2""2¢)q = uv (mod 2"~ ™). (2.6)

The choice of triples (i, j, k), satisfying the first equation of system (2.1), proceeds as
follows. First choose m such that 3 < m < n — 1. Next choose s and ¢ such that
s+t=m, 1 <s,t<n-—1 After that choose ¢ € Z3,_,.,, and calculate p = —1 +
2m=2q, i = 14 2p. Now choose an arbitrary ug € Ly, replace u by ug in (2.6) and
solve the equation (2.6) with respect to v. Denote this solution by vy (vo € Z3,_,,). Then
the pairs (u, v), satisfying (2.6), are

u=1ug+ 2" ko, v=uv9+ 2" "ly; ko € Lo, ly € Zos.

If the numbers m, ¢, s, t, u, v are chosen in this way, then the corresponding numbers
i, j and k are the solutions of the first equation i? + jk = 1(mod 2") of system (2.1).
Let us determine the number of solutions of this equation in our case. For the choice of
the pair (u, v) we have 2¢ . 2"~™m=1. 25 = 9=l poggibilities. The number of choices of
(m, q, s, t) depends on m: there are m — 1 possibilities for the choice of pairs (s, t) and
2"~™ possibilities for the choice of q. Hence we have

n—1
d (m—1)-2""=3.2""%—2n

m=3

possibilities for the choice of (m, g, s, t). Therefore, the number of the solutions of the
first equation of (2.1) in the case r =1 is also give by (2.4).

We have got all solutions of the first equation of (2.1). In both cases, r > 1 and r = 1,
they can be presented commonly as follows

i=x142""1p b=2%, c= 2, (2.7)

where p € Z3,,_,,+1 and other parameters are described above. The sign + corresponds to
the case r > 1 and the sign - corresponds to the case r = 1. Let us solve now system (2.1)
fully.
The first and second equations of (2.1) imply I? + jk = 1 (mod 2"). Therefore, similarly
to (2.7), we get
I=4+14+2""1py, p1 € Zhnmin (2.8)
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Assume that in (2.7) and (2.8) the signs are equal. Then i + 1 = 2(+1 + 2™ 2(p + p1))
and the third equation of (2.1) implies 2 = 0 (mod 2"~ %), i.e., s = n — 1. This contradicts
t>1and m = s+t <n—1. Hence the signs in (2.7) and (2.8) are different and

(G, ) =(1+2"1p, —14+2"1p)) or (i,1) = (=14+2""1p, 142" 1)), (2.9)

i+l=2""Yp+p), i—1=x24+2""1p—p).

By the second equation of (2.1), we have
i+ 00— 1) =2""(p+p1)2(£1 + 2" 2(p — p1)) = 0 (mod 2"),

i.e.,

p+p1 =0(mod2"™ ™). (2.10)

Consequently, the two first equations of (2.1) are valid only in the case when conditions
(2.9) and (2.10) hold. But in this case also the two last equations of system (2.1) are valid.
Hence

— 2n—m

D+ D1 w, w € Lo,

l=F142""1p = F1 4+ 2" Y —p+2""w) = —i + 2" L,
and we have got the set of all matrices of order two in case I'V:

i=+1+2m"1p 25,
2ty —i4 2wl [

M10={

where
1<s,t<n—-1,3<m=s+t<n—-1, p€ Ljms1, wE Lo,
u=1ug+ 2" ko, v=1rg+ 2" "y, ko € Zgt, lg € Zss
and vy is a solution of the equation
ugv = (F1 — 2™ 2p)p (mod 2"~ ™),
or, equivalently,
UE Lns, 0 E Lippsy, wv+ (£1 4 2™ 2p)p = 0 (mod 2"~ ™).

