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Abstract

Personalized individual semantics (PIS) exist widely in our daily life, and it means that different people have
different understandings regarding the same word. In decision making, decision makers are accustomed to express
their preferences using a linguistic way, and it is naturally that the PIS will influence the decision result in the
linguistic decision making. In this paper, we propose a PIS-based MAGDM framework for multiple attribute group
decision making (MAGDM) problems with the linguistic preference information on alternatives. In the novel
framework, a two-stage based optimization model is constructed to deal with PIS by minimizing the deviation
between objective preference information (i.e., multiple attribute decision matrix) and subjective preference
information (i.e., linguistic preference relations over alternatives), and this optimization model is then transformed
into a linear programming model that can be easily solved. Based on this, decision makers’ linguistic preference
information can be transformed into numerical preference information for implementing the computation process.
By fusing objective and subjective preference information, the collective solution of MAGDM problem can be
obtained. The numerical and simulation experiments are conducted to verify the effectiveness of the proposal.

Keywords: Computing with words, multiple attribute group decision making (MAGDM), personalized individual

semantics (PIS), numerical scale

1. Introduction

Multiple attribute decision making (MADM) refers to
the problem of ranking alternatives from best to worst
based on the multiple attribute decision matrix
associated with multiple alternatives and attributes [7,
19]. The MADM has been widely used in many areas,
such as economics, management, engineering and so on
[4, 41]. As the decision-making environment becomes
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more and more complicated, it is hard for a single
decision maker (DM) to take account all aspects of a
decision making problem. In some situations, MADM
problem needs to be solved by a group of DMs.
Therefore, multiple attribute group decision making
(MAGDM) models have been proposed and used to deal
with the complex situations of decision making
problems. In general, solving MAGDM problems
includes the following two steps: (1) aggregating the
individual multiple attribute decision matrices into a
collective multiple attribute decision matrix; (2)

Copyright © 2018, the Authors. Published by Atlantis Press.
This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).

496



ATLANTIS
PRESS

International Journal of Computational Intelligence Systems, Vol. 11 (2018) 496-513

obtaining the ranking of alternatives from collective
multiple attribute decision matrix. The research on
MAGDM has made a great progress, and the more
information can be found in [11, 19, 42].

In the classical MAGDM problems, decision
information only includes multiple attribute decision
matrices that provided by a group of DMs. However, in
some MAGDM problems, DMs will give preference
information on alternatives besides multiple attribute
decision matrices. This type of MAGDM problem is
called MAGDM with preference information [20, 26].
Clearly, there are two kinds of preference information in
MAGDM problem with preference information on
alternatives: objective preference information (i.e.,
multiple attribute decision matrix) and subjective
preference information (i.e., preference relations on
alternatives). In the extant literature, Fan et al. [12]
investigated MADM problem with fuzzy preference
relation on alternatives. Moreover, Wang and Parkan
[38] proposed some approaches to MADM with
preference information, in which the attributes weights
are incompletely known. Recently, Kadzinski and
Tervonen investigated MAGDM with additive value
models and preference information on alternatives [20].

To our knowledge, most of the existing studies on
MAGDM with preference information assumed that the
DMs provide their preference
alternatives using a numerical way [12, 26, 38].
However, in practice, some DMs may feel more
comfortable to use a linguistic way to provide their
preference information over alternatives instead of using
a numerical way. In recent years, linguistic decision
making has become a hot research topic in the decision
area, and a lot of linguistic decision making models
have been reported [5, 6, 9, 25, 31, 33, 34, 40, 47, 48].
When DMs use a linguistic way to provide preference
information, it is natural that words mean different
things for different DMs. In other words, DMs have
personalized individual semantics (PIS) in linguistic
decision making (e.g., [1, 27, 28]). PIS exist widely in
our daily life. For example, during an interview, two
interviewers both give comments “good” to an
interviewee. However, the term “Good” may has
different meanings, one interviewer may think this
interviewee should score 80 points, while the other
interviewer may think the interviewee should score 95
points, if using the hundred percentage point system.
Therefore, PIS are important elements that cannot be

information over
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ignored in linguistic decision making due to their
influences on the final decision result. [21]. Recently, Li
et al. [21] investigated the PIS in the group decision
making with linguistic preference relations. The basic
idea to deal with PIS presented in [21] is that if the
consistency level of a linguistic preference relation is
acceptable, then the consistency level of the numerical
preference relation that converted from it should be as
better as possible.

Surely, the PIS will also exist in MAGDM with
linguistic preference information over alternatives. To
our knowledge, there is no research that focused on this
issue. To fill this gap, this paper proposes a PIS based
framework for MAGDM problem with linguistic
preference information on alternatives, which is inspired
by the work of [21]. In the proposed framework, a
two-stage based optimization model is proposed to yield
the numerical scales of linguistic terms with PIS. In the
first stage, an optimization model is designed to obtain
the numerical scales of linguistic terms and the
attributes weights by minimizing the deviation between
objective (multiple attribute decision matrix) and
subjective  (linguistic  preference relations over
alternatives) preference information. However, the
optimization model presented in first stage may have
multiple solutions. To deal with this problem, the
second-stage optimization model is presented to further
optimize the solutions obtained from the first-stage
optimization model. Both optimization models proposed
in the first and second stages are transformed into linear
programming models that can be easily solved. Based
on this, the linguistic preference
alternatives are transformed into additive preference
relations. Further, the collective solution can be
obtained by fusing objective preference information
(i.e., multiple attribute decision matrix) and subjective
preference information (i.e., linguistic preference
relations over alternatives).

Although the investigation of the PIS in our paper
is inspired by the work of [21], the approaches to deal
with PIS between them are clearly different. The
approach to deal with PIS in [21] is based on
consistency-driven methodology, while in our proposal,
we address PIS by minimizing the deviation between
objective preference information (i.e., multiple attribute
decision matrix) and subjective preference information
(i.e., linguistic preference relations over alternatives).

relations over
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The rest of this paper is organized as follows.
Section 2 introduces the 2-tuple linguistic model,
numerical scale model and the MAGDM with numerical
preference information on alternatives. In Section 3, a
PIS based decision framework for MAGDM with
linguistic preference on alternatives is proposed. The
two-stage based optimization model is developed to
support our framework, and a numerical example is
used to show the applications of the proposed approach
in Section 4. In Section 5, the numerical and simulation
experiments are designed to verify the effectiveness of
the proposal. Finally, concluding remarks are made in
Section 6.

