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Abstract 

The hesitant fuzzy linguistic term set (HFLTS) and the linguistic distribution (LD) are becoming popular tools to 
describe decision makers’ linguistic preferences. By combining HFLTS and LD, this paper proposes a new concept 
called hesitant linguistic distribution (HLD), and then presents the transformation between HLDs and LDs and the 
basic comparison and aggregation operations to perform on HLDs. Following, comparisons among several 
linguistic expressions are made. Finally, the use and behavior mechanism of HLD in multiple attribute group 
decision making is demonstrated. 
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1. Introduction 

Linguistic decision making in which linguistic 
information is utilized to describe decision makers’ 
preferences/opinions qualitatively is a common activity 
in our daily life, and different linguistic approaches 
have been proposed to deal with computing with words 
(CW) [11, 16, 19, 26, 36] in linguistic decision making 
problems. The two classical linguistic computation 
models: (1) the semantic model [26] and (2) the 
symbolic model [20, 21] have been intensively studied. 
Especially, the 2-tuple linguistic representation model 
[13], which avoids the computation weakness in 
information loss, has been widely applied (e.g., [4, 17, 
22, 23, 24]. Furthermore, different progress has been 
made based on the 2-tuple linguistic model, such as the 
linguistic hierarchy model [12, 14], multi-granular 
linguistic model [25, 27], the proportional 2-tuple 
linguistic model [32] and the numerical scale model 
[5, 9]. 

In the above mentioned models, decision makers 
can only utilize single linguistic terms to elicit their 
preferences, which restricts decision makers from 
expressing their opinions with flexible and rich 
linguistic expressions [15, 30]. To address this issue, 
Rodríguez et al. [31] introduced the concept of hesitant 
fuzzy linguistic term set (HFLTS) taking decision 
makers’ hesitancy among different linguistic terms into 
consideration. Based on the use of HFLTS, Beg and 
Rashid [1] proposed a TOPSIS method to aggregate 
HFLTSs in multi-criteria decision making. Liu and 
Rodríguez [18] proposed the fuzzy envelope to carry out 
the CW processes of HFLTSs. Wei et al. [33] introduced 
the aggregation operators and comparisons of HFLTSs. 
Dong et al. [3] presented a novel approach to deal with 
consensus reaching process with hesitant linguistic 
assessments in group decision making. The recent 
progress of the HFLTS in decision making can be found 
in the position paper (see Rodríguez et al. [29]). 
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Different from the HFLTS which does not consider 
the symbolic proportion information of the terms, Zhang 
et al. [39] proposed the linguistic distribution (LD) in 
which symbolic proportions are assigned to all the terms 
in a linguistic term set. Dong et al. [7] introduced the 
unbalanced LD with interval symbolic proportions in 
multi-granular context. Wu and Xu [34] proposed the 
possibility distributions for HFLTS with symbolic 
proportions uniformly distributed over the terms in an 
HFLTS. Chen et al. [2] proposed the proportional 
hesitant fuzzy linguistic term set which includes the 
proportional information of generalized linguistic terms. 
Zhang et al. [41] discussed the LDs in large-scale multi-
attribute group decision making (MAGDM). Pang et al. 
[28], Guo et al. [10] and Wu and Dong [35] discussed 
the cases of LDs with incomplete information. 

However, in the LD and its variants, all symbolic 
proportion information of these expressions are focused 
on single terms, and in some situations decision makers 
have to express symbolic proportion information over 
HFLTSs. For example, an expert is asked to evaluate on 
a football player according to the player’s past 
performances. The established linguistic term set is 

0 1 2 3{ :  , : , :  , :S s very poor s poor s slightly poor s=  

4 5 6, :  , : , :  }medium s slightly good s good s very good . 
When evaluating, the expert considers that the 
proportion of the performance ‘good’ is 0.3, the 
performance ‘slightly good’ is 0.2 and the performance 
‘very good’ is 0.2. But the expert hesitates among the 
terms ‘very poor’, ‘poor’, and ‘slightly poor’ and 
‘medium’ and he/she could just be sure that the 
proportion of the performance ‘no better than medium’ 
is 0.3. In this situation, the evaluation provided by the 
expert can be described by 

0 1 2 3 4 5 6{({ , , , },0.3), ( ,0.3), ( ,0.2), ( ,0.2)}s s s s s s s , and the 
expert doesn’t provide the proportion information for 
single terms in 0 1 2 3{ , , , }s s s s  but a sum proportion for 
the HFLTS 0 1 2 3{ , , , }s s s s . In this paper, we call this 
kind of evaluation information hesitant linguistic 
distribution (HLD). We will present the basic operations 
including the comparison and aggregation operations to 
perform on HLDs, and will also propose the 
comparisons among several linguistic expressions to 
show that the HLD is their generalization. 

The rest of this paper is organized as follows. 
Section 2 introduces the basic knowledge regarding the 
2-tuple linguistic model, HFLTS, and LD. Then, 
Section 3 proposes the HLD and its basic operations. 
Next, Section 4 presents the comparisons among several 
linguistic expressions. Following, in Section 5 we 

discuss the use and behavior mechanism of HLD in 
multi-attribute decision making (MAGDM). Finally, 
conclusion remarks are included in Section 6. 

2. Preliminaries 

This section introduces the basic knowledge regarding 
the 2-tuple linguistic model, HFLTS and LD. The 
introduction of the 2-tuple linguistic model is very 
necessary because (1) it provides the basis for CW in 
this paper, and (2) HFLTS and LD are both its 
generalization. 

2.1. The 2-tuple linguistic model 

Let 0 1{ , ,..., }gS s s s=  be a linguistic term set with odd 
cardinality satisfying [11, 13, 19]: 

(1) The set is ordered: k ts s≥  if k t≥ ; 
(2) There is a negation operator: ( )k tneg s s=  such 

that k t g+ = . 
1g +  is called the cardinality of S  and the term 

ks  ( 0,  1,  ...,  )k g=  represents a possible value for a 
linguistic variable. The basic notations and operation 
laws of linguistic variables are introduced in [37]. 

Herrera and Martínez [13] proposed the 2-tuple 
linguistic model. 

Definition 1 [13]: Let 0 1{ , ,..., }gS s s s=  be as 
before and [0, ]gα ∈  be a value representing the result 
of a symbolic aggregation operation. A linguistic 2-
tuple ( , )ks β  that expresses the equivalent information 
to α  is obtained by the function: 

             : [0, ] [-0.5,0.5)g S∆ → ×                         (1) 

where Δ(𝛼) = (𝑠𝑘 ,𝛽)  with �
𝑠𝑘 ,                 𝑘 = 𝑟𝑟𝑟𝑟𝑟(𝛼)
𝛽 = 𝛼 − 𝑘,𝛽 ∈ [−0.5, 0.5), 

with round being the usual rounding operation. The set 
of all linguistic 2-tuples is denoted by S , i.e., 

{( , ) | ,  [-0.5,0.5),  0,1,..., }k kS s s S k gβ β= ∈ ∈ = . 
Clearly, ∆  is a one to one mapping function and 

the inverse function of ∆  is: 
                     1 : [0, ] S g−∆ →                              (2) 

with 1( , )ks kβ β−∆ = + . 
For any linguistic 2-tuple of S , there are the 

following computational operations: 
(1) Negation operation: 

 1( , ) ( ( ( , )))k kNeg s g sβ β−= ∆ − ∆ . 
(2) Comparison operation:  
Let 1( , )ks β  and 2( , )ts β  be two linguistic 2-tuples.  
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(i) If k t< , then 1( , )ks β  is smaller than 

2( , )ts β ; 
(ii) If k t= , 

(a) 1 2β β= , then 1( , )ks β  and 2( , )ts β  
represent the same information; 

(b) 1 2β β< , then 1( , )ks β  is smaller than 

2( , )ts β . 
Several aggregation operators such as the linguistic 

weighted average (WA) operator and the ordered 
weighted average (OWA) operator have been developed 
(see [13, 20, 21]). 

2.2. Hesitant fuzzy linguistic term set 

The 2-tuple linguistic model proposed by Herrera and 
Martínez [13] can deal with linguistic information with 
single terms. However, there are situations that single 
terms cannot handle. For example, the coach may 
hesitate among several terms when he/she is not sure 
whether the performance of the player is ‘slightly good’ 
or ‘good’ or ‘very good’. To overcome the limitations, 
Rodríguez et al. [31] proposed the concept of HFLTS in 
which multiple consecutive terms are allowed to 
represent a decision maker’s hesitant preference. The 
concepts of HFLTS and its envelope are introduced as 
Definitions 2 and 4. 

Definition 2 [31]: Let 0 1{ , ,..., }gS s s s=
 
be a 

linguistic term set, and an HFLTS, denoted as SH , is 
an ordered finite subset of the consecutive linguistic 
terms of S . 

If {}SH = , SH  is called an empty HFLTS; if 
SH S= , SH  is called a full HFLTS. 

Definition 3 [31]: Let 0 1{ , ,..., }gS s s s=
 
be a 

linguistic term set, and let SH  be an HFLTS. The 
upper bound 

+SH  and lower bound SH
−

of SH  are 
defined as: 

(1) 
+

( )S
k jH max s s= = , S

ks H∈  and k js s k≤ ∀ ; 

(2) ( )S
k jH min s s

−

= = , S
ks H∈  and k js s k≥ ∀ . 

Definition 4 [31]: Let 0 1{ , ,..., }gS s s s=
 
be a 

linguistic term set, and the envelope of the HFLTS, 
( )Senv H , is a linguistic interval whose limits are 

obtained by the upper bound (max) and lower bound 
(min). Hence 

+

( ) [ , ]S S Senv H H H
−

= , 
+S SH H

−

≤ . 
For any two HFLTSs 1

SH  and 2
SH , there is the 

following comparison operation: 
(1) 1 2

S SH H>  if and only if 1 2( ) ( )S Senv H env H> ; 

(2) 1 2
S SH H=  if and only if 1 2( ) ( )S Senv H env H= . 

The details for the HFLTS can be found in 
Rodríguez et al.  [31]. 

2.3. Linguistic distribution 

Zhang et al. [39] and Dong et al. [7] proposed the 
concept of linguistic distribution, as Definition 5. 

Definition 5 [7, 39]: Let 0 1{ , ,..., }gS s s s=
 
be a 

linguistic term set. Let {( , ( ))| 0, 1, ..., }k km s s k gβ= = , 
where ( )ksβ  is the symbolic proportion of ks , 

( ) 0ksβ ≥ , and 
0

( ) 1
g

k
k

sβ
=

=∑ . Then m  is called a 

linguistic distribution (LD) over S . 
Let {( , ( ))| 0, 1, ..., }k km s s k gβ= =  be an LD over 

S . Then the expectation of m  is defined as [7, 39]: 

          1

0
( ) ( ( ) ( ))

g

k k
t

E m s sβ −

=

= ∆ ×∆∑  
                

(3) 

where ( )E m S∈ .  
For any LD over S , there are the following 

operations: 
(1) Negation operation: 
 ({( , ( ))}) {( , ( ))}k k k g kNeg s s s sβ β −= , 0,1,...,k g= . 
(2) Comparison operation:  
Let 1m  and 2m  be two LDs over S . 

