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The effect of heterogeneity on order statistics has attracted much attention in recent decades. In this paper, first,
we discuss stochastic comparisons of extreme order statistics from independent heterogeneous exponentiated
scale samples. These comparisons are made with respect to usual stochastic, reversed hazard rate and likelihood
ratio orderings. Then, in the presence of the Archimedean copula or survival copula for the random variables,
we obtain the usual stochastic order of the sample extremes. In addition, some examples and applications are
illustrated.
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1. Introduction

Suppose order statistics arising from random variables X1, ...,X, are denoted by X., < ... < Xj.p.
Then it is well-known that the kth order statistic of a sample of size n characterizes the lifetime of a
(n — k+ 1)-out-of-n system. Thus, the study of lifetimes of k-out-of-n systems is equivalent to the
study of the stochastic properties of order statistics. In particular, a 1-out-of-n system corresponds to
a parallel system and an n-out-of-n system corresponds to a series system. In extreme value theory,
the extreme large loss such as stock market crashing or extreme short arrival times of disaster events
could be naturally described by extreme order statistics. Examples and theoretical developments of
extreme order statistics in both areas could be found in [2] and [7]. Also, the sample extremes
have nice applications in auction theory. For example, the maximum and minimum define the final
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price of the sealed-bid first-price auction (FPA) and the first-price procurement auction. One may
refer to [29], [28] and [19] for comprehensive expositions of auction theory, and we refer readers
to [23] and [8] for applications of order statistics in auction theory. Besides, order statistics play a
role in statistical inference, operation research, economics and many other applied probability fields.
There are considerable studies on order statistics during the past several decades and a large number
of which are on stochastic comparisons of order statistics from heterogeneous and homogeneous
samples. Due to the complexity of the distribution theory, most existing research assumes the mutual
independence among concerned random variables. For comprehensive references one may refer
to [5], [15] and [3].

A random variable X belongs to the scale family of distributions if X ~ F(Ax), where A > 0
and F is an absolutely continuous distribution function. Most of the parametric families of practical
importance have a scale parameter, such as exponential, Weibull, gamma, and Pareto, etc. The scale
model, also known in the literature as the proportional random variables model, is important in
various fields of probability and statistics, see for example [32] and [10], among others. The scale
model is termed as accelerated life models in the context of life testing because the scale parameter
acts to control the rate at which time passes. There is an extensive literature on stochastic orderings
when the observations follow from the exponential distribution with different scale parameters, see
for instance, [32], [33], [6], [12], [17], [15] and the references therein. A natural way to extend
these works is considering the scale model since it includes the exponential distribution, among
others. Firstly, Khaledi and Kochar [11] studied conditions under which series and parallel systems
consisting of components with lifetimes from the scale family of distributions are ordered in the
hazard rate and the reverse hazard rate orderings, respectively. Then, Kochar and Torrado [16] have
compared the magnitudes of two largest order statistics from the scale model when one set of scale
parameters majorizes the other one. Li et al. [25] studied order statistics from random variables
following the scale model. In the presence of the Archimedean copula or survival copula for the
random variables, they obtained the usual stochastic order of the sample extremes.

Consider a distribution function F, and let & > 0. We know that G(x) = (F(x))* is also a
distribution function and is known as exponentiated distribution. It is also known as proportional
reversed hazard rate model (PRHRM). A flexible model which belongs to the exponentiation fam-
ily, is the exponentiated Weibull (EW) distribution proposed by Mudholkar and Srivastava [30]. The
EW distribution is quite adequate for modeling non-monotone failure rates, including the bathtub
shaped hazard rate, which are quite common in reliability and biological studies. Fang and Zhang [9]
and Kundu and Chowdhury [20] stochastically compared two parallel systems each having hetero-
geneous EW components. Recently, a sub-model of the EW distribution, called the generalized
exponential (GE) distribution, has been discussed extensively. Balakrishnan et al. [1] examined the
problem of the stochastic comparison of series and parallel systems with heterogeneous GE compo-
nents. The purpose of this paper is to study the magnitude of extreme order statistics from general
distributions. More specifically, first, we discuss stochastic comparisons of extreme order statistics
from independent heterogeneous exponentiated scale samples. These comparisons are made with
respect to usual stochastic, reversed hazard rate and likelihood ratio orderings. Then, in the pres-
ence of the Archimedean copula or survival copula for the random variables, we obtain the usual
stochastic order of the sample extremes. Some examples and applications are highlighted as well.