2. Preliminaries

This section provides some basic knowledge about the
2-tuple linguistic model, the numerical scale model, and
the MAGDM problem with preference information on
alternatives.

2.1 The 2-tuple linguistic model

This section introduces the 2-tuple linguistic model,
which is the basis of numerical scale.

Zadeh [43] introduced the concept of linguistic
variable as “a variable whose values are not numbers
but words or sentences in a natural or artificial
language”. A linguistic value is less precise than a
number but it is closer to human cognitive processes
used to solve successfully problems dealing with
uncertainty. Let § ={s, |i =0,1,2,...,g} be a linguistic
term set with odd cardinality. The term s, represents a
possible value for a linguistic variable, and it is required
that the linguistic term set should satisfy the following
characteristics [17, 43]:

(1) The set is ordered: s, >s, if and only if
i>j;
(2) There is a negation operator: Neg(s,) =5,

such that j =g —i.

The number of linguistic terms in the set S is
called the cardinality of S. If the semantics of the
elements in the linguistic term set are given by fuzzy
numbers [36] (defined in the [0,1] interval), then the
midterm represents an assessment of “approximately
0.5”.

Definition 1. [17]: Let B <[0,g] be a number in the
granularity interval of the linguistic term set

498

S={s[|i:O,1,2,...,g}, and let i=round(f) and
a=p—i be two values such that ie[0,g] and
a€[-0.5,0.5) . Then, a is called a symbolic
translation, with round being the usual rounding
operation.

The 2-tuple linguistic representation model,
presented in Herrera and Martinez [17] represents the
linguistic information by a 2-tuple (s,,a)eS =
§x[-0.5,0.5), wheres, e § and «a €[-0.5,0.5).

Definition 2. [17, 24] Let S={si|i=0,l,2,...,g} be a
linguistic term set and fe[0,g) be a value
representing the result of a symbolic aggregation
operation. The 2-tuple that expresses the equivalent
information to /B is then obtained as:

A:[0,g] — S x[~0.5,0.5),

where

.0 = round(f3)

. 5!'
A(B) :(S“a)"mh{a = f—i.ae[-0.5.0.5)

(1)

Function A, it is a one to one mapping whose
inverse function A™':S—>[0,g] is defined as
A'(s;,a)=i+a.When a=0, A(f) isthen called a
simple term.

Definition 3. [8] The matrix L = (/,)

is called a linguistic preference relation. The matrix

where I, €S,

nxn?

L=()),.,> where [, €S, is called a 2-tuple linguistic
preference relation. If [, = Neg(l,) for i,j=1,2,..,n,
then L is considered reciprocal.

In decision making with preference relation(s), the
transitivity is an important concept. Let s, (a = %) is

the midterm of linguistic term set S. Several transitive

properties of linguistic preference relations are
described as follows:
(1) Intransitivity: 1, >s,, [, >s, = [, >s,

fori, j,ke{l,2,..,n}

(2) Weak stochastic transitivity: [, >s,, [; 25

= 1,25, for i,j,ke{l,2,..,n}

(3) Strong stochastic transitivity: 7, >s,, Ly2s

a

= I, 2max(l;,[,) for i,j,ke{l,2,.,n}
(4) Additive transitivity:

i,j,kel{l,2,..,n}

ly=l,—1, +s, for

i
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Clearly, the additive transitivity condition is
stronger than strong stochastic transitivity, and the
strong stochastic transitivity condition is stronger than
weak stochastic transitivity. In general, we consider that
the linguistic preference relation is of acceptable
consistency if it satisfies a set of pre-established
transitive properties. In this study, we assume that the
consistency level of the linguistic preference relation is
acceptable if it satisfies the weak stochastic transitivity.

2.2 Numerical scale model

The concept of the numerical scale was introduced in
[9], which is used to transform linguistic preference
information into numerical preference for implementing
calculation process.

Definition 4. [9] Let S={s5]i=0,12,..g} be a
linguistic term set, and R be the set of real numbers. The
function: NS:
S ,and NS(s;) is called the numerical index of s, .

S — R is defined as a numerical scale of

Definition 5. [9] Let S, S and NS be as before. The

numerical scale NS on S for (si,a)eg, is
defined by

— NS(s,)+ax(NS(s,,)—NS(s,),a =0
NS((s;,@)) =
NS(s;)+ax(NS(s;)—NS(s,,),a<0
2
2.3 MAGDM problem with numerical

preference information on alternatives

The MAGDM problem with numerical preference
information on alternatives is described as follows:
Let X ={x,,x,,....,x,} (n=2) be a finite set of

alternatives, where x, denotes the I th alternative;
E={e,e,,...e,} be a finite set of experts, where
e, (k=12,.,m) the k th
A={a,,a,,..,a,} (t=2) be a finite set of attributes,
where a, denotes the ; th attribute. Let V' =(v,),,,

denotes expert;

be a multiple attribute decision matrix, where v, is the

preference value of the alternative X, with respect to
the attribute @, . Let be the

attributes weight vector, where @, >0 is the weight of

o =(w,0,,....,0,)"

attribute a, and Za)j =1 . In some MAGDM
Jj=1

problems, DMs will provide preference information on
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alternatives X = {x,,x,,...,x,} , and preference relations
(e.g., multiplicative preference relations [2, 3], additive
preference relations [15, 23, 32], linguistic preference
relations [8, 22, 44]) are the useful tools for experts to
provide such preference information. The decision
objective is to obtain the ranking of alternatives based
on the multiple attribute decision matrix and the
experts’ preference information on alternatives.

In extant literature regarding the MAGDM with
preference information on alternatives, additive
preference relations (also called fuzzy preference
relations) are widely used. In addition, different
preference relations can be transformed into other
formats (see [14]). In the following, we introduce the
additive preference relations in detail.

Definition 6. [15, 32] A matrix P=(p,),,, , where

p; €[0,1]
called an additive preference relation over alternatives
X ={x,,x,,...,x,} . Specifically,  p >0.5 denotes

and p,+p,=1for ij=12,..n, is

that alternative x, is better than x, ; p <o0.5

signifies that alternative x, is better than X ;

p, = 0.5 represents the equally importance between

x, and x;.