(i) If 1 2( ) ( )E m E m< , 1m  is smaller than 2m ; 
(ii) If 1 2( ) ( )E m E m= , 1m  and 2m  have the 

same expectation. Zhang et al. [41] discussed the 
situation when E(m1) = E(m2). 

The weighted average operator and the ordered 
weighted average operator of LD have been developed 
(see [7, 39]). 

In Wu and Dong [35], LD was generalized to 
incomplete linguistic distribution as Definition 6. 

Definition 6 [35]: Let 0 1{ , ,..., }gS s s s=
 
be a 

linguistic term set. Let {( , ( ))| 0, 1, ..., }k km s s k gβ= = , 
where ( ) [0,1] { }ks nullβ ∈  . Then 

(1) If ( ) [0,1] k ks s Sβ ∈ ∀ ∈  and 
0

( ) 1
g

k
k

sβ
=

=∑ , then 

( )ksβ  is called the symbolic proportion of ks  and m  is 
a complete linguistic distribution (CLD), denoted as Cm  
(refer to [39]).  

(2) If there exists ( )ks nullβ =  and 

( )
( ) 1

k

k
s null

s
β

β
≠

<∑ , then m  is called an incomplete 

linguistic distribution (ILD) over S  denoted as Im . 
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The possibility distribution for HFLTS proposed in Wu 
and Xu [34], in which the sum of the symbolic propor-
tions of an HFLTS of S  equals to one, is a special CLD. 

3. The hesitant linguistic distribution and its 
operations 

The symbolic proportion information of LDs are over 
simple terms. However, in some situations, decision 
makers cannot provide symbolic proportion information 
for simple terms. Instead, they may hesitant among 
several consecutive terms and provide a sum of 
proportions for an HFLTS. In order to deal with this 
situation, in this section we propose the concept of 
hesitant linguistic distribution (HLD) and some of its 
operations. 

3.1.  Definition of the hesitant linguistic 
distribution 

Let 0 1{ , ,..., }gS s s s=
 
be a linguistic term set, and let 

SH  be an HFLTS of S . Then the set of all HFLTSs of 
S  is denoted as H  in this paper. 

The concept of the HLD can be formally defined as 
Definition 7. 

Definition 7: Let 0 1{ , ,..., }gS s s s=
 
and H  be as 

before, the HLD is defined as: 
{( , ( )) | }S S S

i i iM H H H Hβ= ∈ , 
where ( ) ( 1) ( ){ , ,..., }

i i i

S
i L L UH s s s+=  and 

( ) [0,1] { }S
iH nullβ ∈  . In the HLD M , ( )S

iHβ  is 
called the symbolic proportion of S

iH  if ( )S
iH nullβ ≠ . 

Further, we consider two cases: 
(1) If 

; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

≥∑ , we normalize the 

symbolic proportions ( )S
iHβ , and let 

; ( )

( )
,   ( )  

( )( )

                         ,   ( )

S S
i i

S
Si
iS

S i
i H H H null

S
i

H
if H null

HH

null if H null
β

β
β

ββ

β
∈ ≠


≠= 


 =

∑  . 

The normalized M  denoted as NM  is a complete 
hesitant linguistic distribution (CHLD) over S . 

(2) If 
; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

<∑ , M  is an 

incomplete hesitant linguistic distribution (IHLD) over 
S . 

Example 1. Let 0 1 2 3 4 5 6{ , , , , , , }S s s s s s s s=  be a 
linguistic term set. Then the set of all HFLTSs of S  is: 

0 1 2 3 4 5 6 0 1 1 2

2 3 3 4 4 5 5 6 0 1 2

1 2 3 2 3 4 3 4 5 4 5 6

0 1 2 3 1 2 3 4 2

{{ },{ },{ },{ },{ },{ },{ },{ , },{ , },
         { , },{ , },{ , },{ , },{ , , },
         { , , },{ , , },{ , , },{ , , },
         { , , , },{ , , , },{ ,

H s s s s s s s s s s s
s s s s s s s s s s s
s s s s s s s s s s s s
s s s s s s s s s

=

3 4 5

3 4 5 6 0 1 2 3 4 1 2 3 4 5

2 3 4 5 6 0 1 2 3 4 5

1 2 3 4 5 6 0 1 2 3 4 5 6

, , },
         { , , , },{ , , , , },{ , , , , },
         { , , , , },{ , , , , , },
         { , , , , , },{ , , , , , , }}

s s s
s s s s s s s s s s s s s s
s s s s s s s s s s s
s s s s s s s s s s s s s

, 

and 
1 0 1 2 3 4 3 4

4 5 6 6

{({ , },0.2), ({ , , },0.3), ({ , },0.3),
         ({ , , },0.3), ( ,0.1)}
M s s s s s s s

s s s s
=

. 

As 
1

1
( )

( ) 1
S
i

S
i

H null

H
β

β
≠

>∑ , we normalize 1M  and the 

normalized 1M  is: 

1 0 1 2 3 4 3 4

4 5 6 6

{({ , },0.17), ({ , , },0.25), ({ , },0.25),
         ({ , , },0.25), ( ,0.08)}

NM s s s s s s s
s s s s

=
 

which is a CHLD over S , and 
2 0 1 2 3 4 5 6{( ,0.2), ({ , },0.2), ({ , },0.3), ({ , },0.2)}M s s s s s s s=

 is an IHLD over S . 

3.2. The transformation and comparison 
operations 

After introducing the concept of the HLD, it is 
necessary to introduce its operations. First, we propose a 
transformation approach between LD and HLD. Let 

( ) ( 1) ( ){ , ,..., }
i i i

S
i L L UH s s s H+= ∈ , and the basic idea of the 

transformation approach is to averagely assign the 
symbolic proportion ( )S

iHβ  of S
iH  over the single 

terms ( ) ( 1) ( ), ,...,
i i iL L Us s s+ . 

The transformation approach between LD and 
HLD can be formally presented as Algorithm I. 
Algorithm I.  

Input: The HLD {( , ( )) | }S S S
i i iM H H H Hβ= ∈ . 

Output: The transformed LD 
{( , ) | 0,1,..., }k kM s k gα∗ = = . 

Step 1: Let 0kα =  and 1kβ = −  ( 0,1,..., )k g= . 
Step 2: Let SHτ  be any HFLTS in H , and 

( )SH nullτβ ≠ . For any S
ks Hτ∈ , then let 1kβ =  and 

( )
#( )

S

k k S

H
H

τ

τ

β
α α= + , where #( )SHτ  is the number of 

terms in SHτ . Let SH H Hτ= − . 
Step 3: If H null≠ , go to Step 2; otherwise, if 

1kβ = − , then let k nullα = . Let 
{( , ) | 0,1,..., }k kM s k gα∗ = =  and output M ∗ . 

We call M ∗  the transformed LD of M . 
Next, we present an example to illustrate the 

transformation between LD and HLD. 
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Example 2. Continuing Example 1. Based on 
Algorithm I, the CHLD 1

NM  and IHLD 2M  can be 

transformed into the LDs 
*

1
NM  and 2M ∗  as follows: 

* 1 1 1
1 0 1 2 32 2 3

1 1 1 1
43 2 3 2

1 1 1
5 63 3 3

0 1 2 3

{( , 0.17), ( , 0.17), ( , 0.25), ( ,
          0.25 0.25), ( , 0.25 0.25
         0.25), ( , 0.25), ( , 0.25 0.08)}
      {( ,0.09), ( ,0.09), ( ,0.08), ( ,0.21),
       

NM s s s s
s

s s
s s s s

= × × ×

× + × × + × +

× × × +

=

4 5 6  ( ,0.29), ( ,0.08), ( ,0.16)}s s s

, 

1 1 1
2 0 1 2 32 2 2

1 1 1
4 5 62 2 2

0 1 2 3

4 5 6

{( ,0.2), ( , 0.2), ( , 0.2), ( , 0.3),
           ( , 0.3), ( , 0.2), ( , 0.2)}
     {( ,0.2), ( ,0.1), ( ,0.1), ( ,0.15),
         ( ,0.15), ( ,0.1), ( ,0.1)}

M s s s s
s s s
s s s s

s s s

∗ = × × ×

× × ×

=
. 

Proposition 1: Let {( , ( )) | }S S S
i i iM H H H Hβ= ∈  

be an HLD, and {( , ( )) | 0,1,..., }k kM s s k gβ∗ = =  be the 
transformed LD of M . Then, 

(1) if 
; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

=∑ , then 
0

( ) 1
g

k
k

sβ
=

=∑  

and M ∗  is a CLD; 

(2) if 
; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

<∑ , then 
0

( ) 1
g

k
k

sβ
=

<∑  

and M ∗  is an ILD. 

Proof. Let ( , )

 0,     

1,     

S
k i

k i S
k i

if s H

if s H
ϕ

 ∉= 
∈

 ( )S
iH H∈ . 

Then according to Algorithm I, we have 

( , )
;

( )

( )
#( )S

i
S
i

S
i

k k iS
H H i
H null

H
H

β

β
α ϕ

∈
≠

= ∑ . As ( , )
;

( )

#( )
S
i
S
i

S
k i i

H H
H null

H

β

ϕ
∈
≠

=∑ , 

so 
; ( )

( )
S S
i i

S
k i

H H H null

H
β

α β
∈ ≠

= ∑  . Let 

{( , ) | 0,1,..., }k kM s k gα∗ = = . Then if 

; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

=∑ , we have 
0

1
g

k
k
α

=

=∑  and M ∗  is 

a CLD; if 
; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

<∑ , we have 
0

1
g

k
k
α

=

<∑  

and M ∗  is an ILD. 
This completes the proof of Proposition 1.                

Proposition 1 indicates that based on Algorithm I 
the HLD {( , ( )) | }S S S

i i iM H H H Hβ= ∈  can be 
transformed into a CLD if 

; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

=∑  and 

an ILD if 
; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

<∑ . 

Next, we define the comparison operations of any 
two HLDs based on the use of expectation and variation 
of transformed LD. 