Recall that random variable X belongs to the exponentiated scale family of distributions if X ~
H(x) = [F(Ax)]*, where a,A > 0 and F is an absolutely continuous distribution function. We
denote this family by ES(c, 4). The exponentiated scale family is flexible enough to accommodate,
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in many cases, for both monotone as well as non-monotone hazard rates. In fact, H(x) is quite
different from F (Ax) and need special investigation. For example, if F(Ax) is exponential, then its
corresponding PDF is monotone decreasing on the positive half of the real line. However, H(x) =
(1—e~**)% has a PDF, which is unimodal on [0, ). Furthermore, while the exponential distribution
has constant hazard rate A, it can be shown that the generalized exponential H has increasing hazard
rate (IHR), if o > 1, constant hazard rate (CHR), if o = 1, and decreasing hazard rate (DHR) if
a < 1. Let the corresponding density, hazard rate and reverse hazard rate functions of F be f, r and
7 respectively. Recall that F is said to be of

(i) Decreasing reversed hazard rate (denoted as DRHR) if 7(x) is decreasing;

(ii) Increasing hazard rate (denoted as IHR) if r(x) is increasing;

(iii) Decreasing proportional reversed hazard rate (denoted as DPRHR) if x7(x) is decreasing.

Notice that the reversed hazard rate function of H is defined by

P (x) = aAF(Ax) (1.1)

So that the RHRF of H is proportional to the RHRF of F with proportionality parameter o(A.
Remarks

1 If in ES family, &« = A = 1, then H(x) = F(x), which is also known as baseline distribution.
2 If A =1, then H(x) = (F(x))%, which is also as exponentiated distribution.
3 If o = 1, then H(x) = F(Ax), which is known as scale family.

The paper is organized as follows: Section 2 deals with different notions of stochastic orders,
majorization and related orders. Some useful lemmas are given in this section. Section 3 contains
the main result of the paper and its applications. Some conclusions are given in Section 4.

2. The Basic Definitions and Some Prerequisites

Throughout this paper, we use the notations R = (—eo,+00), R = [0,+c0) and R, = (0, +c0),
Dy ={(x1,x2,..Xn) i X1 Zx2> - > %, >0}, Eyp ={(x1,x2,...,%,) : 0<x; <xp <--- <x,}. The
term increasing means non-decreasing and decreasing means non-increasing. For any differentiable
function f(.), we write the first derivative of f(z) with respect to z by f’(r). We mention that all
random variables are nonnegative throughout the paper.

In this section, we recall some notions of stochastic orders, majorization and related orders.

Let X and Y be two univariate random variables with distribution functions F' and G, density
functions f and g, the survival functions F = 1 — F and G = 1 — G, hazard rate functions rp =
f/F and r¢ = g/G, and reverse hazard rate functions 7+ = f/F and g = g/G, respectively. The
following definition contains stochastic orders to compare the magnitudes of two random variables.
For a comprehensive discussion on various stochastic orders, see [34] and [22].

Definition 2.1. Let X and Y be two nonnegative random variables on R ;. The random variable X
is said to be smaller than Y in the

(i) likelihood ratio order, denoted by X <. Y, if g(x)/f(x) is increasing in x € R, |,
(ii) hazard rate order, denoted by X <y Y, if rp(x) > rg(x) for all x,

(iii) reversed hazard rate order, denoted by X <u Y, if 7r(x) < 7g(x) for all x,

(iv) usual stochastic order, denoted by X < Y, if F(x) < G(x) for all x.
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It is well known that the notion of majorization is quite useful in establishing various inequali-
ties. Let us recall that the notation x(1) < x(3) < ... < x(,) is used to denote the increasing arrangement
of the components of x = (xj,...,x,).