Generally, ordinal and cardinal [3] consistency
measures are two common types of consistency for a
preference relation. The former is closely related to the
transitivity of the corresponding preference relation, and
the latter is a stronger concept because it not only
implies the transitivity of preferences, but also the
intensity of preference expressed by comparisons.

Similar to the transitive properties of linguistic
preference relations, the transitive properties of additive
preference relations are presented below:

(1) Intransitivity: p; >0.5, p, >05 = p,

>0.5 forall i,j,ke{l,2,..n}
(2) Weak stochastic transitivity: p, >0.5,
>205= p, 205 forall i,j,ke{l2,..,n}

P

(3) Strong stochastic transitivity: p, >0.5, Py
>205=> p, 2 max(l[j,l}.k) forall i,j,ke{l,2,..,n}

(4) Additive transitivity: p, = p, —p, +0.5 for
all i, j,ke{l,2,..,n}.

Based on additive transitivity,

consistency measure for an additive preference relation
is presented below.

the cardinal
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Definition 7. [16] The cardinal consistency index (CCT)

of an additive preference relation, P=(pl.j) is

nxn

presented below:

2 n
CClI(P)=————
3n(n—-1)(n-2) :‘/,/;:l;ﬁ,z‘#k

p,‘/+p,'k_pik_0‘5‘ (3)

where CCI(P)e[0, 1] . If CCI(P)=0, then the

P = (py )nxn iS
consistent; otherwise, the smaller value of CCI(P), the

preference  relation completely

more consistent of P .

3. A PIS based MAGDM framework

In this section, we propose a PIS based decision
framework for MAGDM problem with linguistic
preference information on alternatives.

3.1 The description of the problem: MAGDM with
linguistic preference information on alternatives

As expounded in section 1, most of the studies assumed
that the preference relations over alternatives in
MAGDM were based on the numerical information. But
sometimes in practical life, DMs may feel more
comfortable to use a linguistic way to provide their
preferences over alternatives. For implementing the
calculation process, in linguistic decision making, the
linguistic preference information is often transformed
into the numerical preference information. When
quantifying linguistic preference information, PIS are
important elements that cannot be ignored due to their
influences on the final decision. Based on above
analysis, we present a new decision problem: MAGDM
with linguistic preference information on alternatives,
which is formally presented below.

Recall that E={e,e,,...,e,} is a finite set of
DMs; X ={x,x,,....,x,} (n=2)
alternatives; A={a,,a,,...,a,} (t=2) is a finite set of

is a finite set of
attributes; @ = (w,,®,,...,®,)" 1is the weight vector
e s @

decision matrix. Let A =(4,,4,,...,4, )" be the weight
vector of DMs, where 4, >0 denotes the weight of

over attributes 4 ={q,,a,,...,a,}; and ¥V =(v,)

DM e, and Zﬂk =1. In decision making, DM e,

k=1
uses linguistic term set S ={s,,s,...,s,} to provide

their linguistic preference relations L' =(l;) over

nxn

500

alternatives X = {x,x,,...,x,} , where ll.f €S denotes

the preference degree of alternative x; over X;.

In the decision making, DMs have PIS regarding
their L' = (I})
concerned with the ranking of alternatives or selection

of the most desirable alternative(s) by fusing the
objective preference information V =(v,),,, and the

nxt

The problem in this paper is

nxn °

nxn *

subjective preference information L* = (l,.f )

3.2 The proposed framework

Here, we propose a new decision framework to handle
MAGDM with linguistic preference relations on
alternatives: PIS based MAGDM framework. This
framework is described in Fig. 1, and two main steps are
included in this framework: (1) transforming linguistic
preference information into numerical preference
information; (2) selection of the alternatives.

(1) Transforming linguistic preference
information into numerical preference information

In this process, a consistency control process is
utilized to improve the consensus level of linguistic
preference relations. After that, a two-stage based
optimization model is designed to yield the numerical
scales with PIS by minimizing the deviation between
objective (multiple attribute decision matrix) and
subjective (transformed fuzzy preference relations over
alternatives) preference information.

Note 1: The numerical preference relations are
widely used in GDM, such as multiplicative preference
relations [3], additive preference relations [5, 16], and
interval additive preference relations [5].
Herrera-Viedma et al. [14] discussed the transformation
function between different numerical preference
relations. The use of numerical preference relations will
not change the essence of the proposed MAGDM
framework. Without loss of generality, we consider that
the linguistic preference relations are converted into
additive preference relations in this paper.

The details of this process are presented in Section
4.

(2) Selection of the alternatives

After getting the numerical scales ( NS*(s,) ) with
PIS from the above step, we can transform the linguistic
into the numerical

nxn

preference relations L = (l; )
. ko k .
preference relations P* =(p;) Next, the subjective

SPVO, .,

nxn *

preference vector SPV® = (SPVY,
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SPV™)" can be obtained from P, where SPV"

represents the subjective preference value of alternative
x, and it can be obtained using Eq. (9). Further, we can

get the collective subjective preference vector SPV =
(SPV,,SPV,,..,SPV.) by aggregating {SPV,",
SPV? ..., SPV"™y (i=1, 2,.., n) , SPY,

denotes the collective preference value of alternative
x, and it can be calculated using the following way,

where

4)

Let OPV =(OPV,,0OPV,,..,OPV,)" be the
objective preference vector obtained from the multiple
attribute decision matrix using Eq. (8), where OPYV,
represents the objective preference value from x, .

After getting the subjective and objective
preference vectors, the collective preference vector,
PV =(PV,,PV,,...,PV,), can be yiclded, where the
collective preference value of alternative x, is
computed below:

SPV, =Y ASPVM, i=1,2,...n.
k=1

PV, =aOPV,+(1-a)SPV,, i=1,2,...,n, (5)
where « e[0,1] . Clearly, the larger PV, value
denotes the better alternative x, Based on

PV=(PV1,PV2,...,PVn)T, the collective solution, i.e.,
the collective ranking of alternatives from best to the
worst, can be obtained.