Definition 8: Let M  and 
{( , ( )) | 0,1,..., }k kM s s k gβ∗ = =  be as before. Then the 

expectation and variation of M  are defined as Eqs. (4) 
and (5): 

1

; ( )
( ) ( ( ) ( ))

k k

k k
s S s null

E M s s
β

β −

∈ ≠

= ∆ ×∆∑            (4) 

and 
    1 2

; ( )
( ) ( ) ( ( ) ( ))

k k

k k
s S s null

V M s E M s
β

β −

∈ ≠

= × − ∆∑     (5) 

where ( , ( ))k ks s Mβ ∗∈  ( 0,1,..., )k g= . 
Let 1M  and 2M  be two HLDs over S , and the 

comparison operations between 1M  and 2M  are as 
follows. 

(1) If 1 2( ) ( )E M E M< , then 1 2M M< ;  
(2) If 1 2( ) ( )E M E M> , then 1 2M M> ; 
(3) If 1 2( ) ( )E M E M= , then 

(i) If 1 2( ) ( )V M V M< , then 1 2M M> ;  
(ii) If 1 2( ) ( )V M V M> , then 1 2M M< ; 
(iii) If 1 2( ) ( )V M V M= , then there is no 

difference between 1M  and 2M . 
Next, we present an example to illustrate the 

comparison operations. 
Example 3. Continuing Example 2. As 
1 2( ) 3.4 ( ) 2.45E M E M= > = , we have 1 2M M> . 

3.3. Aggregation operations for HLDs 

In this section, we introduce the weighted average 
operator and the ordered weighted average operator for 
HLDs. 

For any two HLDs, the weighted union of them is 
defined as Definition 9. 

Definition 9: Let 0 1{ , ,..., }gS s s s=
 
and H  be as 

before, and let 1 1 1 1{( , ( )) | }S S S
i i iM H H H Hβ= ∈  and 

2 2 2 2{( , ( )) | }S S S
i i iM H H H Hβ= ∈  be two HLDs over S  

where 1( ) [0,1] { }S
iH nullβ ∈   and 

2( ) [0,1] { }S
iH nullβ ∈  . Let 1w  and 2w  be the 

corresponding weights, where 1 2  , 0w w ≥  and 

1 2 1w w+ = . Then the weighted union of 1M  and 2M  is 
defined as 

1 21 2 , 1 1 2 2( , ) ( , )w wU M M U w M w M= ,                  (6) 

where 1 1 2 2( , ) {( , ( )) | }S S S
i i iU w M w M H H H Hβ= ∈  with 
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1 1 1 2 2 1 2 1 2

1 1 1 2 2 i2 1 2 1 2

1 1 1

( , ( ))

       ( , ( ) ( ))     ,   ( ), ( ) ,

( , ( )) ( , ( )),   ( ), ( ) ,

               ( , ( ))              ,

S S
i i

S S S S S S S
i i i i i i i

S S S S S S S S
i i i i i i i

S S
i i

H H

H w H w H if H H null H H

H w H H w H if H H null H H

H w H

β

β β β β

β β β β

β

=

+ ≠ =

≠ ≠

1 2

2 2 2 2 1

  ( ) , ( )

              ( , ( ))              ,   ( ) , ( )

S S
i i

S S S S
i i i i

if H null H null

H w H if H null H null

β β

β β β






≠ =
 ≠ =

. 
Example 4. Continuing Example 2. Suppose  the 

weights for 1M  and 2M  are 1 0.6w =  and 2 0.4w = . 
Then  

1 21 2 , 1 2

0 0 1 1 2

2 3 4 3 4 4 5 6

5 6 6

( , ) (0.6 ,0.4 )

{( ,0.08), ({ , },0.102), ({ , },0.08),
    ({ , , },0.15), ({ , },0.27), ({ , , },0.15),
    ({ , },0.08), ( ,0.08)}

w wU M M U M M

s s s s s
s s s s s s s s
s s s

=

=
. 

Based on Definition 9, we introduce the weighted 
average operator and the ordered weighted average 
operator for HLDs as Definitions 10 and 11. 

Definition 10: Let 0 1{ , ,..., }gS s s s=
 
and H  be as 

before, and let 1 2{ , ,..., }nM M M  be a set of HLDs over 

S , where {( , ( )) | }S S S
j ij ij ijM H H H Hβ= ∈  

( 1,2,..., )j n= , and let 1 2{ , ,..., }nw w w w Τ=  be an 
associated weighting vector satisfying 0jw ≥  and 

1
1

n

j
j

w
=

=∑ . Then the weighted average operator for 

1 2{ , ,..., }nM M M  is defined as: 

     1 2

1 1 2 2

( , ,..., )
  ( , ( ,..., ))

n w

n n

HLDWA M M M
U w M U w M w M=

.                 (7) 

Definition 11: Let 0 1{ , ,..., }gS s s s=
 
and H  be as 

before, and let 1 2{ , ,..., }nM M M  be a set of HLDs over 

S , where {( , ( )) | }S S S
j ij ij ijM H H H Hβ= ∈  

( 1,2,..., )j n= . Let 1 2{ , ,..., }nw w w w Τ=  be an associated 

weighting vector satisfying 0jw ≥  and 
1

1
n

j
j

w
=

=∑ . The 

ordered weighted average operator of 1 2{ , ,..., }nM M M  
is defined as: 

          
1 2

1 (1) 2 (2) ( )

( , ,..., )
  ( , ( ,..., ))

n w

n n

HLDOWA M M M
U w M U w M w Mσ σ σ=

,         (8) 

where ( (1), (2),..., ( ))nσ σ σ  is a permutation of 
{1,2,..., }n  such that ( 1) ( )j jM Mσ σ− >  for 1, 2,...,j n= . 

Example 5: Continuing examples 1-3. Let 
1 2 3 4 5{ , , , , }M M M M M  be a set of HLDs over S , where 

3M , 4M  and 5M  are as follows: 

3 0 1 2 3 3 4 5

5 6

{({ , },0.1), ({ , },0.2), ({ , , },0.4),
          ({ , },0.3)}
M s s s s s s s

s s
=

, 

4 0 1 2 3 4 5 6{({ , , },0.3), ({ , },0.4), ({ , },0.3)}M s s s s s s s= , 
and 

5 0 1 2 3 3

4 5 6

{({ , },0.1), ({ , },0.2), ( ,0.2),
          ({ , , },0.5)}
M s s s s s

s s s
=

. 

Without loss of generality, assume that 
(0.2,0.3,0.2,0.2,0.1)w Τ= . Then 

1 2 3 4 5

1 1 2 2 3 3 4 4 5 5

0 0 1 0 1 2

1 2 2 3 2 3 4

3 3 4 3 4 5

( , , , , )
  ( , ( , , , ))
  {( ,0.06), ({ , },0.055), ({ , , },0.06),
       ({ , },0.06), ({ , },0.06), ({ , , },0.05),
       ( ,0.02), ({ , },0.22), ({ , , }

HLDWA M M M M M
U w M U w M w M w M w M

s s s s s s
s s s s s s s

s s s s s s

=
=

4 5 6 5 6 6

,0.08),
       ({ , , },0.1), ({ , },0.18), ( ,0.016)}s s s s s s

. 

Based on Definition 8, we have: 
3 5 1 4 2( ) ( ) ( ) ( ) ( )E M E M E M E M E M> > > > . 

So,  
1 2 3 4 5

1 3 2 5 3 1 4 4 5 2

0 0 1 0 1 2

1 2 2 3 2 3 4

3 3 4 3 4 5

( , , , , )
  ( , ( , , , ))
  {({ },0.02), ({ , },0.39), ({ , , },0.06),
      ({ , },0.02), ({ , },0.1), ({ , , },0.05),
      ( ,0.06), ({ , },0.16), ({ , , },

HLDOWA M M M M M
U w M U w M w M w M w M

s s s s s s
s s s s s s s

s s s s s s

=
=

4 5 6 5 6 6

0.08),
      ({ , , },0.2), ({ , },0.14), ( ,0.016)}s s s s s s

. 

Following, we discuss the desirable properties of 
the proposed operators. We take the ordered weighted 
average operator as example, and the properties of the 
weighted average operator are similar with the ordered 
weighted average operator. 

Property 1. Let 1 2{ , ,..., }nM M M  and 

1 2{ , ,..., }nw w w w Τ=  be as before. For any HLDOWA 
operator, 1 2( , ,..., )nHLDOWA M M M  is an HLD over S. 

Proof. Based on Definition 11, we have  
1 2

1 (1) 2 (2) ( )

( , ,..., )
  ( , ( ,..., ))

n w

n n

HLDOWA M M M
U w M U w M w Mσ σ σ=

, 

where ( )jMσ  is the jth largest HLD in 1 2{ , ,..., }nM M M . 
According to the definition of the HLD (Definition 7) 
and Definition 9, we can easily obtain that 

1 2( , ,..., )nHLDOWA M M M  is an HLD over S . 
This completes the proof of Property 1. 

Property 2. For any HLDOWA operator 

1 2{ } ( , ,..., ) { }j j n j jmin M HLDOWA M M M max M≤ ≤ .(9) 

Proof. Let jM ∗  be the transformed LD associated 
with jM . According to the comparisons for HLD, we 
have 
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1
, ( ) , ( )

0

1
, ( ) , ( )

1 0

1 2

1
, ( ) , ( )

0

{ ( )} { ( ( ) ( ))}

  ( ( ( ) ( )))

  ( ( , ,..., ))

  { ( ( ) ( ))}

  { ( )}

g

j j j k j k j
k

gn

j k j k j
j k

n
g

j k j k j
k

j j

min E M min s s

w s s

E HLDOWA M M M

max s s

max E M

ss

ss

ss

β

β

β

−

=

−

= =

−

=

= D ×D

≤ ×D ×D

=

≤ D ×D

=

∑

∑ ∑

∑

 

where , ( ) , ( ) ( )( , ( ))k j k j js s Msss  β ∗∈  and ( )jMσ
∗  is the jth 

largest in 1 2{ , ,..., }nM M M∗ ∗ ∗ . 
That is, 

1 2{ } ( , ,..., ) { }j j n j jmin M HLDOWA M M M max M≤ ≤ . 
This completes the proof of Property 2. 

Property 3 (Commutativity). Let 1 2{ , ,..., }nM M M  
be a set of HLDs over S , and 1 2{ , ,..., }nD D D  be a 
permutation of 1 2{ , ,..., }nM M M . Then, for any 
HLDOWA operator 
            

1 2 1 2( , ,..., ) ( , ,..., )n nHLDOWA M M M HLDOWA D D D= . 
(10) 

Proof. Let ( (1), (2),..., ( ))nσ σ σ  be a permutation 
of {1,2,..., }n  such that ( 1) ( )j jM Mσ σ− >  for 1, 2,...,j n=

, and let ( (1), (2),..., ( ))nδ δ δ  be a permutation of 
{1,2,..., }n  such that ( 1) ( )j jD Dδ δ− >  for 1, 2,...,j n= . As 

1 2{ , ,..., }nD D D  is a permutation of 1 2{ , ,..., }nM M M , 
we have ( ) ( )j jσ δ=  ( 1, 2,..., )j n= . Thus, 

1 2

1 (1) 2 (2) ( )

1 (1) 2 (2) ( )

1 (1) 2 (2) ( )

1 2

( , ,..., )
  ( , (( ,..., ))
  ( , ( ,..., ))
  ( , ( ,..., ))
  ( , ,..., )

n

n n

n n

n n

n

HLDOWA M M M
U w M U w M w M
U w M U w M w M
U w D U w D w D
HLDOWA D D D

σ σ σ

δ δ δ

δ δ δ

=

=

=

=

. 