Definition 2.2. The vector x is said to be
(i) weakly submajorized by the vector y (denoted by x <y y) if Yi;x;) < ¥ii ;v for all
j=1,...,n,

w . .
(i) weakly supermajorized by the vector y (denoted by x <y) if Z{:] X() = Z{:l y() for all
j=1,...,n,
m . .
(iii) majorized by the vector y (denoted by x <y)if } 7, x; =Y, y; and Z,{:l X(j) = Z{:] v for
all j=1,...,n—1.

Another interesting weaker order related to the majorization order is the p-larger order, intro-
duced in [4].

p
Definition 2.3. A vector x € R’| is said to be p-larger than the vector y € R”, (denoted by x > y) if

It is well-known that (cf. [13] and [18])

p w m
xy<=xy<=x=xy=x=,y, forxyecR],

and,

x %y <= (log(x1), .., log(x,)) X(10g(y1), .., log(yn)

Lemma 2.1 ( [26], Proposition 3.C.1). If I C R is an interval and g : I — R is convex, then
m
I(x) =YY", g(x;) is Schur-convex on I". Consequently, x <y on I" implies [(x) < I(y).

w
Lemma 2.2 ( [26], Theorem 3.A.8). For a function ¢ on &/ C R", x <y, (X)y implies ¢ (x) < ¢(y)
if and only if it is increasing (decreasing) and Schur-convex on <.

A square matrix is said to be a permutation matrix if each row and each column has a single
unit, and all other entries are zero. There exist n! such matrices of size n x n, each of which is
obtained by interchanging rows (or columns) of the identity matrix. An n X n matrix P = (p;;) is
said to be doubly stochastic if p;; > O0fori,j=1,...,n, Y} pij=1,j=1,...;nand Yj_, p;j =1,
i =1,...,n. The T-transform matrix has the form 7, = @I, + (1 — @)I1, where 0 < ® < 1, I, is the
n X n identity matrix and I is a permutation matrix that just interchanges two coordinates. In the
following definition, various types of multivariate majorization are presented [26].

Definition 2.4. Let A = {a;;} and B = {b;;} be two m x n matrices such that a¥,...,a¥, and
be, ..., bR are the rows of A, and B, respectively.

(i) A is said to chain majorize B (denoted by A > B) if there exists a finite set of n x n T-

transform matrices Ty, , ..., Ty, such that B = ATy, ... Ty,.
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(i1) A is said to majorize B (denoted by A > B) if there exists an n x n doubly stochastic matrix
P such that B=AP. "
(iii) A is said to row majorize B (denoted by A >™% B) if af = bR fori=1,...,m.

It is known that
A>B=—A>B=—A>""B.

Let

X1y..0 X,
S, = {(x,y) = Ll "] :x; >0,y; >0,and  (x; —x;)(yi—y;) <O,

Ly-eosYn

XlyennsX
T, = {(x,y) = [yi yn] tx; > 1,y;>0,and  (x;—xj)(yi—y;) <0,
ooy Vn

iL,j=1,...,n

For a comprehensive treatment on this topic, see Chapter 15 of [26]. To prove the main results
of this paper, we shall use the following theorems.

Theorem 2.1 ( [1]). A differentiable function ¢ : Ri — R, satisfies
©(A) > @(B) for all A,B such that A € S»(T»), and A>> B (2.1)

if and only if (iff)
(i) ¢(A) = @(AIN) for all permutation matrices I, and for all A € Sy(T»), and

(ii) Z,-z:l(a,-k —aij)(Pi(A) — @ij(A)) > 0 for all j,k =1,2, and for all A € S»(T>), where
dp(A)
i i A) = .
(pJ( ) aaij

Theorem 2.2 ([1]). Let ¥ R%r" — R be a differentiable function, and the function vy, : Ri” —
R be defined as

n
V(A) = H‘P(alz‘,GZz’)-
i=1
Assume that v satisfies (2.1). Then, for A € S,(T,), and B = AT, we have v,(A) > v,(B).

Lemma 2.3 ([1]). Let @ : (0,0) X (0,1) — (—o0,0) be defined as

o' log(t)

Then,

(i) foreach 0 <t <1, w(a,t) is increasing with respect to a; and
(ii) for each a >0, w(a,t) is decreasing with respect to t.