Discussion. By taking the PIS into account, the
deviation between objective and subjective preference
information in our proposal can be decreased compared
with the traditional MAGDM framework, which will be
shown in the comparison section. Meanwhile, we
should be noted that this paper assumes that linguistic
preference relations provided by DMs are complete.
However, in some situations, it may be difficult for
DMs to provide all elements in linguistic preference
relations on alternatives, which results in the uses of
incomplete linguistic preference relations [35, 37, 39,
48]. In future research, we plan to investigate the
management of incomplete linguistic preference
relations under the PIS based MAGDM framework.

Transforming linguistic
information into numerical values

Consistency
control

Objective

Subjective preference information:

]
information: linguistic
preference relations

informaion: Multi-attribute
decision matrix

linguistic pref relations with

acceptable consistency

Exploitation

Minimize the deviation between
objective and subjective information
(model (16))
Weight vector on Numerical scales of
attributes linguistic terms
Preference information
transformation
Linguistic Numerical

preference relations

Aggregation

preference relation

k—‘ Exploitation

Multi-attribute
decision matrix

Objective preference
vector (Eq. (8))

Collective subjective
preference vector (Eq. (4))

Individual subjective
preference vectors (Eq. (9))

L ]

Preference information
fusion

Selection of the alternatives

vector (Eq. (5))

Collective preference

Fig. 1. The PIS based MAGDM framework

4. Obtaining the individual numerical scales with
PIS

In this section, we propose a way to transform linguistic
preference relations into numerical preference relations.

Specifically, Section 4.1 proposes a basic model for
obtaining the individual numerical scales with PIS.
Section 4.2 further optimizes the basic model presented
in Section 4.1. In addition, a numerical example is
provided to illustrate our method in Section 4.3.
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4.1 Modeling

Here, we propose a model to yield the individual
numerical scales with PIS by minimizing the deviation
between  objective and  subjective  preference
information. The model mainly includes three
processes, which are presented below in detail.

(1) Obtaining objective preference vector from the
multiple attribute decision matrix

In MAGDM problem, there are two categories of
attributes: the benefit attributes and the cost attributes.
Based on these two types of attributes, the multiple
attribute decision matrix ¥V =(v,),, is transformed

nxt

into normalized multiple attribute decision matrix

V= (v_l.j) where

nxt >

vl
; =——— for benefit attribute a, € 4, j =1,2,..

>
-
2

Let OPV =(OPV,,OPV,,..,OPV,)" be as above,
where the objective preference value of alternative x;
is exploited by [19]:

<< |

.,t(6)

for cost attribute a, € 4, j =1,2,....,t (7)

(®)
j=1
(2) Obtaining subjective preference vectors from
the preference relations over alternatives

Let P*=( p;) be the fuzzy preference relation

nxn

associated ~ with  linguistic  preference  relation

k _ o7k ko k 7k k) _
L =(;),,, » where P"=NS"([;) . Let SPV" =
SPv0,sPvP .. ,SPV®) be as above, where

the of

Similar to the method to compute the

SPVI.(k) is subjective preference value
alternative ;.

preference vector of the interval additive preference
relation [21], we adopt the following way to compute

the subjective preference vector SP Vi(k) ,

o_ 2 2
spyR = ?NSk(l;.“) = szg, i=1,2,..n; k=12,.,m
j=1

)

502

(3) Fusing the objective and subjective preference
information

It is desirable that the deviation between the
objective and subjective preference information is as
small as possible. For DM ¢ , the deviation is

calculated by Z|OPK—SPK””|. For all DMs, the
i=1

(k)
; .
k=1 =1

m

Naturally, we hope » 1, Z|OPV SPV"‘)| is as

k=1 i=1
small as possible, i.e.,

min "4, >"|0PV, -sSP¥ 0| (10)
k=1 i=1
Further, Eq. (10) can be rewritten as follows:
1111ni1220 %ip;
k=l il | =l L)
nnniﬂn Z Z(JJ . iNS(f;)
=] i=l | j=1 J=1 (1 1)
Meanwhile, the numerical scales NS (s,),
k=1,2,...m should satisfy the following conditions:

(1) The numerical scale should be ordered, i.e.,

NS*(s,,,) > NS*(s,) » izO,l,...,%, k=1,2,.,m (12)

For controlling the discrimination degree between
two consecutive numerical scales, we can take the
following way:

NS* (s, )= NS*(s,) >y k=1,2,...
where y €[0,0.1]
generality, in this paper, we set y =0.05.

,m;i=0,1,...,g-1 (13)
is a parameter. Without loss of

(2) The numerical scale should be reciprocal, i.e.,

NS*(s)+ NS (s,.) =1 k=1,2,..,mi=0,12,.. fi (14)

Moreover, for the flexibility of the numerical scales, we
can set the range of NS k (s;) as follows:

NS*(s,) €[0,(i+A)/g]
(i-4) (i+A)

k=12,..m;i=0,1,..,A-1

NS (s) < ~——= k=1,2,..,m;i = A,A+1,..,2

s
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where Ae[O,%], the bigger A value denotes the

bigger range of NS*(s.) . Without loss of generality, in
this paper, we set A =2

In this study, we consider that the attribute weights
are unknown. Thus, the objective preference vector
derived from Eq. (8) is also unknown. Based on the
above analyses (Egs. (10)-(15)), we establish an
optimization model to calculate the individual numerical
scales with PIS and attribute weights:

M= maniZZw v, = iplf
Jj=1

k=l =l | )=l

Pl =NS () k=1,2,0om; iy j=1,2,.m

NS*(s,) e[0,(i+A)/g] k=1,2,...m;i=0,1,...,.A-1

G2 nst o) <D jio msi=a A+l €

g g 2 (16)

stANS*(s,)-NS“(s)2y  k=12.m;i= 0,1,...%

NS*(s)+ NS (s, .)=1  k=12,.,m; i:0,1,2,...,§

ij =1

J=1

o; >0 j=L2,..,t

k .

where NS'(s;) (k=12,...m), @,(j=12,..,1) are

the decision variables.
We denote this model as £ . By analyzing model
P, we present the following proposition.

Proposition 1. Let NS“"(s,) be the optimal solution
to decision variable NS“(s;) in model P . Let
P! =(p;)w be the

associated  with  linguistic  preference  relation
L' =(),, . where p;=NS“(l]) . Then, fuzzy

P =(p))

fuzzy preference relation

preference relation satisfies weak

stochastic transitivity.