This completes the proof of Property 3. 

Property 4 (Monotonicity). Let 1 2{ , ,..., }nM M M  
be a set of HLDs over S . Let 1 2{ , ,..., }nL L L  be another 
set of HLDs over S . If j jM L≥ , then 

1 2 1 2( , ,..., ) ( , ,..., )n nHLDOWA M M M HLDOWA L L L≥ . 
(11) 

Proof. Let ( (1), (2),..., ( ))nσ σ σ  be a permutation 
of {1,2,..., }n  such that ( 1) ( )j jM Mσ σ− >  for 1, 2,...,j n= , 
and let ( (1), (2),..., ( ))nδ δ δ  be a permutation of 

{1,2,..., }n  such that ( 1) ( )j jL Lδ δ− >  for 1, 2,...,j n= . As 

j jM L≥ , we have ( ) ( )j jM Lσ δ≥ . Thus, 

1 2 ( )
1

( ) 1 2
1

1 2 1 2

( ( , ,..., )) ( )

     ( ) ( ( , ,..., ))

( , ,..., ) ( , ,..., )

n

n j j
j

n

j j n
j

n n

E HLDOWA M M M w E M

w E L E HLDOWA L L L

HLDOWA M M M HLDOWA L L L

σ

δ

=

=

=

≥ =

⇒ ≥

∑

∑

. 
So, we have 

1 2 1 2( , ,..., ) ( , ,..., )n nHLDOWA M M M HLDOWA L L L≥ . 
This completes the proof of Property 4. 

Property 5 (Idempotency). If jM M=  for all 
1, 2,...,j n= , then for any HLDOWA, 

             1 2( , ,..., )nHLDOWA M M M M= .                 (12) 
Proof. Let ( (1), (2),..., ( ))nσ σ σ  be a permutation 

of {1,2,..., }n  such that ( 1) ( )j jM Mσ σ− >  for 1, 2,...,j n=
. We have 

1 2

1 (1) 2 (2) ( )

1 2

( , ,..., )
  ( , (( ,..., ))
  (( , ( ,..., ))

n

n n

n

HLDOWA M M M
U w M U w M w M
U w M U w M w M M

δ δ δ=

= =

. 

This completes the proof of Property 5. 
To improve the readability, the basic notations in 

this paper are listed below. 
0 1{ , ,..., }gS s s s= : The linguistic term set. 

SH : An HFLTS of S . 
H : The set of all HFLTSs of S . 

{( , ( ))| 0, 1, ..., }k km s s k gβ= = : An LD over S , 
where ( ) [0,1] { }ks nullβ ∈   and ( ) 1

k

k
s S

sβ
∈

≤∑ . 

{( , ( ))| 0, 1, ..., }C
k km s s k gβ= = : A CLD over S , 

where ( ) [0,1] k ks s Sβ ∈ ∀ ∈  and 
0

( ) 1
g

k
k

sβ
=

=∑ . 

{( , ( ))| 0, 1, ..., }I
k km s s k gβ= = : An ILD over S , 

where there exists ( )ks nullβ =  and 
( )

( ) 1
k

k
s null

s
β

β
≠

<∑ . 

{( , ( )) | }S S S
i i iM H H H Hβ= ∈ : An HLD over S , 

where ( ) [0,1] { }S
iH nullβ ∈  . If 

; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

=∑ , M  is a CHLD over S ; if 

; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

<∑ , M  is an IHLD over S . 

{( , ( )) | 0,1,..., }k kM s s k gβ∗ = = : The transformed 
LD of M . 
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( )E M : The expectation of M . 
( )V M : The variation of M . 

1 2( , ,..., )nU M M M : The union of 1 2{ , ,..., }nM M M  
( 2)n ≥ . 

4. Comparisons among different linguistic 
expressions 

In this section, we briefly describe the concepts of LD 
and its variants, and discuss the differences among 
several different linguistic expressions. 

4.1. LD and its variants 

Let 0 1{ , ,..., }gS s s s=
 
be a linguistic term set, SH  be an 

HFLTS of S , and H  be the set of all HFLTSs of S . 
(1) The CLD. Zhang et al. [39] discussed the LD in 

which the symbolic proportion information provided for 
the terms is complete, i.e., the sum of the proportion 
information equals to one, which can be mathematically 
described as: 

{( , ( ))| 0, 1, ..., }k km s s k gβ= = , 

where ( ) [0,1] k ks s Sβ ∈ ∀ ∈  and 
0

( ) 1
g

k
k

sβ
=

=∑ , and 

( )ksβ  is the symbolic proportion of ks . 
(2) The ILD. Pang et al. [28] and Guo et al. [10] 

and Wu and Dong [35] discussed the cases of LD with 
incomplete information, in which the symbolic 
proportion information for the terms in an LD is 
incomplete, i.e., the sum of the proportion information 
is less than one, which can be mathematically described 
as: 

{( , ( ))| 0, 1, ..., }k km s s k gβ= = , 
where ( )ks nullβ∃ =  and 

( )
( ) 1

k

k
s null

s
β

β
≠

<∑ . 

Note 1. Pang et al. [28] and Guo et al. [10] 
discussed the cases of LD with partial ignorance of 
symbolic proportion information by introducing the 
concepts of probabilistic linguistic term sets and 
proportional fuzzy linguistic distribution through 
different mathematical representations respectively. 

(3) The possibility distribution for HFLTS. Wu and 
Xu [34] proposed the concept of the possibility 
distribution for HFLTS (PDHFLTS), in which the 
symbolic proportion information is uniformly 
distributed over the simple terms in an HFLTS and the 

sum of the possibility equals to one, which can be 
mathematically described as: 

{( , ( ))| 0, 1, ..., }k km s s k gβ= = , 
where ( ) [0,1] k ks s Sβ ∈ ∀ ∈  and ( ) 1

ss H

s
τ

τβ
∈

=∑ ,

( ) (0,1]sτβ ∈  and SH  is an HFLTS of S . 
The PDHFLTS is a special CLD. 
Note 2. The mathematical formulation of the 

PDHFLTS in this paper is different from the definition 
provided in [34], but they have the same meaning. 

(4) The LD with interval symbolic proportions 
(Interval LD). Dong et al. [7] proposed the concept of 
LD with interval symbolic proportions, in which the 
symbolic proportion information for the terms in an LD 
are interval values, which can be mathematically 
described as: 

{( , ( ))| 0, 1, ..., }k km s s k gβ= = , 

where ( ) [ ( ), ( )] [0,1]k k ks s sβ β β= ⊆  and 

0
( ) [0,1]

g

k
k

sβ
=

⊆∑ , and ( )ksβ  is the symbolic proportion 

of ks . 
(5) The HLD proposed in this paper. In HLD, the 

symbolic proportion information for the terms are 
distributed over HFLTSs, which can be mathematically 
described as: 

{( , ( )) | }S S S
i i iM H H H Hβ= ∈ , 

where ( ) [0,1] { }S
iH nullβ ∈   and ( )S

iHβ  is called the 
symbolic proportion of S

iH  if ( )S
iH nullβ ≠ . If 

; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

=∑ , M  is a CHLD over S . If 

; ( )

( ) 1
S S
i i

S
i

H H H null

H
β

β
∈ ≠

<∑ , M  is an IHLD over S . 

4.2. Comparisons among LD and its variants 

Based on the analysis of LD and its variants, their 
comparison results are listed in Table 1. 
 

From the above comparisons, we can figure out the 
following characteristics: 

(1) The PDHFLTS is a special CLD. 
(2) CLD is a special CHLD. 
(3) ILD is a special IHLD. 
(4) Interval LD is a generalization of LD. 
The relationships among the LD and its variants 

can be described as Fig.1. 
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Table 1.  The comparisons of LD and its variants 

 LD Our proposal (HLD) 
Name of 
linguistic 

expression 

PDHFLTS 
[34] 

CLD 
[39] 

ILD 
[10, 28, 35] 

Interval LD 
[7] HLD 

Mathematical 
format 

{( , ( ))}
( 0,..., )

k ks s
k g

β
=

 {( , ( ))}
( 0,..., )

k ks s
k g

β
=

 {( , ( ))}
( 0,..., )

k ks s
k g

β
=

 
{( , ( ))}
( 0,..., )

( ) [ ( ), ( )]

k k

k k k

s s
k g

s s s

β

β β β

=

=

 {( , ( ))}

( )

S S
i i

S
i

H H

H H

β

∈
 

Symbolic 
proportion 

information 
( ) 1

S
k

k
s H

sβ
∈

=∑  ( ) 1
k

k
s S

sβ
∈

=∑  ( ) 1
k

k
s S

sβ
∈

<∑  

0

( ) [0,1];

( ) [0,1]
kg

k
k

s

s

β

β
=

⊆

⊆∑  ;
( )

( ) 1
S
i
S
i

S
i

H H
H null

H

β

β
∈
≠

≤∑  

 
 

 
 

5. Use of the proposed HLDs in MAGDM 

In this section, we apply our proposal in MAGDM 
problems [6, 8, 38, 40]. Procedures for MAGDM with 
HLDs are presented and an illustrative example is 
demonstrated. 

5.1. Description of the MAGDM problem with 
HLDs 

In this section we propose the procedures for the 
MAGDM with HLDs. 