223



£

ATLANTIS
PRESS Journal of Statistical Theory and Applications, Vol. 16, No. 2 (June 2017) 219-238

Lemma 2.4 ([13]). The function y : R", — R satisfies

x 2y = y(x) < y() (22)
if and only if;
(i) y(e™,...,e™) is Schur-convex in (ay,...,ay)
(i) y(e™,...,e") is decreasing in a;, fori =1,...,n,
where a; =1log(x;), fori=1,...,n.

A real function ¢ is n-monotone on (a,b) C (—oo,+oo) if (—1)""2¢*~2) is decreasing and
convex in (a,b) and (—1)¥¢®) (x) > 0 for all x € (a,b),k=0,1,...,n—2, in which ¢()(.) is the
ith derivative of ¢(.). For a n-monotone (n > 2) function ¢ : [0, 4c0) — [0, 1] with ¢(0) = 1 and
lim, . ¢(x) =0, let ¥ = ¢,~! be the pseudo-inverse, then

Co(urs....un) =0 (W(ur)+...+y(u,)), forallu;€(0,1],i=1,...,n,

is called an Archimedean copula with generator ¢. Archimedean copulas cover a wide range of
dependence structures including the independence copula with generator ¢(¢) = e~’. For more on
Archimedean copulas, readers may refer to [31] and [27].

At the end of this section, we recall a useful lemma, which plays an important role in the proofs
of theorems in Section 4. Note that the two-dimensional case of lemma below had been proved in
Theorem 4.4.2 of [31].

Lemma 2.5 ([24] Lemma A.1). For two n-dimensional Archimedean copulas Cy, (u) and Cy, (u),
if Wa 0 @y is super-additive, then Cy, () < Cy,(u) for all u € [0,1]".

3. Mutually Independent Variables

Consider a system consisting of independent ES components with heterogeneity in both parameters.
In this case, the specified parameters can be represented in a matrix form, and we can then examine
the behavior of some of the aging functions of the lifetime of the system when the matrix of the
parameters changes to another matrix in the sense of multivariate majorization. Theorem 3.1 and
Theorem 3.2 discusses this problem for the case of parallel and series systems.

Theorem 3.1. Let X1, X, be independent random variables with X; ~ ES(a;, A;), i = 1,2. Further,
let X{', X} be another set of independent random variables with X;" ~ ES(o, A7), i=1,2 and F is

DRHR. Then, for O O € S, , we have
M A
o oy o %
X590 > X5h. 1

Proof. The distribution function of X5 is
2
Fx,,(x) = H(F()Lix))a", x> 0.
i=1

It is easy to see that, for fixed x > 0, the function Fy,, (x) is permutation invariant in (0, A;), and so
Condition (i) of Theorem 2.1 is satisfied. Next, we should show that Condition (ii) of Theorem 2.1
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is also satisfied. For fixed x > 0, let us define the function g as

g(a,ﬂ.) _ (al . 052) <8FX2:2(X) B aFXz:z(x)> + (Al —12) <8FX2;2(X) B 8FX2;2(X)>' (3.2)

da, o0 o oA,

The partial derivatives of Fx,,(x) with respect to ¢, and A; are

dFy,,(x X
)(221.() =Fy,, (x) log(F(li ))7
and
dFx,,(x F(A:x
X“i() = xFXz:z(x)air(li )’

respectively. Now, upon substituting for these derivatives in (3.2), we get

g(a,A) =Fx,,(x)(a1 — ) <log(F()le) — log(F(lzx)> +

XFxy, (x) (A1 — 22) (OCIF(}LIX) - 0627(12?6)) (3.3)

The assumption (@,A) € S, implies (o — @) (A1 — A2) < 0. This result means that o > o and
M < Ay, or oy <o and Ay > Ap. We present the proof only for the case oy > o and A1 < Ay,
because the proof for the other case is quite similar. Because log(F(Ax)) is increasing with respect
to A, we have log(F (A2x)) > log(F(A1x)). So, it follows that the first expression on the right hand
side of (3.3) is non-positive. On the other hand, #(A,x) < 7(A4;x), since 7(x) is decreasing by the
assmption. By combining this observation with the assumption o; > o, we see that the second
term on the right hand side of (3.3) is also non-positive. Therefore, g(@,A) < 0, and this completes
the proof of the theorem. O