Proof. The I'

stochastic transitivity, from Definition 3, we have
k k ..

l,.j s, lj.y s, i,j,re{l,2,.n} .

Based on the properties of the numerical scale function,

pr=05 pl>05= p 205 for

n} . According to the transitive properties

in model P satisfies the weak

= Il >s, for
we have that:
i,j,re{l2,..,

satisfies weak

nxn

introduced in Section 2.3, P* = (p,-';)

stochastic transitivity. This completes the proof of
Proposition 1.
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O

Clearly, model F is a non-linear programming

model. In the following, we transform it into a linear

programming model that can be easily solved, which is
shown in Theorem 1.

Let u">0 be a variable, where

i _ 2 &

k k

_(ZWfVi/ _szty‘) Sy
j=1 nio

can be equivalently transformed into

Theorem 1.

t 2 n ,L ,L
pICAY _?Zpt,‘/‘ <u

j=1 j=1
Then, model A,
the following linear programming model:

and

m

M= mmZ/l Zu 0]
: 2
zwj Vi 7 u;

J= J=1

k=12,.,m i=12,...n )

—(ZQVU 3 f;)Suf k=12,...mi=12,..,n 3)

2

o :NS‘(I,,-)

NS*(s,) €[0,(i +A)/g]

(i+A)
g

k=12,...m;i,j=12,...n 4)
k=12,..,m; i=0,1,..,A=1 (5)

k=12,m i=AA+L... S (6)

sad U2 A)<NS( y< 2
g 2

NS (s,)-NS*(s)2y  k=12,..m;i= 0,1,..% 7

NS*(s,)+ NS*(s,.,) = k=12, mi= 0,1,2,...% ®)

ij =1 ©)
®,>0 =12, (10)
17)

Proof: In the model (17), constrains (2)-(4) guarantee

that < uik

t — 2 n
2OV, =5 Py <
I= noj=
function of model (17), any feasible solution with
t _ 2 n
2OV, 5P,
J=! =
model (17). Thus, constraints (2)-(4) guarantee that
1 P 2 n
2oV =52
=1 nj=

equivalently transformed into the model (17). This
completes the proof of Theorem 1. O

. According to the objective

u' > is not the optimal solution to

So, model A can be

k _
u, =

4.2 Further discussion regarding model P

This section discusses the problem of uniqueness of
solution to model A,

In Section 4.1, we obtain the optimal solution(s) to
model £ . However, in some situations, the optimal
solution(s) to B, is not unique. Particular, some of the
optimal solutions are not reasonable enough (in the
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sense of consistency). Here, we use an example, i.e.,
Example 1, to demonstrate this issue.

Example 1. In this example, three DMs
E ={e,e,,e,}, four alternatives X ={x,,x,,x,,x,} , and
three attributes A4={a,a,,a,} are involved. The
normalized multiple attribute decision matrix, V, is

given below:

a, a, a,

x, (0.0152 0.0951 0.0769
7 x, 1 0.2617 0.1843 0.4208
x, | 04112 0.2302 0.3172

x, (0.3120 0.4904 0.1851

Miller [30] has demonstrated that an individual cannot
simultaneously compare more than 7 + 2 objects
without confusion. The used linguistic term set with g+1

Here, we set y=0.05, A=2,

and @=05. Using L', I, [’ and V as the
inputs of model A, we can obtain a set of optimal
solutions. Here, we list two of them: Q, and Q,,
which are provided in Table 1.

Based on Q, and Q,, we can transform L', I’
and L' into P', P> and P’, respectively, and they

are listed below:
(1) P', P> and P’ under Q

symmetry linguistic terms is a g/2+1 gradations. In 05 055 04 0.65
this example the linguistic term set with 11 symmetry 045 05 04 09217
linguistic terms is used by DMs to express their P'=
preferences on alternatives. 0.6 06 05 0.6
0.35 0.0783 04 0.5
S ={s, = extremely poorer, s, = much poorer,
s, = poorer, s, = moderately poorer, s, = weakly 05 06508 04492 0.4492
poorer, s, =fair, s, =weakly better, s, = moderately 03492 05 03992 0.1889
~ ~ - | . . .
:etter,} s, = better, s, = much better, s,, = extremely 05508 0.6008 0.5 05508
etter
. . T 0.5508 0.8111 0.4492 0.5
Meanwhile, the DM e, supplies the linguistic
preference relation, L', based on linguistic term set S .
0.5 0.0939 03 0.5
5 S S5 % 55 S 84 % , 109061 0.5 0.8 025
F e R U T I e e "= 07 02 05 00039
S5 %% e 5755 S 0.5 075 09061 0.5
S, S, 85 S Sg Sy S, S
Table 1 The individual numerical scales in €, and €,
5 S) 5 53 54 Ss Se 87 Sg So Sio
NSl(sl,) 0.0783 0.1893 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.8107  0.9217
Q
' NSZ(si) 0.0754 0.1889 0.3492 0.3992 0.4492 0.5 0.5508 0.6008 0.6508 0.8111  0.9246
NS3(S[) 0.0297  0.0939 0.2 0.25 0.3 0.5 0.7 0.75 0.8 0.9061 0.9703
NSl(sl.) 0.2 0.2628 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7372 0.8
e NSz(si) 0.0788 0.2510 0.3492 0.3992 0.4492 0.5 0.5508 0.6008 0.6508 0.7490  0.9212
NS3(si) 0.0310  0.0939 0.2 0.25 0.3 0.5 0,7 0.75 0.8 0.9061  0.9690
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(2) P', P* and P’ under Q,

0.5 055 04 0.65
P 045 05 04 0.8
06 0.6 05 0.6
035 02 04 05
0.5 0.6508 0.4492 0.4492
, 103492 05 03992 0.251
105508 0.6008 0.5  0.6008
0.5508 0.749 0.4492 0.5
0.5 0.09309 03 0.5
P 0.9061 0.5 0.8 0.25
0.7 0.2 0.5 0.0939
0.5 0.75 0.9061 0.5
According to definition 7, we can obtain the
consistency levels of the transformed additive

preference relations P* (k=1, 2, 3) under Q, and
Q, , respectively, which are listed in Table 2.