Let 0 1{ , ,..., }gS s s s=  be the linguistic term set and 

1 2{ , ,..., }nD d d d=  be a set of n decision makers with 

1 2{ , ,..., }nw w w w Τ=  being the weighting vector 

satisfying 0jw ≥  and 
1

1
n

j
j

w
=

=∑ . Let 

1 2{ , ,..., }qX x x x=  be a set of q alternatives and 

1 2{ , ,..., }pA a a a=  be a set of p attributes with 

1 2{ , ,..., }pv v v v Τ=  being the weighting vector satisfying 

0iv ≥  and 
1

1
p

i
i

v
=

=∑ . As the information for the 

alternatives is uncertain, decision makers 1 2{ , ,..., }nd d d  
provide their preferences over alternatives 1 2{ , ,..., }qx x x
by the form of LDs. In addition, the decision makers are 
from different fields and they may hesitate due to their 
vague knowledge when providing their professional 
opinions on the alternatives. So, the HLDs are adopted 
by decision makers to elicit their preferences. The 
procedures for the MAGDM with HLDs are depicted 
below: 

PDHFLTS 
( ) 1

S
k

k
s H

sβ
∈

=∑
 

Fig.1 The relationships among LD and its variants 

 

IHLD 

;
( )

( ) 1
S
i
S
i

S
i

H H
H null

H

β

β
∈
≠

<∑  

LD                                                HLD 
 
CHLD 

;
( )

( ) 1
S
i
S
i

S
i

H H
H null

H

β

β
∈
≠

=∑  

             ILD ( ) 1
k

k
s S

sβ
∈

<∑  

Interval LD  
 ( ) [0,1]ksβ ⊆ ;                     

( ) [0,1]
k

k
s S

sβ
∈

⊆∑            CLD ( ) 1
k

k
s S

sβ
∈

=∑  
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Step 1: Construct the evaluation matrix of each 
decision maker jd  ( 1, 2,..., )j n=  for alternatives 

1 2{ , ,..., }qx x x , ( )j j
rt q pL M ×= , where 

, , ,
, , ,{( , ( )) | }j S j S j S j

rt i rt i rt i rtM H H H Hβ= ∈  is an HLD. 

The HLD based evaluation matrix j
rtM  represents 

jd ’s preferences for alternative rx  ( 1, 2,..., )r q=  with 
respect to attribute ta  ( 1, 2,..., )t p= . 

Step 2: Obtain the collective evaluation matrix 
( )rt q pL M ×=  for each alternative rx  with respect to 

attribute ta  by aggregating each decision maker jd ’s 
evaluation matrix. 

Without loss of generality, we utilize the 
HLDOWA in the aggregation process in this step and 
the next step. Then based on Eq. (8), we obtain 

, , ,{( , ( )) | }S S S
rt i rt i rt i rtM H H H Hβ= ∈ , where 

            1 2( , ,..., )n
rt rt rt rt wM HLDOWA M M M= .             (13) 

Step 3: Calculate the overall value rz  of each 
alternative rx . 

rz
 
is computed by 

             1 2( , ,..., )r r r rp vz HLDOWA M M M= .             (14) 
Step 4: Rank the alternatives 1 2{ , ,..., }qx x x . 
According to the comparisons for HLDs in section 

3 and the Algorithm I, we rank the alternatives based on 

the expectations and variations of rz  by Eqs. (4)-(5). 
The larger value of ( )rE z , the better alternative rx . 

5.2. Illustrative example 

Suppose that five experts, 1 2 3 4 5{ , , , , }D d d d d d= , are 
invited to provide professional evaluations on football 
teams. Four football teams, 1 2 3 4{ , , , }X x x x x= , are 
considered and four attributes 1 2 3 4{ , , , }A a a a a=  are 
taken into account in the evaluation process. The 
information of the football teams provided for the 
experts are each team’s previous performances, so 
experts 1 2 3 4 5{ , , , , }d d d d d  provide their preferences over 

1 2 3 4{ , , , }x x x x  by the form of LDs. As the expert team 
consists of experts from different fields, who may 
hesitate when evaluating due to their vague knowledge 
for the football teams, the HLDs are adopted by experts 
to elicit their preferences. The established linguistic 
term set is 

0 1 2 3

4 5 6

{ :  , : , :  , : ,
        :  , : , :  }
S s very poor s poor s slightly poor s average

s slightly good s good s very good
=

. 
Step 1: Five experts’ evaluation matrices for 

alternative rx  ( 1, 2,3, 4)r =  are listed below. See 
Tables 2-6. 
 
 
 

Table 2. The linguistic preference 1L  provided by 1d . 

1L  1a  2a  3a  4a  

1x  

0

1 2

3 4

5 6

{( ,0.2),
({ , },0.2),
({ , },0.3),
({ , },0.3)}

s
s s
s s
s s

 

0 1

2 3

3

4 5 6

{({ , },0.1),
({ , },0.2),
( ,0.2),
({ , , },0.5)}

s s
s s

s
s s s

 

0 1

2

3 4

4 5 6

{({ , },0.1),
( ,0.1),
({ , },0.2),
({ , , },0.6)}

s s
s
s s
s s s

 
0

1 2 3

4 5 6

{( ,0.2),
({ , , },0.2),
({ , , },0.6)}

s
s s s
s s s

 

2x  

0 1

2 3

3 4 5

5 6

{({ , },0.1),
({ , },0.2),
({ , , },0.4),
({ , },0.3)}

s s
s s
s s s
s s

 

0 1

2 3

3 4

5 6

{({ , },0.2),
({ , },0.2),
({ , },0.3),
({ , },0.3)}

s s
s s
s s
s s

 

0

1 2 3

4 5

5 6

{( ,0.1),
({ , , },0.4),
({ , },0.3),
({ , },0.2)}

s
s s s
s s
s s

 
0 1 2

3

4 5 6

{({ , , },0.4),
( ,0.2),
({ , , },0.4)}

s s s
s
s s s

 

3x  
0 1 2

3 4

5 6

{({ , , },0.3),
({ , },0.4),
({ , },0.3)}

s s s
s s
s s

 

0

1 2 3

4

5 6

{( ,0.1),
({ , , },0.3),
( ,0.3),
({ , },0.3)}

s
s s s

s
s s

 
0 1 2

3 4 5

6

{({ , , },0.4),
({ , , },0.4),
( ,0.2)}

s s s
s s s

s
 

0 1

2

3 4 5 6

{({ , },0.2),
( ,0.1),
({ , , , },0.7)}

s s
s
s s s s

 

4x  

0 1

2 3 4

3 4

4 5 6

{({ , },0.1),
({ , , },0.4),
({ , },0.2),
({ , },0.2),( ,0.1)}

s s
s s s
s s
s s s

 

0 1 2

3

3 4

5 6

{({ , , },0.2),
( ,0.1),
({ , },0.3),
({ , },0.4)}

s s s
s
s s
s s

 
0 1

1 2 3

4 5 6

{({ , },0.3),
({ , , },0.3),
({ , , },0.4)}

s s
s s s
s s s

 

0

0 1 2

3 4

5 6

{( ,0.1),
({ , , },0.4),
({ , },0.2),
({ , },0.3)}

s
s s s
s s
s s
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Table 3. The linguistic preference 2L  provided by 2d . 

2L  1a  2a  3a  4a  

1x  
0 1 2

3 4 5

6

{( , , },0.4),
({ , , },0.3),
( ,0.3)}

s s s
s s s

s
 

0 1

2 3 4

5 6

{({ , },0.1),
({ , , },0.4),
({ , },0.5)}

s s
s s s
s s

 

0 1

2 3 4

4 5

4 5 6

{({ , },0.2),
({ , , },0.3),
({ , },0.2),
({ , , },0.3)}

s s
s s s
s s
s s s

 
0 1

2 3

4 5 6

{( ,0.1),( ,0.1)
({ , },0.2),
({ , , },0.6)}

s s
s s
s s s

 

2x  

0 1

1 2 3

3 4

5 6

{({ , },0.1),
({ , , },0.3),
({ , },0.3),
({ , },0.3)}

s s
s s s
s s
s s

 0 1 2 3

3 4 5 6

{({ , , , },0.5),
({ , , , },0.5)}

s s s s
s s s s

 

0

1 2 3

4 5 6

5 6

{( ,0.1),
({ , , },0.4),
({ , , },0.3),
({ , },0.2)}

s
s s s
s s s
s s

 
0 1 2

3 4

4 5 6

{({ , , },0.3),
( ,0.2),( ,0.1),
({ , , },0.4)}

s s s
s s
s s s

 

3x  

0 1

1

2 3 4

5 6

{({ , },0.2),
( ,0.1),
({ , , },0.4),
({ , },0.3)}

s s
s
s s s
s s

 

0

1 2

3 4

5 6

{( ,0.1),
({ , },0.3),
({ , },0.3),
( ,0.2),( ,0.1)}

s
s s
s s

s s

 

0 1 2

3 4

5

5 6

{({ , , },0.4),
({ , ,},0.3),
( ,0.1),
({ , },0.2)}

s s s
s s

s
s s

 

0 1

2

3 4 5

5 6

{({ , },0.2),
( ,0.1),
({ , , },0.6),
({ , },0.1)}

s s
s
s s s
s s

 

4x  

0

1 2 3

3 4

4 5 6

{( ,0.1),
({ , , },0.3),
({ , },0.2),
({ , },0.2),( ,0.2)}

s
s s s
s s
s s s

 

0 1

2 3

3 4

4 5 6

{({ , },0.1),
( ,0.1),( ,0.1),
({ , },0.2),
({ , , },0.5)}

s s
s s
s s
s s s

 

0 1

1 2 3

4 5 6

5 6

{({ , },0.2),
({ , , },0.3),
({ , , },0.3),
({ , },0.2)}

s s
s s s
s s s
s s

 

0

0 1 2

2 3 4

5 6

{( ,0.1),
({ , , },0.4),
({ , , },0.3),
({ , },0.2)}

s
s s s
s s s
s s

 

 

 

Table 4. The linguistic preference 3L  provided by 3d . 