Theorem 3.2. Let X,,X, (X{,X5) be independent random variables with X; ~ ES(a;,A;) ( X ~
ap o

ES(af,A)), i =1,2 and let F is IHR. Then, for
M A

} €Ty, we have

o % o o .
[ll lz] ~ [lf‘ 12*} = Xin Za X122, (3.4)

Proof. The survival function of X;., is given by

2
Fx,,(x) = H(l —(F(Aix))*%), x>0.

i=1

For fixed x > 0, the function F,,(x) is permutation invariant in (a;,4;), and so Condition (i) of
Theorem 2.1 is satisfied. Next, we have to show that Condition (ii) of Theorem 2.1 also holds. For
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fixed x > 0, consider the function g as

g(a,d) =gi(a,A)+g(a,l), (3.5)
where
_ aFXl:z (x) aFXm (x)
gi(a,A) = (o — 062)( J 9 >7 (3.6)
and
_ aFXl:Z (x) aFXl:Z (x)
gz(a,l) = (kl —QLQ)( 811 — 812 ) (3.7)

The partial derivatives of Fx,, (x) with respect to o;, and A; are

IFx,, (x) 2 (F (Aix))%In(F (Aix))
giai = O T e 5-8)
and
_ . B X X oi—1

respectively. Upon using (3.8) in (3.6), we get

g1<a,x>:ﬁxw<x><al—az>( (00, F () — <a1,F<Mx>>).

where @(a, 1) is as defined in Lemma 2.3. The assumption (@, A ) € T implies (o) — 0) (A —A2) <
0. This result means that a; > ap > 1 and A} < A, or 1 < a; < o and Ay > A;. We just express
the proof for the case o > o > 1 and A < A, because the proof for the other case is very similar.
From Lemma 2.3, it follows that @(ca, F(Ax)) is increasing with respect to o for fixed 4, and is
decreasing with respect to A for fixed a. Therefore, we can conclude that

oo, F(lix) > 0o(on, F(Aix) > o(a, F(Ax)),
which in turn implies
gi(a,4) <0. (3.10)

On the other hand, upon using (3.9) in (3.7), we get

82(0t, A) =xFy,,(x)(4 — 22) <a2r(lzx)%_
e )

(F(A1x))™

(F(Ax))*

Now, let us consider the function i(a) = am. From Lemma 2.8 of [35], it follows that
- X

h(a) is decreasing with respect to o for fixed A. The assumption r(x) is increasing in x implies that

OCU’()LIX)
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r(x) % is increasing in x for fixed . Hence,
(F (h2)) (F (o))
e e v
(F (A1)
> alr(llx)l_(p(l;hx))a.)

and therefore
g(a,4) <0. (3.11)

From (3.5), (3.10), and (3.11), Condition (ii) of Theorem 2.1 is satisfied, and this observation com-
pletes the proof of the theorem. O

Next, we extend the special form of Theorem 3.1 and Theorem 3.2 to the case n > 3.

Theorem 3.3. Let Xi,...,X, be a set of independent random variables with X; ~ ES(ay,A;),
i=1,...,n. Further, let X{',..., X, be another set of independent random variables with X ~
ES(a,A%), i=1,...,n

(AR

(xl ...an

(i) IfF is DRHR, hl o

} €S, and

a]*...a;'l‘ _ oy - Oy T
ﬂ/l*}t* Alﬁ,n @
then Xp.n 25t X,r.pp-

(i) If F is IHR, [al O

A - )Ln:| e T, and

aik...a: _ oy - Oy T
)LI*}L* Ao A >
then X{., > X1:n-

Proof.
(i) For fixed x > 0, let v,(@,A) = Fx,, (x), and ¥(o,A) = (F(Ax))*. Then, we have v,(@,A) =
" ¥(ai,A;). As shown in Theorem 3.1, v, is satisfied in (2.1). Now, the desired result follows
from Theorem 2.2.
(i1) The proof is similar to that of Part (i), and it is therefore omitted here for the sake of brevity. [

As we know, the product of the two T-transform matrices with the same structures is a 7-
transform matrix. By using the induction method, one can easily see that the finite product of T'-
transform matrices with the same structures is also a T-transform matrix. Now, according to this
discussion, we immediately obtain the following corollary from Theorem 3.3.