Table 2. The consistency levels of P* (k=1,2, 3) under Q
and Q,, respectively

Pl P2 P3

CCI(P*
( Q) under | o 1572 02755 0.2500

1

CCI(P*
(P) under | 1167 02278 02500

Q
Example 1 shows that: (1) In some situations,
optimal solutions to A are not unique; and (2)
max, ; {CCI(P")} > max, {ccr(p*); , this

implies that the optimal solution Q, is better than Q,
in the sense of consistency.

Therefore, it is necessary to further optimize the
optimal solutions to B . Let M* be the optimal
objective  function of model B , and let
Q={Q,Q,,..,Q,} be a set of optimal solution(s) to
model P, . Then, using the optimization model,

. k
ST;I(I}m?XCC](P ) (18)

yields the unique optimal solution. Model (18) further
minimizes the maximal consistency index of the
transformed additive preference relations.

Further, model (18) can be rewritten as follows:

505

min max CCI(P*)

, 2
CCI(P‘)—i pi+pt —pi-05
3n(n—1)(n- 2),“,,‘ v
ZiZwa Zpﬁ =
k=1 i=1 | j=1 J=1
pr=NS"(I*)) k=12,.,m; i,j=12,..,n
NS*(s) e[0,(i+A)/g]l  k=1,2,.,m; i=0,1,..,A-1
02D ety <UD 4y = A+l E
g g 2
NS*(s,.,)— NS*(s,) 2 7 k:l,z,...,m;i:o,l,...,§
NS*(s,)+ NS*(s,_) =1 k:1,2,...,m;i:0,1,2,...,§
Zw}.:I
Jj=1
®;20 Jj=L2,..,t
(19)
k
In model (19), NS'(s;) and o= (@,®,,....0,)"

are decision variables. To solve model (19), Theorem 2
is presented.

Theorem 2. By introducing a variable 6> 0, then
model (19) can be equally transformed into the
following model:

min &

szz‘p/+p/ —pl-05|<6 k=1,2,...m (1)

YD) NOTEES W= )

k=1 =l | =1 noo
py=NS"(1)) k=12m; i,j=1,2,..,n ?3)
NS*(s,) €[0,(i+A)/g] k=12.,m i=01,.,A-1 (4
5] U8 gt (o)< 1 s i—AA+ L % 5)
NS*(s,.,) - NS*(s,) >y k=12,..,m; i=0,1,...,§ (6)
NS(s,)+NS(s,.) =1 i= 0,1,2,“.,% (7
> =1 ®)

j=1

w,20 J=12,.1 ©)
(20)

Proof. In model (20), constraint (1) guarantees that

HZmEx{CCI(P" )} . According to the objective
function of model (20), any feasible solutions with

H>m?x{CCI(P" )} are not the optimal solution to

model (20). Thus, 6= mlax{CCI (P")} . Consequently,
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model (19) can be equally transformed into the model

(20). This completes the proof of Theorem 2. O
Similar to the transformation process of model £,
model (20) can be transformed into a linear

programming model that can be easily solved. For space
limitations, we omit the transformation process of
model (20).

4.3 Numerical example

In this section, we use a numerical example to verify the
effectiveness of the proposed approach.

In this example, there are three DMs
E ={e,e,,e;} , four alternatives X ={x,x,,x;,x,},
and four attributes A={a,,a,,a;,a,}. In particular,
is a cost

a,,a,,a, are benefit attributes, and a,

attribute. The multiple attribute matrix, ¥, is provided
in Table 3.
Meanwhile, DMs

linguistic  preference

E={e,e,,e,} provide their
(L. Ly
X ={x,x,,x,,x,} using the following

relations on
alternatives

linguistic term set:

S ={s, = extremely poorer, s, = much poorer,

s, = poorer, s, = moderately poorer, s, = weakly
poorer, s, =fair, s, =weakly better, s, =moderately
better, s, = better, s, = much better, s,, = extremely
better}

Table 3 The multiple attribute decision matrix 7

a, a, a, a,
X, 16 1 4 3
X, 32 1 1 6
X, 8 1 2 3
x, 24 3 3 18

The linguistic preference relations { L', I*, L’ } are
listed below:

SS SS S8 S9 SS SlO S6 SS

S, S5 S S S, S5 S, 8
1 7 S 9 7 2 0 5 9 2
L = , L' =

S, 8 S5 S S, 8 S5 S,

S8y S, Ss S Sy S; S
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111
3’373
a =0.5 in this example. In the following, we use the
proposed method to help DMs to yield the ranking of
the alternatives.

According to Egs. (6) and (7), V' is normalized

into V'=(v;),.:

nxt

We set »=0.05, A=2, A=( )" and

a a, a a,

x, (02 03 04 0.1
Ve x, 104 03 01 02
S x, |01 03 02 0.1
x, (0.3 0.1 03 0.6
The model P is used to get M =0.1792 .

Further, the individual numerical scales with PIS and
attribute weights can be obtained by solving model (19),
which are provided below:

=(0.172, 0.330, 0.341, 0.157)"

Based on Table 4, the linguistic preference
relations L', I’ and I’ are transformed into additive
preference relations P', P* and P, respectively.

05 04 0667 0717
Lo 05 0717 06
" 10333 0283 05 055

0283 04 045 05

05 08 055 05
L 102 05 075 035
“1045 025 055 04|

05 065 06 05

0.5 0583 0.583 0.583
L o417 05 0633 0317
“l0417 0367 05 0317

0417 0.683 0.683 0.5

Use Eq. (8) to
vector, OPV :

OPV =(0.2855,0.2333,0.2000,0.2812)"

yield the objective preference

According to Eq. (9), we can obtain subjective
preference vectors SPV® (k=1,2,3) from additive
preference relations P* (k=1,2,3), and they are
listed below:

e, : SPV" =(0.2855,0.3021,0.2083,0.2041)"
e, : SPV® =(0.3059,0.2066,0.2041,0.2834)"
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e, : SPV® =(0.2687,0.2354,0.2104,0.2855)"

Following this, according to Eq. (4), the collective
subjective preference vector SPV , can be obtained by
aggregating SPV", SPV® and SPV®:

SPV =(0.2867,0.2480,0.2076,0.2577)"

Further, the collective preference vector PV , can
be obtained by fusing OPV and SPV using Eq. (5):

PV =(0.2861,0.2407,0.2037,0.2695)"
Based on PV, the ranking of the four alternatives

can obtained, thatis x, >x, > x, > x,

Table 4 The individual numerical scales with PIS

So Sy 5y 55 Sy Ss S6 7 Sg S S0
NSI(S[) 0.1 0.283 0.333 0.4 0.45 0.5 0.55 0.6 0.667 0.717 0.9
NSZ(Si) 0.2 0.25 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.75 0.8
NS3(S‘.) 0.075 0.185 0.317 0.367 0417 0.5 0.583 0.633 0.683 0.815 0.925

5. Numerical and simulation analysis

In this section, we present several comparison criteria,
and propose numerical and simulation analysis to
discuss the validity of our proposal.