3L  1a  2a  3a  4a  

1x  

0

1 2

3 4 5

5 6

{( ,0.1),
( ,0.1),( ,0.1),
({ , , },0.3),
({ , },0.4)}

s
s s
s s s
s s

 

0 1

1 2

3 2 3 4

5 6

{({ , },0.1),
( ,0.1),( ,0.1)
( ,0.2),({ , , },0.3),
({ , },0.2)}

s s
s s
s s s s
s s

 

0 1

1 2 3

4 5

6

{({ , },0.2),
({ , , },0.3),
( ,0.2),( ,0.1),
( ,0.2)}

s s
s s s

s s
s

 

0 1

0 1 2

3

4 5 6

{( ,0.1),( ,0.1)
({ , , },0.2),
( ,0.1),
({ , , },0.5)}

s s
s s s

s
s s s

 

2x  

0 1 2

1 2

3 4 5

5 6

{({ , , },0.2),
({ , },0.2),
({ , , },0.3),
({ , },0.3)}

s s s
s s
s s s
s s

 

0 1

1 2 3

3 4 5

5 6

{({ , },0.1),
({ , , },0.3)
({ , , },0.4),
({ , },0.2)}

s s
s s s
s s s
s s

 

0 0 1

1 2 3

4 5

5 6

{( ,0.1),({ , },0.2),
({ , , },0.3),
({ , },0.3),
({ , },0.1)}

s s s
s s s
s s
s s

 

0 1 2

2 3

4

4 5 6

{({ , , },0.3),
( ,0.1),( ,0.2),
( ,0.1),
({ , , },0.3)}

s s s
s s
s
s s s

 

3x  

0 1

1 2

2 3 4

4 5 6

{({ , },0.2),
({ , },0.1),
({ , , },0.4),
({ , , },0.3)}

s s
s s
s s s
s s s

 

0

1 2 2

3 4

4 5 6

{( ,0.1),
({ , },0.2),( ,0.1),
({ , },0.3),
({ , },0.2),( ,0.1)}

s
s s s
s s
s s s

 

0 1 2

3 4

4 5

5 6

{({ , , },0.3),
({ , },0.3),
({ , },0.1),
({ , },0.3)}

s s s
s s
s s
s s

 

0 1

2 3

3 4 5

4 5 6

{({ , },0.2),
( ,0.1),( ,0.1),
({ , , },0.3),
( ,0.1),({ , },0.2)}

s s
s s
s s s

s s s

 

4x  

0 1 2

1 2 3

3 4 5

5 6

{( ,0.1),({ , },0.2)
({ , , },0.3),
({ , , },0.3),
({ , },0.1)}

s s s
s s s
s s s
s s

 

0 1

2 3

2 3 4

5 6

{({ , },0.1),
( ,0.1),( ,0.1),
({ , , },0.3),
({ , },0.4)}

s s
s s
s s s
s s

 

0 1

1 2

3 4 5 6

5 6 6

{({ , },0.2),
({ , },0.2),
({ , , , },0.4),
({ , },0.1),( ,0.1)}

s s
s s
s s s s
s s s

 

0 0 1

0 1 2

3 4

5 6

{( ,0.1),({ , },0.2),
({ , , },0.3),
({ , },0.2),
({ , },0.2)}

s s s
s s s
s s
s s
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Table 5. The linguistic preference 4L  provided by 4d . 

4L  1a  2a  3a  4a  

1x  
0 1

2 3

4 5 6

{( ,0.1),( ,0.1),
( ,0.1),( ,0.1),
({ , , },0.6)}

s s
s s
s s s

 

0 1

1 2

3 4

5 6

{({ , },0.1),
( ,0.1),( ,0.1)
( ,0.2),( ,0.1),
({ , },0.4)}

s s
s s
s s
s s

 

0 1 2

2 3

4 5

6

{({ , , },0.3),
({ , },0.3),
( ,0.1),( ,0.2),
( ,0.1)}

s s s
s s

s s
s

 
0 1 2

3

4 5 6

{({ , , },0.3),
( ,0.1),
({ , , },0.6)}

s s s
s
s s s

 

2x  
0 1 2

3 4

5 6

{({ , , },0.3),
( ,0.2),( ,0.2),
( ,0.1),( ,0.2)}

s s s
s s
s s

 
0 1 2

3 4

5 6

{({ , , },0.3),
({ , },0.2),
( ,0.3),( ,0.2)}

s s s
s s

s s
 

0 1

1 2 3

4 5

6

{({ , },0.2),
({ , , },0.3),
( ,0.1),( ,0.2),
( ,0.2)}

s s
s s s

s s
s

 

0

0 1 2

2 3

4 5 6

{( ,0.1),
({ , , },0.3),
( ,0.1),( ,0.2),
( ,0.1),({ , },0.2)}

s
s s s

s s
s s s

 

3x  
0 1

2 2 3

4 5 6

{({ , },0.2),
( ,0.1),({ , },0.3),
( ,0.1),({ , },0.3)}

s s
s s s
s s s

 

0 1

2 3

3 4

5 5 6

{({ , },0.2),
({ , },0.3),
( ,0.1),( ,0.1),
( ,0.1),({ , },0.2)}

s s
s s

s s
s s s

 

0 1

2 3 4

5 5 6

6

{({ , },0.2),
({ , , },0.3),
( ,0.2),({ , },0.2),
( ,0.1)}

s s
s s s

s s s
s

 
0 1 2

3 4 5

4 5 6 6

{( ,0.1),({ , },0.2),
({ , , },0.3),
{( , , },0.3),( ,0.1)}

s s s
s s s
s s s s

 

4x  
0 1 2

3 4

5 6

{( ,0.1),({ , },0.2)
( ,0.3),( ,0.1),
( ,0.2),( ,0.1)}

s s s
s s
s s

 
0

1 2 3 4

5 6

{( ,0.1),
({ , , },0.3),( ,0.2),
( ,0.2),( ,0.2)}

s
s s s s

s s
 

0

1 2 3 4

5 6

{( ,0.1),
({ , , , },0.6),
( ,0.2),( ,0.1)}

s
s s s s

s s
 

0 1

2 3 4 5

6

{({ , },0.2),
({ , , , },0.5),
( ,0.3)}

s s
s s s s

s
 

Table 6. The linguistic preference 5L  provided by 5d . 

5L  1a  2a  3a  4a  

1x  
0 1

2 3 4

4 5 6

{( ,0.1),( ,0.1)
( ,0.1),({ , },0.1),
({ , , },0.6)}

s s
s s s
s s s

 
0 1

2 3

4 5 6

{( ,0.1),( ,0.1),
( ,0.1),( ,0.2),
( ,0.2),({ , },0.3)}

s s
s s
s s s

 

0 1

1 2

3 4

5 5 6

{({ , },0.2),
( ,0.1),( ,0.1)
( ,0.1),( ,0.1),
( ,0.1),({ , },0.3)}

s s
s s
s s
s s s

 

0 1

2 3

4 5

5 6

{( ,0.1),( ,0.1),
( ,0.1),( ,0.2),
( ,0.2),( ,0.1),
({ , },0.2)}

s s
s s
s s
s s

 

2x  
0 1 2

2 3 4

5 6

{({ , , },0.3),
( ,0.1),( ,0.2),( ,0.1),
( ,0.1),( ,0.2)}

s s s
s s s
s s

 
0 1 2 3

3 4

5 6

{( ,0.1),{ , , },0.3),
( ,0.1),( ,0.1),
( ,0.2),( ,0.2)}

s s s s
s s
s s

 

0 1

2 3 4

4 5

6

{( ,0.1),( ,0.2),
({ , , },0.3),
( ,0.1),( ,0.1),
( ,0.2)}

s s
s s s

s s
s

 
0 1

2 3 4 5

6

{( ,0.1),( ,0.2),
( ,0.1),{ , , },0.3),
( ,0.3)}

s s
s s s s
s

 

3x  
0 1

2 3

4 5 6

{({ , },0.2),
( ,0.1),( ,0.3),
( ,0.1),({ , },0.3)}

s s
s s
s s s

 

0 1

2 3

4 5

4 5 6

{({ , },0.2),
({ , },0.3),
( ,0.1),( ,0.1),
({ , , },0.3)}

s s
s s

s s
s s s

 
0 1 2

3 4

5 6

{( ,0.2),{ , },0.2),
({ , },0.3),
( ,0.1),( ,0.2)}

s s s
s s

s s
 

0 1 2 3

3 4 5

4 5 6

{( ,0.1),({ , , },0.3),
({ , , },0.3),
{( , , },0.3)}

s s s s
s s s
s s s

 

4x  
0 1 2

3 4

5 6

{( ,0.1),( ,0.1),( ,0.2)
( ,0.1),( ,0.2),
( ,0.2),( ,0.1)}

s s s
s s
s s

 

0

1 2 3

4 5

4 5 6

{( ,0.2),
({ , , },0.3),
({ , },0.2),
({ , , },0.3)}

s
s s s
s s
s s s

 
0

1 2 3 4 5

6

{( ,0.2),
({ , , , , },0.6),
( ,0.2)}

s
s s s s s

s
 0 1

2 3 4 5 6

{({ , },0.2),
( , , , , },0.8)}

s s
s s s s s

 

 
Step 2: Obtain the collective evaluation 

4 4( )rtL M ×=  for alternative rx  ( 1, 2,3, 4)r =  with 
respect to attribute ta  ( 1, 2,3, 4)t =  by Eq. (13). 
Without loss of generality, suppose that all the experts 
have equal weights. See Table 7. 

Step 3: Calculate the overall value rz  of each 
alternative rx  ( 1, 2,3, 4)r =  by Eq. (14). Without loss 

of generality, suppose (0.15,0.3,0.25,0.3)v Τ= . See 
Table 8. 

Step 4: Rank the alternatives 1 2 3 4{ , , , }x x x x  
according to the expectations of rz  ( 1, 2,3, 4)r = . 
Based on the Algorithm I, we have the transformed LDs 

rz∗  associated with rz . See Table 9. 
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Table 7.  The collective linguistic preference L . 

L  1a  2a  3a  4a  

1x  

0

0 1 2

1 1 2

2 3

3 4

3 4 5

4 5 6

5 6 6

{( ,0.1),
({ , , },0.08),
( ,0.06), ({ , },0.04),
( ,0.06), ( ,0.02),
({ , },0.08),
({ , , },0.12),
({ , , },0.24),
({ , },0.14), ( ,0.06)}

s
s s s

s s s
s s
s s
s s s
s s s
s s s

 

0

0 1

1 2

2 3

2 3 4

3 4

4 5 6

5 6

{( ,0.02),
({ , },0.08),
( ,0.06), ( ,0.06),
({ , },0.04),
({ , , },0.14),
( ,0.16), ( ,0.06),
({ , , },0.1),
({ , },0.28)}

s
s s

s s
s s
s s s

s s
s s s
s s

 

0 1

0 1 2 1

1 2 3 2

2 3

2 3 4

3 3 4

4 4 5

4 5 6 5

5 6

{({ , },0.14),
({ , , },0.06), ( ,0.02),
({ , , },0.06), ( ,0.04),
({ , },0.06),
({ , , },0.06),
( ,0.02), ({ , },0.04),
( ,0.08), ({ , },0.04),
({ , , },0.18), ( ,0.08),
({ , },0.06), (

s s
s s s s
s s s s
s s
s s s

s s s
s s s
s s s s
s s s6 ,0.06)}

 

0

0 1 2

1

1 2 3

2

2 3

3 4

4 5 6

5 5 6

{( ,0.1),
({ , , },0.1),
( ,0.06),
({ , , },0.04),
( ,0.02),
({ , },0.04),
( ,0.08), ( ,0.04),
({ , , },0.46),
( ,0.02), ({ , },0.04)}

s
s s s

s
s s s

s
s s

s s
s s s

s s s

 

2x  

0 1

0 1 2

1 2

1 2 3

2 2 3

3

3 4

3 4 5

4 5

5 6 6

{({ , },0.04),
({ , , },0.16),
({ , },0.04),
({ , , },0.06),
( ,0.02), ({ , },0.04),
( ,0.08),
({ , },0.06),
({ , , },0.14),
( ,0.06), ( ,0.04),
({ , },0.18), ( ,0.08)}

s s
s s s
s s
s s s

s s s
s
s s
s s s

s s
s s s

 