Corollary 3.1. Suppose X; and X;* satisfy the assumptions of Theorem 3.3.
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(i) Assume that 7(x) is decreasing in x, [iﬂl (;Ln] €S, and
L Ay

Af e A Al Ay

1,...,k, have the same structures. Then, we have Xp., > g X,

a cee a
(ii) Suppose r(x) is increasing in x, [lll }Lﬂ] €T, and
n

ai“...a;: _ oy -+ 0
[,11* AA = [M )LJ T, Tay,

L,...,k, have the same structures. Then, we have X|., > Xi.p.

where Ty, | =

where Ty, | =

It is of interest to know whether the results of Corollary 3.1 may still hold if the matrices T,
i=1,...,k, have not the same structures. The following theorem gives an answer.

Theorem 3.4. Let Xi,...,X, be a set of independent random variables with X; ~ ES(ay,A;),
i =1,...,n. Further, let X{,...,X; be another set of independent random variables with X} ~

ES(af, A%), i=1,....n.

17
(i) Suppose that F is DRHR, % G €S,
A A,
(xi"...a; o - Oy
- T oo T
{;Ll*...)q} [,11...)%] o T €Sy
fori=1,....k—1,k>2and

of ... of oy - ¢
gl g

then Xp.n 2>t X;r.py-

.. . al ...an
(ii) If F is IHR, [}»1 )vn:| eT,

ai"...(xy’: oy - Oy
— R o

[Afk ---Aj} [,11 ...)Ln] o T €Sy
fori=1,....k—1,k>2and

R I LR P
[3«]* ,1;:} o [;L] ;L}J To, - Toy

then, we have X{.,, > Xi:n.

Proof. Set

() ()
o - Oy a0y . _
[;LfJ‘)...;L,gf)]_[xl---xn]T“” Tap J=1oikm L.

Let Yl(j),...,Yn(j), j=1,...,k—1, be the sets of independent random variables with Yl.(j) ~

ES(a” A), i=1,.. . mandj=1,... k—1.
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(i) From the assumption of the theorem, it follows that

al(J) oc,gj) g
)Ll(j) l}gl) n

for j=1,...,k— 1. Using these observations, and the result of Theorem 3.3, it follows that
Xon >t Yn(;]n) > >y Y,,(;];_l) > X,r.,- This completes the proof of Part (i).

(i) The proof is similar to that of Part (i), and is therefore omitted here.
O

In the following theorem, we compare parallel systems with independent heterogeneous ES
components when one of the parameters is fixed, and the results are then developed with respect to
the other parameter.

Theorem 3.5. Fori=1,...,n, let X; and X;* be two sets of mutually independent random variables
with X; ~ES(04,A) and X; ~ES(0,A). If Y1y o > YL, af, then for any A > 0, we have X,., >
X

Proof. For x > 0, the ratio of the density functions of X,,., and X, is

ORI VAT
gn(x) - ?:1 ai* (F(A' )) )

where B =Y o, — Y7, a. Because § >0, ; :g; is increasing in x. This completes the proof of
the required result. 0

Remark 3.1. It is worthwhile to note that (i, ..., 0,) = (Qf,..., 0 ) implies Y7, o > Y7 | o,
So, the condition ) ; o > Y1, ¢ in Theorem 3.5 is weaker than the weak submajorization order.
Therefore, the result of Theorem 3.5 remains true under the weak submajorization order between
shape parameters. In other words, we have the following result:

(.o ey Q) =y (O e 0) = X =00 Xy (3.12)

w
also, it is easy to show that (¢,..., o) =(af,...,05) implies Y, o; <Y, ot'. Then, according

to Theorem 3.5, we have the following result:

W
(Qry...,0n) =00, ..., 00) = Xpn <ir Xpp- (3.13)

The following corollary, due to [36], provides some sufficient conditions for comparing the
largest order statistics from two heterogeneous PRHR samples.