5.1 Comparison criteria

In the MAGDM with preference information on
alternatives, there are two kinds of preference
information, namely: objective and subjective
preference information. Naturally, we hope that the
objective and subjective preference information are as
consistent as possible. Following this idea, we present
the following criteria to evaluate the validity of our
proposal: the deviation between the objective and
subjective preference vectors, and the deviation between
the objective and subjective preference rankings of
alternatives [16, 45]. In the extant literature regarding
the GDM, Manhattan distance and Euclidean distance
have been widely used to measure the distance between
preference vectors. Thus, Manhattan distance and
Euclidean distance are adopted to measure the deviation
between the objective and subjective preference vectors
in this study. In addition, the consistency is a vital basis
for GDM with preference relations. Thus, we consider
the consistency of the transformed additive preference
relations as a criterion to evaluate the validity of our
proposal. The knowledge regarding the
consistency issue of additive preference relations have
been introduced in Definition 7 (section 2.3). The

basic

507

proposed comparison criteria except for the consistency
of additive preference relations are introduced below.

(1) The Manhattan distance between the objective
and subjective preference vectors

The Manhattan distance, MD , between the
objective preference vector, OPV , and the subjective
preference vector, SPV ,is computed as follows:

1)

where MD €[0,2]. The smaller MD value denotes
the better consistency between objective and subjective
preference information, and the more effective of the
approach.

MD = Z":|0P14 -SPV|
i=1

(2) The Euclidean distance between the objective
and subjective preference vectors

The Euclidean distance, ED , between the
objective preference vector, OPV , and the subjective
preference vector, SPV , is computed as follows:

(22)

i=1

ED= \/ZHZ(OPVI. -SPV,)’

where ED €[0,2]. The smaller ED value signifies
the better consistency between objective and subjective
preference information, and the more effective of the
approach.

(3) The deviation between objective and subjective
preference rankings of alternatives

Let
preference

the
the

0=(0,,0,,...,0,)  be

ordering derived from

objective
objective
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OPYV,

1

preference vector OPV , where, if

(i=12,..,n) is j largest in OPV , then o, =j

(i=12,..,n) . Using a similar way, the objective

preference ordering 5:(0_1@,...@{ can be

obtained from the subjective preference vector SPV .
Let D [24] be the deviation between objective

and subjective preference rankings of alternatives,

which can be calculated by:

1 10; —0;
p-23 2
=1 N

where D €[0,1]. The smaller D wvalue indicates the
better consistency between the objective and subjective
preference information.

(23)

5.2 Numerical analysis

The existing approach for MAGDM with linguistic
preference relations on alternatives is based on the fixed
numerical scale. In our model £ , if the additive

associated with

nxn

preference relation P =(pj)

linguistic preference relation L = (l!.’;) is previously

nxn
assumed known, then model B, can be reduced to the

existing approach. In the following, we use an example
to show the difference between our proposal with the
existing approach.

The data used in this example is derived from
Section 4.3. Using the fixed numerical scale, i.c.,

NS®(s)=-, we can transform linguistic preference
g

relations L' :(l; ),., into the following additive
preference relations:
0.5 03 0.8 09 05 1 06 05
I 0.7 0.5 09 0.7 o 0 05 09 02
02 0.1 05 0.6]° 04 0.1 05 03[
0.1 03 04 05 0.5 08 0.7 05
0.5 0.6 0.6 0.6
I 04 05 0.7 02
04 03 05 02
04 0.8 08 05
Taking P', P° and P’ as the inputs of the

model F, we can obtain the attributes weight vector,
that is,

w=(0.249, 0.344, 0.162, 0.245)"

Based on the obtained attribute weights, the

objective preference vector is obtained from Eq. (8),
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OPV =(0.2423, 0.2681, 0.1850, 0.3046)"

According to Eq. (9), we can obtain subjective
preference vectors SPV'® (k=1,2,3) from additive
preference relations P* (k=1,2,3), and they are
listed below:

e : SPV"Y =(0.3125, 0.3500, 0.1750, 0.1625)"
e, : SPV® =(0.3250, 0.2000, 0.1625, 0.3125)"
e, : SPV® =(0.2875, 0.2250, 0.1750, 0.3125)"

According to Eq. (4), the collective subjective
preference vector SPV , can be obtained by
aggregating SPV", SPV® and SPV®:

SPV =(0.3083, 0.2583, 0.1708, 0.2625)"

Further, the collective preference vector PJV , can
be obtained by fusing OPV and SPV using

Eq.(5):
PV =(0.2753, 0.2632, 0.1779, 0.2836)"

Based on PV, the ranking of alternatives can be
obtained, thatis x, >x, > x, > x;.

From this example and the numerical example
presented in Section 4.3, we find that the collective
solutions, 1i.e., the collective preference rankings of
alternatives, under our proposal and traditional approach
are different. This finding means that the PIS will
influence the decision result. In the following, we
compare these two approaches based on the four
comparison criteria presented in Section 5.1. The
comparison results are listed in Table 5.

Table 5 The comparison results between MAGDM approaches

with PIS and FNS
MD ED D CCI
MAGS;:;II ;ligm“h 0.0472 00289 0  0.1148
MAGV]V);\S ;ﬂpsroa(’h 0.1321 0.0802 0.5 0.1889

From table 5, we find that our PIS based approach
has a better decision efficiency under all criteria
compared with the MAGDM approach with the fixed
numerical scale.
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5.3 Simulation analysis

(1) The comparison method

In this section, the existing approach for MAGDM
with linguistic preference relations on alternatives is
introduced. Then, a simulation method is designed to
compare our proposal with the existing approach.