Hence Mg can be presented as a disjoint union Mg = M, U M2, U M3, U M, of
its subsets M1y, M2, M3, and M},, where M}, consists of all matrices of Mjo which
satisfy the equalities w = 0 and uv + (£1 + 2™ 2p)p = 0 (mod 2™ *1), M2, consists
of all matrices of Myg which satisfy the equalities w = 0 and uv + (£1 + 2™ 2p)p =
2"~ (mod 2"~ ™FL) | M3, consists of all matrices of Mio which satisfy the equalities
w=1,4i=14+2""1p wo+(1+2"2p)p =0 (mod 2" ™ orw =1, i = —1+2""1p, uv+
(=1 + 2m=2p)p = 2™ (mod 2"~ ™T1), and, finally, M7, consists of all matrices of M
which satisfy the equalities w = 1, i = 1+2™ !p, uv+(1+2™2p)p = 2™ (mod 2"~™+1)
orw=1,i=-1+2""1p wv+ (=1+2"2p)p = 0(mod 2" ™F1).
It is easy to check that

M| =2-2-2"71.(3.2"72 —2p) = 2"F1 . (3.2"72 — 2p).
If we sum up the numbers of elements of sets My, ..., Mg, we obtain |[M| = 471 +32.

We have proved the following theorem:
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Theorem 2.1. Assume thatn > 3. Then the set M of all (2x2)-matrices A over Zan, sat-
isfying ~ A? = I, is the disjoint union of the sets My, Mo,...,
Mig. The number of these matrices is 9 -4"~1 + 32.

3 Conjugate classes of matrices of order two

Let us consider the group G, given by (1.1) or, equivalently, by the corresponding matrix
A € M, where the set M is described in section 2 (see (1.2)). Denote this group by G(A).
The matrix A determines an automorphism « of the subgroup < a, b >=<a > x <b >
of G(A): aa = a'h?, ba = a*b!. Then the composition rule in G(A) is

cg-c’h=c""".ga’ h; w,v€Zy g, he<a,b>. (3.1)

Lemma 3.1. Let A, B € M, and assume that A and B are conjugate: B = C~1AC.
Then the groups G(A) and G(B) are isomorphic.

Proof. Assume that A and B belong to M and they are conjugate, B = C~tAC.
Denote by «, 8 and -, respectively, the automorphisms of < a, b > that correspond to
these matrices. Using (3.1), it is easy to check that the map

T:G(A) — G(B); (9T =c" gv; u,v€Zy; g, he<a,b>,

is isomorphism between groups G(A) and G(B). The lemma is proved.

By lemma 3.1, it is clear that to prove theorem 1.1, we need to divide the set M into con-
jugacy classes Cq, ..., Cp, of matrices, choose a representative A; from each conjugacy class
Ci, and, finally, check the isomorphism or non-isomorphism of groups G(A1),..., G(An).

Theorem 3.1. For a fired n > 3, there exist 17 conjugacy classes of matrices in M.

They are
_ [+t 0
boore={IT v}

na-{

0
1

O =

1 o2nt 1o [r420t  2nt
3) C3 - { 0 1 ) 2n—1 1 ) ‘ 2n—1 1 +2n—1 )
1 2n—1 14+ 2n—1 2n—1 14+ 2n—1 0
4) C4 = 2n71 1 ) 0 1+2n71 ) 2n71 1+2n71 ’
_f|l-1 o -1 42nt 0
vonffd 8l) o L8l
-1 2nt -1 0 —1+2r-t  on-d
7) Cr = { 0 —1 1 ‘ on—1 _1]” ' on—1 -1+ on—1 ’
-1 + 2n—1 2n—1 -1 + 2n—1 0 -1 2n—1
8) CS = 0 — 14+ 2n71 ) 2n71 — 14 2n71 ) 2n71 -1 ’
1 2n—1 14+ 2n—1 2n—1
9) Co = { gn—1 1 4 on—1" H gn—1 1 ’ 10) Cio = Mg \697
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. 2n71 2n71
9 -1 -1+ 2n—1 9 H

11) Ci = {‘ on—1 1 };

12) Cia = My \CH, 13) Cis :M%UM:I’O, 14) Cia = M%UM%O,
15) Ci5 = M1 U My U Mg, 16) Cis :M}lUM%O, 17) Ci7 :MZUM%O.

Proof. Calculating the values of the pair (|A], Tr(A)) for each A € M, we get six
different values (Tr(A) — the trace of A):

(1,2), (1, =2), (14271 242771,

(127t —242mh (=142 277l (=1, 0).