0 0 1

0 1 2

0 1 2 3

1 2 3

2 3 3

3 4

3 4 5

3 4 5 6

4 5

5 6 6

{( ,0.02), ({ , },0.06),
({ , , },0.06),
({ , , , },0.1),
({ , , },0.12),
({ , },0.04), ( ,0.02),
({ , },0.1),
({ , , },0.08),
({ , , , },0.1),
( ,0.02), ( ,0.1),
({ , },0.1), ( ,0.08

s s s
s s s
s s s s
s s s
s s s
s s
s s s
s s s s

s s
s s s )}

 

0

0 1

1

1 2 3

2 3 4

4 4 5

4 5 6

5

5 6 6

{( ,0.12),
({ , },0.04),
( ,0.04),
({ , , },0.28),
({ , , },0.06),
( ,0.04), ({ , },0.12),
({ , , },0.06),
( ,0.06),
({ , },0.1), ( ,0.08)}

s
s s

s
s s s
s s s

s s s
s s s

s
s s s

 

0

0 1 2

1 2

3

3 4 5

4

4 5 6

5 6 6

{( ,0.04),
({ , , },0.26),
( ,0.04), ( ,0.06),
( ,0.16),
({ , , },0.06),
( ,0.06),
({ , , },0.22),
({ , },0.04), ( ,0.06)}

s
s s s

s s
s
s s s

s
s s s
s s s

 

3x  

0 1

0 1 2 1

1 2 2

2 3

2 3 4

3 3 4

4

4 5 6

5 6

{({ , },0.16),
({ , , },0.06), ( ,0.02),
({ , },0.02), ( ,0.04),
({ , },0.06),
({ , , },0.16),
( ,0.06), ({ , },0.08),
( ,0.04),
({ , , },0.06),
({ , },0.24)}

s s
s s s s
s s s
s s
s s s

s s s
s
s s s
s s

 

0 0 1

1 2

1 2 3

2 2 3

3 3 4

4 4 5

4 5 6

5 5 6

6

{( ,0.06), ({ , },0.08),
({ , },0.1),
({ , , },0.06),
( ,0.02), ({ , },0.12),
( ,0.02), ({ , },0.12),
( ,0.1), ({ , },0.04),
({ , , },0.06),
( ,0.08), ({ , },0.1),
( ,0.04)}

s s s
s s
s s s

s s s
s s s
s s s
s s s

s s s
s

 

0

0 1

0 1 2

1 2

2 3 4

3 4

3 4 5

4 5 5

5 6 6

{( ,0.04),
({ , },0.04),
({ , , },0.22),
({ , },0.04),
({ , , },0.06),
({ , },0.18),
({ , , },0.08),
({ , },0.02), ( ,0.08),
({ , },0.14), ( ,0.1)}

s
s s
s s s
s s
s s s
s s
s s s
s s s
s s s

 

0 0 1

1 2

1 2 3

2 3

3 4 5

3 4 5 6

4

4 5 6

5 6 6

{( ,0.04), ({ , },0.12),
({ , },0.04),
({ , , },0.06),
( ,0.06), ( ,0.02),
({ , , },0.3),
({ , , , },0.14),
( ,0.02),
({ , , },0.12),
({ , },0.06), ( ,0.02)}

s s s
s s
s s s

s s
s s s
s s s s

s
s s s
s s s

 

4x  

0 0 1

1 1 2

1 2 3

2 2 3 4

3 3 4

3 4 5

4 4 5

5 5 6

6

{( ,0.08), ({ , },0.02),
( ,0.02), ({ , },0.08),
({ , , },0.12),
( ,0.04), ({ , , },0.08),
( ,0.08), ({ , },0.08),
({ , , },0.06),
( ,0.06), ({ , },0.08),
( ,0.08), ({ , },0.02),
( ,0.1)}

s s s
s s s
s s s

s s s s
s s s
s s s

s s s
s s s
s

 

0 0 1

0 1 2

1 2 3

2

2 3 4

3 3 4

4 4 5

5 4 5 6

5 6 6

{( ,0.06), ({ , },0.04),
({ , , },0.04),
({ , , },0.12),
( ,0.04),
({ , , },0.06),
( ,0.06), ({ , },0.1),
( ,0.04), ({ , },0.04),
( ,0.04), ({ , , },0.16),
({ , },0.16), ( ,0.04)}

s s s
s s s
s s s

s
s s s

s s s
s s s
s s s s
s s s

 

0 0 1

1 2

1 2 3

1 2 3 4

1 2 3 4 5

3 4 5 6

4 5 6

5 5 6

6

{( ,0.06), ({ , },0.14),
({ , },0.04),
({ , , },0.12),
({ , , , },0.12),
({ , , , , },0.12),
({ , , , },0.08),
({ , , },0.14),
( ,0.04), ({ , },0.06),
( ,0.08)}

s s s
s s
s s s
s s s s
s s s s s
s s s s
s s s

s s s
s

 

0

0 1

0 1 2

2 3 4

2 3 4 5

2 3 4 5 6

3 4

5 6

6

{( ,0.06),
({ , },0.12),
({ , , },0.22),
({ , , },0.06),
({ , , , },0.1),
({ , , , , },0.16),
({ , },0.08),
({ , },0.14),
( ,0.06)}

s
s s
s s s
s s s
s s s s
s s s s s
s s
s s

s
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Table 8.  The overall value of alternative rx  ( 1, 2,3, 4)r = . 

 rz ( 1, 2,3,4)r =  

1x  

0 0 1 2 0 1 1 1 2

1 2 3 2 2 3 2 3 4 3

3 4 3 4 5 4 4

{( ,0.058),({ , , },0.067),({ , },0.054),( ,0.048),({ , },0.012),
({ , , },0.028),( ,0.044),({ , },0.034),({ , , },0.039),( ,0.056),
({ , },0.036),({ , , },0.036),( ,0.043),({

s s s s s s s s s
s s s s s s s s s s
s s s s s s s 5

4 5 6 5 5 6 6

, },0.012),
({ , , },0.256),( ,0.029),({ , },0.112),( ,0.036)}

s
s s s s s s s

 

2x  

0 0 1 0 1 2 0 1 2 3

1 1 2 1 2 3 2 2 3

2 3 4 3 3 4 3 4 5

{( ,0.045),({ , },0.031),({ , , },0.135),({ , , , },0.015),
( ,0.022),({ , },0.012),({ , , },0.106),( ,0.024),({ , },0.018),
({ , , },0.015),( ,0.075),({ , },0.033),({ , , },

s s s s s s s s s s
s s s s s s s s s
s s s s s s s s s

3 4 5 6 4 4 5 4 5 6

5 5 6 6

0.072),
({ , , , },0.015),( ,0.049),({ , },0.03),({ , , },0.081),
( ,0.042),({ , },0.106),( ,0.074)}

s s s s s s s s s s
s s s s

 

3x  

0 0 1 0 1 2 1 1 2

1 2 3 2 2 3 2 3 4 3

3 4 3 4 5 3 4 5 6

{{( ,0.033),({ , },0.098),({ , , },0.084),( ,0.006),({ , },0.049),
({ , , },0.024),( ,0.026),({ , },0.048),({ , , },0.066),( ,0.026),
({ , },0.108),({ , , },0.069),({ , , , }

s s s s s s s s s
s s s s s s s s s s
s s s s s s s s s 4

4 5 4 5 6 5 5 6 6

,0.021),( ,0.04),
({ , },0.016),({ , , },0.051),( ,0.044),({ , },0.148),( ,0.043)}

s
s s s s s s s s s

 

4x  

0 0 1 0 1 2 1 1 2

1 2 3 1 2 3 4 1 2 3 4 5 2

2 3 4 2 3 4 5 2 3 4

{{( ,0.066),({ , },0.083),({ , , },0.072),( ,0.006),({ , },0.034),
({ , , },0.084),({ , , , },0.03),({ , , , , },0.03),( ,0.018),
({ , , },0.051),({ , , , },0.03),({ , ,

s s s s s s s s s
s s s s s s s s s s s s s
s s s s s s s s s s 5 6 3

3 4 3 4 5 3 4 5 6 4

4 5 4 5 6 5 5 6 6

, , },0.048),( ,0.033),
({ , },0.063),({ , , },0.018),({ , , , },0.02),( ,0.024),
({ , },0.03),({ , , },0.059),( ,0.04),({ , },0.087),( ,0.074)}

s s s
s s s s s s s s s s
s s s s s s s s s

 

 

Table 9.  The transformed LDs rz∗  associated with rz  ( 1, 2,3, 4)r = . 

 rz∗  ( 1, 2,3, 4)r =  

1x  0 1 2 3 4 5 6{( ,0.1073),( ,0.1127),( ,0.1117),( ,0.1253),,( ,0.1773),( ,0.1883),( ,0.1773)}s s s s s s s  
2x  0 1 2 3 4 5 6{{( ,0.10925),( ,0.1276),( ,0.1281),( ,0.1723),( ,0.14025),( ,0.16475),( ,0.15775)}s s s s s s s  
3x  0 1 2 3 4 5 6{{( ,0.11),( ,0.1155),( ,0.1325),( ,0.16225),( ,0.16925),( ,0.17125),( ,0.13925)}s s s s s s s  
4x  0 1 2 3 4 5 6{( ,0.1315),( ,0.13),( ,0.1346),( ,0.1511),,( ,0.1488),( ,0.1523),( ,0.1517)}s s s s s s s  

 
As 1 3 2 4( ) ( ) ( ) ( )E z E z E z E z> > > , the ranking of 
the alternatives is: 𝑥1 ≻ 𝑥3 ≻ 𝑥2 ≻ 𝑥4. 

6. Conclusions 

In this paper, we propose the concept of the HLD to 
model decision makers’ linguistic expression 
preferences based on the use of HFLTSs and LDs, and 
study the proposed HLD from the following aspects. 

(1) The transformation between the HLDs and LDs 
is presented and basic operations including comparison 
and aggregation operations are proposed to perform on 
HLDs. 

(2) The comparisons among several linguistic 
expressions such as the PDHFLTS, CLD, ILD, and 

interval LD and HLD are discussed to show that the 
HLD is their generalization. 

(3) We discuss the use and behavior mechanism of 
the HLD in MAGDM. 

The GDM with linguistic expressions not only 
relates to mathematical models, but also to 
philosophical issues. Therefore, it would be interesting 
to psychologically investigate decision makers’ 
behaviors when using different linguistic expressions in 
the future research. 

Acknowledgements 

This work was supported by the grants (Nos. 71201122, 
71571124) from NSF of China. 