The basic idea of the simulation method is as
follows:

We randomly generate the objective preference
information V' = (v,) and subjective preference

ij /nxt

Then, we take the generated

V=), and P‘=(p}),, as the inputs of our

proposal (i.e., the MAGDM approach with the PIS) and
the traditional method (i.e., the MAGDM approach with
the FNS) to obtain the objective and subjective
preference vectors, objective and subjective rankings
and the transformed additive preference relations,
respectively. Further, we can obtain the MD, ED,
D and CCI values under these two approaches,
respectively. The specific steps of the simulation
method are provided in Table 6.

. . k _ o7k
information L = (I;)

nxn

Table 6 Simulation method

Input: n, m , t , a A=(A4,4,.,4,)" and
S={s,1g=0,1,..,¢g}

Output: D" | EDUS) |
MD(P[S) , MD(FNS) , CCI(PIS) and CCI(FNS) .

(FNS) (FNS)
D) ED"™

Step 1: We generate multiple attribute decision

matrix Vz(vl.j) ) and linguistic preference relations
k k
L =(1})

v, is randomly and uniformly generated from [0, 1],

with weak stochastic transitivity, where

nxn

and l; is randomly and uniformly generated from
S:{sg ‘g:()sl""’g} :

Step 2: Use Egs. (6) and (7) to transform
14 =(sz) into the normalized multiple attribute

decision matrix V = (vy)

nxt

as the

nxn

Step 3: Take ;:(v_l./.)m and L' =(I})
inputs of models (16) and (19) to determine the
numerical scale NS*(s)) of linguistic term s, and

attribute weights vector @ . Based on NS*(s,), the

can be

nxn

linguistic preference relation Lf :(l;f)

transformed into additive preference relation

509

P“=(p}), - According to V= (V,-j) and the

obtained attribute weights vector @, we can get the

objective preference vector using Eq. (8). Meanwhile,
employing Egs. (9) and (4) result in the collective

nxt

subjective preference vector from P*=( pf )ien -
Finally, utilizing Eqgs. (3), (21)-(23) yields MD, ED,
D and CCI, which are denoted as D", ED"™
MD"™ [and CCI"™® , respectively.

Step 4: Transform the linguistic preference

information L' :(l;) into numerical preference

nxn

information F:(p_i/_") according to the fixed

nxn

numerical  scale, where if l,.jf =s, , then

nxt
F:(p_i/_")m as the inputs of model (16), we can

obtain attribute weights vector @ . Following this,
based on Vz(g)

weights vector @, we can get the objective preference
vector according to Eq. (8). Next, adopting Egs. (9) and
(4) yields the collective subjective preference vector

from p* :(p_;)nxn. Finally, according to Egs. (3),
(21)-(23), MD, ED, D and CCI, can be obtained,

and the obtained attribute
nxt

which are denoted as D™, ED"™ =MD"  and
CCI"™ | respectively.

Step 5: Output D™ , DI pprs)
ED(FNS) , MD(P]S) , MD(FNS) , CC[(PIS) and CCI(FNS) .

(2) Comparison results
_ . 11 1., _
Let S={s]i=0,1,2,..,10}, ,1_(3,3,3) , t=4
and «a =0.5. When setting different parameters m and
n, we run this simulation method 1000 times to obtain
the average MD, ED, D and CCI values under
MAGDM approach with PIS and MAGDM approach
with FNS, respectively, and they are respectively
described in Figs. 2-5.

From Figs. 2-5, we have the following
observations. The Manhattan distance (MD) and
Euclidean distance (ED) between the objective and
subjective preference vectors, the deviation between
objective and subjective preference rankings of
alternatives (D), and the consistency of the transformed
additive preference relations (CCI) in our proposed
approach are obviously lower than those in the
traditional approach with PNS, respectively. This
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finding implies that the proposed approach can improve
the decision efficiency by taking PIS into account.

Note 2: In our proposal, the linguistic preference
relations are transformed into additive preference
relations, which are based on fuzzy numerical scales
with PIS. So, we compare our proposal with the
traditional method with fixed fuzzy numerical scales
[12, 16, 17]. In the future, we plan to investigate the use
of interval fuzzy numerical scales in the PIS based
MAGDM framework, and compare it with the linguistic
decision model with the fixed interval fuzzy numerical
scales.

MD

Fig.3. Average ED value

510

Fig. 5. Average CCI value

6. Conclusion

In this study, we propose a PIS based decision
framework for MAGDM with linguistic preference
relations on alternatives. The main points presented are
as follows.

(1) The extant researches regarding the MAGDM
with preference information on alternatives assumed
that the DMs provide their preference information using
a numerical way. This study assumes that DMs provide
their preference information over alternatives using a
linguistic way rather than a numerical way, which is
closer to the realistic decision scenario.

(2) In decision making with linguistic preference
information, PIS are important elements that cannot be
ignored due to their influences on the final decision.
This study takes the PIS into account, and proposes a
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PIS based MAGDM framework to improve the decision
efficiency.

(3) We build a two-stage-based optimization model
to obtain the unique individual numerical scale with the
PIS. Moreover, we propose an approach to transform
the proposed optimization-based optimization models
into linear programming models that can be easily
solved.

(4) We design detailed numerical and simulation
experiments to verify the validity of the PIS based
MAGDM framework. The numerical and simulation
experiments show that our proposal has a better decision
efficiency compared with the existing MAGDM
framework.

Meanwhile, we argue that there are two interesting
research paths for the future:

(1) In our proposal, each element in the
preference relation is mapped to an exact number.
However, the preference relation is usually with
uncertainty. To deal with this issue, the uncertain
numerical scale (interval numerical scale) has been
proposed and used in the linguistic decision making [5],
further studies should discuss the uses of the interval
numerical scale in the PIS based MAGDM framework.

(2) In addition, the consensus has become a hot
topic in MAGDM [4, 8, 10, 13, 46, 50]. We argue that it
will be interesting in any future research to investigate
in the PIS based MAGDM

the consensus issues

framework.
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