Denote by Ki, ..., K¢ the sets of all matrices A of M, for which the values of (|A|, Tr(A))
are these six pairs, respectively. It is easy to check that

K1 = Ms, Ko = Mg, K3 =Msg, Ky = Moy,
Ks = Mz UMz U M, U Mj,,
Ko = My UMy UM3zUMygU M, UM,

Assume that A, B € M. If A and B are conjugate, then they have the same determi-
nants and traces. Therefore, each set IC; is a union of some conjugacy classes. Our aim is
to find these unions for sets Ky, ..., K.

First we divide Ky into conjugacy classes. Matrices

1421 0
0 14 2n1

1 0

=l s

and Ay = H

belong to the centre of GLg(Zon). Hence we get conjugacy classes C; = {A;} and Cy =
{A3}. Choose
1 2n—1

0 1 € K1\ (C1 UCy).

o]

Calculating the products C~'A3C for each C € GLg(Zgn), we get a conjugacy class
C3 C K1. Since C; UCy UCs # Ky, choose

1+ 2n71 2n71

A4:H 0 1427t

€ K1\ (C1 UCa UCs).

Calculating the products C~1A4,C for each C € GLy(Zan), we get a conjugacy class
C4 C Kq. Since K1 = C1 UCy UC3 ULy, we have finished the dividing of Xy into conjugacy
classes.

Similarly, we obtain the conjugacy classes for sets Ko, K3 and K4:

Ko =CsUCeUC7UCs, K3 =CyUCi9, Ky =C11UC o,

where Cs, Cg, ..., C12 are the conjugacy classes with representatives
-1 o0 -1 4 2n ! 0
A5_Ho —1"A6_" 0 —142n1|
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-1 2n71 14+ 2n71 2n71
A7_H0 -1 ’Ag_H 0 —1 4271
1 2n—1 1 0
Ay = on—1 1 4 on—1|p> Ao = HO 14 92n—1|"
-1 2n~t -1 0
An = ‘ g1 _q 4 gntf s A= H 0 —1+42n 1"
respectively.
Let us divide now K5 into conjugacy classes. Choose two matrices A3, A4 € Ks:
1 0 -1 0
A1z = Ho —1+2m | A14_” 0 14201

Our aim is to find all matrices that are conjugate with these matrices. Assume that

r oy
zZ W

C:

is an arbitrary element of GLg(Zgn). Denote d = zw — yz. Since C' € GLa(Zan), we have
d = zw —yz = 1(mod 2) and zow — yoz = 1 (mod 2"), where yo = yd~!, 29 = zd~!. All
matrices which are conjugate with A3 have the form

1 jw - 1 0 x
-1 _ L ) ) Y _
O AuC = d '—z T HO 14271 ||z wH
T+ yoz - 2(1 = 2772)  2ypw(1 — 2772) (3.1)
T —2202(1 — 2772 —ig+ 27t ||’ '
where 39 = 1 + ypz - 2(1 — 2"72). Since the system
1+yoz-2(1—2"2) = —1, 2yow(l — 2" %) =0,
—2202(1 —2"72) =0, —ig+2"" 1 =1+2""1
has no solution (xg, yo, z, w) in Z%n, the matrices A3 and Ay4 are not conjugate.
Assume that
1 2%u
B ‘ oty —iton-tf €Mz
Herei € {#1, £1+2" 1} 1<s,t<n; s+t>n; uc Loy, v € Ly By (3.1), B is
conjugate with A;3 if and only if the system
1+yoz-2(1 —2"2) =i, 2yow(l —2"72) = 2%, (3.2)
—2202(1 — 2"72) = 2lv, zow — Yoz = 1 '

has a solution (xg, yo, 2z, w) in Z%n. Let us consider the case i = 1. It follows from (3.2)

that
Yoz = 0 (mod 2" 1), yow = 257 1u(1 — 272)~! (mod 277 1), (3.3)

zoz = -2 1o(1 = 27727 (mod 2771), xow — yoz = 1 (mod 27)
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(the inverse elements are taken in Z3,). Clearly, zow = 1(mod2) and, therefore, (3.3)
implies

yo = 25 tuw (1 — 2"72)7 (mod 2771),

z = -2y (1 — 2772)7! (mod 2771,

Yoz = —2° " 2yury fwH (1 — 2772)72 = 0 (mod 277 1),

row — Yoz = 1 (mod 2™).