International Journal of Computational Intelligence Systems, Vol. 10 (2017) 970–985
___________________________________________________________________________________________________________

983



References 

1. I. Beg and T. Rashid, TOPSIS for hesitant fuzzy 
linguistic term sets, International Journal of Intelligent 
Systems 28 (12) (2013) 1162-1171. 

2. Z.S. Chen, K.S. Chin, Y.L. Li, and Y. Yang, Proportional 
hesitant fuzzy linguistic term set for multiple criteria 
group decision making, Information Sciences 357 (2016) 
61-87. 

3. Y.C. Dong, X. Chen, F. Herrera, Minimizing adjusted 
simple terms in the consensus reaching process with 
hesitant linguistic assessments in group decision making, 
Information Sciences 297 (2015) 95-117. 

4. Y.C. Dong, C.C. Li, F. Herrera, Connecting the linguistic 
hierarchy and the numerical scale for the 2-tuple 
linguistic model and its uses to deal with hesitant 
unbalanced linguistic information, Information Sciences 
367-368 (2016) 259-278. 

5. Y.C. Dong, C.C. Li, Y.F. Xu, X. Gu, Consensus-based 
group decision making under multi-granular unbalanced 
2-tuple linguistic preference relations, Group Decision 
and Negotiation 24 (2015) 217-242. 

6. Y.C. Dong, Y.T. Liu, H.M. Liang, F. Chiclana, E. 
Herrera-Viedma, Strategic weight manipulation in 
multiple attribute decision making, Omega, in press, 
DOI: 10.1016/j.omega.2017.02.008. 

7. Y.C. Dong, Y.Z. Wu, H.J. Zhang, G.Q. Zhang, Multi-
granular unbalanced linguistic distribution assessments 
with interval symbolic proportions, Knowledge-Based 
Systems 82 (2015) 139-151. 

8. Y.C. Dong, H.J. Zhang, E. Herrera-Viedma, Consensus 
reaching model in the complex and dynamic MAGDM 
problem, Knowledge-based Systems 106(2016) 206-219. 

9. Y.C. Dong, G.Q. Zhang, W.C. Hong and Y.F. Xu, 
Linguistic computational model based on 2-tuples and 
intervals, IEEE Transactions on Fuzzy Systems (21) 
(2013) 1006-1018. 

10. W.T. Guo, V. N. Huynh, S. Sriboonchitta, A proportional 
linguistic distribution based model for multiple attribute 
decision making under linguistic uncertainty, Annals of 
Operations Research, in press, DOI: 10.1007/s10479-
016-2356-4. 

11. F. Herrera, S. Alonso, F. Chiclana, and E. Herrera-
Viedma, Computing with words in decision making: 
Foundations, trends and prospects, Fuzzy Optimization 
and Decision Making 8 (4) (2009) 337-364. 

12. F. Herrera, E. Herrera-Viedma and L. Martínez, A fuzzy 
linguistic methodology to deal with unbalanced linguistic 
term sets, IEEE Transactions on Fuzzy Systems 16 (2) 
(2008) 354-370. 

13. F. Herrera and L. Martínez, A 2-tuple fuzzy linguistic 
representation model for computing with words, IEEE 
Transactions on Fuzzy Systems 8 (6) (2000) 746-752. 

14. F. Herrera, L. Martínez, A model based on linguistic 2-
tuples for dealing with multi-granularity hierarchical 
linguistic contexts in multi-expert decision-making, IEEE 
Transactions on Systems, Man, and Cybernetics, Part B: 
Cybernetics 31 (2) (2001) 227-234. 

15. S. Massanet, J.V. Riera, J. Torrens, E. Herrera-Viedma, 
A new linguistic computational model based on discrete 
fuzzy numbers for computing with words, Information 
Sciences 258 (2014) 277-290. 

16. C.C. Li, Y.C. Dong, F. Herrera, E. Herrera-Viedma, L. 
Martínez, Personalized individual semantics in 
computing with words for supporting linguistic group 
decision making. An application on consensus reaching, 
Information Fusion 33 (2017) 29-40. 

17. W.Q. Liu, Y.C. Dong, F. Chiclana, F.J. Cabrerizo, E. 
Herrera-Viedma, Group decision-making based on 
heterogeneous preference relations with self-confidence, 
Fuzzy Optimization and Decision Making, in press, 
DOI:10.1007/s10700-016-9254-8. 

18. H.B. Liu and R.M. Rodríguez, A fuzzy envelope for 
hesitant fuzzy linguistic term set and its application to 
multicriteria decision making, Information Sciences 258 
(2014) 220-238. 

19. L. Martinez, D. Ruan, and F. Herrera, Computing with 
words in decision support systems: An overview on 
models and applications, International Journal of 
Computational Intelligence Systems 3 (1) (2010) 362-
395. 

20. L. Martínez, F. Herrera, An overview on the 2-tuple 
linguistic model for computing with words in decision 
making: extensions, applications and challenges, 
Information Sciences 207 (2012) 1-18. 

21. L. Martínez, R.M. Rodriguez, F. Herrera, The 2-tuple 
linguistic model: Computing with words in decision 
making, New York: Springer, 2015. 

22. L. Martínez, J. Liu, D. Ruan, and J.B. Yang, Dealing with 
heterogeneous information in engineering evaluation 
processes, Information Sciences 177 (7) (2007) 1533-
1542. 

23. L. Martínez, Sensory evaluation based on linguistic 
decision analysis, International Journal of Approximate 
Reasoning 44(2) (2007) 148-164. 

24. L. Martínez, M. Espinilla, and L.G. Pérez, A linguistic 
multi-granular sensory evaluation model for olive oil, 
International Journal of Computational Intelligence 
Systems 1 (2) (2008) 148-158. 

25. F. Mata, L. Martínez, E. Herrera-Viedma, An adaptive 
consensus support model for group decision-making 
problems in a multigranular fuzzy linguistic context, 
IEEE Transactions on fuzzy Systems 17 (2) (2009) 279-
290. 

26. J.M. Mendel, L.A. Zadeh, E. Trillas, R.R. Yager, J. 
Lawry, H. Hagras, and S. Guadarrama, What computing 
with words means to me, IEEE Computational 
Intelligence Magazine 5 (1) (2010) 20-26. 

27. J.A. Morente-Molinera, J. Mezei, C. Carlsson, E. 
Herrera-Viedma, Improving supervised learning 
classification methods using multi-granular linguistic 
modelling and fuzzy entropy, IEEE Transactions on 
Fuzzy Systems, in press, DOI: 
10.1109/TFUZZ.2016.2594275. 

International Journal of Computational Intelligence Systems, Vol. 10 (2017) 970–985
___________________________________________________________________________________________________________

984



28. Q. Pang, H. Wang, Z.S. Xu, Probabilistic linguistic term 
set in multi-attribute group decision making, Information 
Sciences 369 (2016) 128-143. 

29. R.M. Rodríguez, B. Bedregal, H. Bustince, Y.C. Dong, 
B. Farhadinia, C. Kahraman, L. Martinez, V. Torra, Y.J. 
Xu, Z.S. Xu, F. Herrera, A position and perspective 
analysis of hesitant fuzzy sets on information fusion in 
decision making. Towards high quality progress, 
Information Fusion 29 (2016) 89-97. 

30. R.M. Rodríguez, A. Labella, and L. Martínez, An 
overview on fuzzy modeling of complex linguistic 
preferences in decision making, International Journal of 
Computational Intelligence Systems 9 (2016) 81-94. 

31. R.M. Rodríguez, L. Martínez and F. Herrera, Hesitant 
fuzzy linguistic term sets for decision making, IEEE 
Transactions on Fuzzy Systems 20 (1) (2012) 109-119. 

32. J.H. Wang and J. Hao, A new version of 2-tuple fuzzy 
linguistic representation model for computing with 
words, IEEE Transactions on Fuzzy Systems 14 (3) 
(2006) 435-445. 

33. C.P. Wei, N. Zhao and X.J. Tang, Operators and 
comparisons of hesitant fuzzy linguistic term sets, IEEE 
Transactions on Fuzzy Systems 22 (3) (2014) 575-585. 

34. Z.B. Wu, J.P. Xu, Possibility distribution-based approach 
for MAGDM with hesitant fuzzy linguistic information, 
IEEE Transactions on Cybernetics 46 (3) (2016) 694-
705. 

35. Y.Z. Wu, Y.C. Dong, An optimization-based approach 
with minimum preference loss to fuse incomplete 

linguistic distributions in group decision making, The 
2017 IEEE International Conference on Fuzzy Systems, 
2017. 

36. R.R. Yager, On the retranslation process in Zadeh’s 
paradigm of computing with words, IEEE Transactions 
on Systems, Man, and Cybernetics, Part B: Cybernetics 
34 (2) (2004) 1184-1195. 

37. L.A. Zadeh, The concept of a linguistic variable and its 
applications to approximate reasoning, Part I, 
Information Sciences 8 (3) (1975) 199-249. 

38. H.J. Zhang, Y.C. Dong, X. Chen, The 2-Rank consensus 
reaching model in the multigranular linguistic multiple-
attribute group decision-making, IEEE Transactions on 
Systems, Man, and Cybernetics: Systems, in press, DOI: 
10.1109/TSMC.2017.2694429. 

39. G.Q. Zhang, Y.C. Dong and Y.F. Xu, Consistency and 
consensus measures for linguistic preference relations 
based on distribution assessments, Information Fusion 17 
(2014) 46-55. 

40. G.Q. Zhang, J. Ma, J. Lu, Emergency management 
evaluation by a fuzzy multicriteria group decision support 
system, Stochastic Environment Research and Risk 
Assessment 23 (4) (2009) 517-527. 

41. Z. Zhang, C.H. Guo and L. Martínez, Managing multi-
granular linguistic distribution assessments in large-scale 
multi-attribute group decision making, IEEE 
Transactions on Systems, Man, and Cybernetics: 
Systems, in press, DOI:10.1109/TSMC.2016.2560521. 

 

 

International Journal of Computational Intelligence Systems, Vol. 10 (2017) 970–985
___________________________________________________________________________________________________________

985

http://dx.doi.org/10.1109/TSMC.2016.2560521

	1. Introduction
	2. Preliminaries
	2.1. The 2-tuple linguistic model
	2.2. Hesitant fuzzy linguistic term set
	2.3. Linguistic distribution

	3. The hesitant linguistic distribution and its operations
	3.1.  Definition of the hesitant linguistic distribution
	3.2. The transformation and comparison operations
	3.3. Aggregation operations for HLDs

	4. Comparisons among different linguistic expressions
	4.1. LD and its variants
	4.2. Comparisons among LD and its variants

	5. Use of the proposed HLDs in MAGDM
	5.1. Description of the MAGDM problem with HLDs
	5.2. Illustrative example

	6. Conclusions
	Acknowledgements
	References


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