(3.4)

Hence it is necessary that s+t —2>mn—1, i.e. s+t > n. Assume that s +¢ > 2. Then,
by (3.4), system (3.3) has a solution:

w=1, zg=1+ 212

yo =2""tu(l =277 2= 2" hoggt (127727

We have proved that if i = 1, then B is conjugate with Aj3 if and only if s+¢ > n. Similary
calculations show that if i = —1, i = 1+2"1 i = —14+2""1 then system (3.2) is solvable
and B is conjugate with A3 if and only if s+t =n, s+t =mn, s+t > n, respectively.
Consequently, the matrix B € My is conjugate with A3 if and only if B € M3. Similarly,
the matrix B € My is conjugate with A4 if and only if B € M2. We have divided the
set M7 into two part, one part consisting of elements which are conjugate with A;3 and
other part consisting of elements which are conjugate with Ay4.

Carrying out analogous calculations for B € Mjg, we obtain the following result:
B is conjugate with Aj3 if and only if B € M3,, and B is conjugate with Ay4 if and
only if B € ./\/(‘110. Therefore, we have divided the set K5 into two conjugacy classes
Ci3 = /\/l% U Mi{’o and Ci4 = /\/l% U Milo with representatives A3 and Aj4, respectively.

Finally, we must divide Kg into conjugacy classes. Choose three matrices A5, A1g, A17 €
ICGZ
01 1 0 14 27! 0
10 0 -1 0 —1+27t

The centres of the groups G(A15), G(A16) and G(A17) are Con, Cy X Can and Cy X Con-1,
respectively. In view of lemma 3.1, these three matrices belong to different conjugacy
classes. Similarly to the considerations in connection of matrices A3 and A14, we obtain
conjugacy classes Ci5, C16 and Cy17 which are represented by matrices A5, A1 and Aq7,
respectively: Ci5 = Mj U Mo U Ms, Cig = MLU M, C1r = M3UM3,. The theorem is
proved.

A5 = H

) A16: H

) A17: H

4 Proof of Theorem 1.1

By theorem 3.1, M consists of 17 conjugacy classes Cy,..., C17. We preserve the no-
tions Ay,..., Ai7 given in the proof of theorem 3.1 for the representives of these conju-
gacy classes. Each group G which is given by defining relations (1.1) is isomorphic to
a group G(A;) for suitable i. Theorem 1.1 will be proved if we show that the groups
G(A1),..., G(Ay7) are non-isomorphic to each other (G; = G(A4;) in this theorem). Let
us prove that in this section.

Calculating the centres of the groups G(A1),..., G(A17), we obtain the following re-
sults:
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Z(G) G
CQ X an X an G(Al)
Con G(Ai5)
Cy x Con G(A13), G(Axe)
Cy X Con—1 (A14)7 ( )
C2n—1 X C2n—1 G( ) (A4), G(Ag)
CQn—l X an ( ), G(Alo)
02 X Cg G(A5), G(AG) ( ), G(Ag), G(AH) G(A12)

Hence depending on the centre, the groups G(A;), ..., G(A;7) can be divided into seven
classes. T'wo groups of different classes are non-isomorphic to each other. To prove that two
groups inside of a class are non-isomorphic we find the numbers of automorphisms of groups

G(Ag),..., G(A14), G(Asp),
G(A17). Doing that we get the following results:
G G(A2) | G(A3) | G(Ag) | G(45) | G(Ag) | G(A7)
|Aut(G)| 3. 24n—1 24n 24n—1 3. 26n—3 3. 26n—5 26n—4
G G(A4s) | G(Ag) | G(A1) | G(A11) | G(A12) | G(A1s)
|Aut(G)| 26n—5 3. 24n—2 24n—1 3. 26n—6 26n—5 23n
G G(A14) | G(A16) | G(Ar7)
]Aut(G)] 23n+1 23n+1 23n

Since |[Aut(G(Asg)| = |Aut(G(A12)], it is still necessary to check that the groups G(Asg)
and G(Aj2) are non-isomorphic. Since the numbers of elements of order two in groups
G(Ag) and G(A1s) are 3+22"72 and 3+22"~! respectively, the groups G(Ag) and G(A12)
are non-isomorphic. Theorem 1.1 is proved.
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