Corollary 3.2. Let (X1,Xs,...,X,) be a vector of independent random variables with X; ~ F% for
i=1,...,n Let (X{,X5,...,X) be another vector of independent random variables with X;* ~ Fo
fori=1,...,n. Then,

w
(Cyeeey O) = (0o, ) = Xnon <sh Xppep- (3.14)
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Note that the result in Theorem 3.5 contains the case when A = 1, from which we have the
following corollary for the PRHR model, which extends the above results of [36] in the context that
the super-majorization in (3.14) is relaxed to } /', o; > Y.\, o*. Moreover, the reverse hazard rate
order in (3.14) is also generalized to likelihood ratio order.

Corollary 3.3. Let (X1,Xs,...,X,) be a vector of independent random variables with X; ~ F% for
i=1,...,n Let (X;,X5,...,X}) be another vector of independent random variables with X;* ~ F%
fori=1,...,n. Then,

D=

n
o > Z ai* = Xun >1r X;:n' (3.15)
i=1

I
—_

In the next theorem, we compare parallel systems in the case when the two sets of scale param-
eters weakly majorize each other.

Theorem 3.6. Let X,...,X, be a set of independent nonnegative random variables with X; ~
ES(o,A;), i=1,...,n. Let X{,...,X, be another set of independent nonnegative random variables
with X} ~BS(a,A), i=1,...,n. If F is DPRHR and x*¥ (x) is increasing in x, then for any o > 0,

My D) = (A A5) = X >0 X (3.16)

Proof. Fix x > 0. Then the reverse hazard rate of X,,., is

=

P (Aix),

. R N ./
x,., (x,A) = ; oAiF(Aix) = x

1

where @ (x) = x7(x), x > 0. From Lemma 2.2 it suffices to show that, for each x > 0, 7, (x,A) is
Schur-convex and decreasing in A;’s.

By the assumptions, @(x) is decreasing in x, then the reverse hazard rate function of X, is
decreasing in each A;.

Now, from Lemma 2.1, the convexity of ¢(x) is needed to prove Schur-convexity of 7y, (x,A).

Note that the assumption x># (x)is increasing in x is equivalent to 7(x) +x#(x) is increasing in x
since

[ ()] = x(27 (x) + 27 (x)) = x [F(x) + 57 (x)],
and 7(x) 4+ x7 (x) is increasing in x is equivalent to x7(x) is convex since
[x7(x)] = F(x) 4 x7 (x).
Hence, ¢(x) is convex. This completes the proof of theorem. O
letting o¢ = 1 in Theorem 3.6 leads to the following corollary, verified by [16].

Corollary 3.4. Let Xi,...,X, be a set of independent nonnegative random variables with X; ~
F(Aix), i=1,...,n, where F is an absolutely continuous distribution function with density function
f- Let X{,..., X be another set of independent nonnegative random variables with X} ~ F (A}x),
i=1,...,n Ifx¥(x) is decreasing in x and x*# (x) is increasing in x, then,

Ao D) = (AL A5) == X =0 X (3.17)
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The following two theorems show that under certain conditions on parameters, there exists
reversed hazard rate ordering between X,;.,, and X

Theorem 3.7. Fori=1,...,n, let X; and X;* be two sets of mutually independent random variables
with X; ~ ES(a;,A;) and X* ~ BS(04, ;). Further, suppose that {& € E;,A,A" € D.} ({e €
Dy, A,A" €E,}) and let xr( ) be decreasing convex function of x. Then,

My D) = (A AE) = X >0 X

Proof. Fix x > 0. Then the reverse hazard rate of X,,., is

% Za,)tr (Aix) = ZOC,)Lxr (Aix) = Zalg (Aix),
where g(x) = x7(x), x > 0. From Lemma 2.2 it suffices to show that, for each x > 0, Fx,, (x,A) is
Schur-convex and decreasing in A;’s. By the assumptions, g(x) is decreasing in x, then the reverse
hazard rate function of X, is decreasing in each A;.

Note that by the assumptions x7(x) is convex in x. So, by Theorem 3.1 b(ii) (Theorem 3.2 a(ii))
of [21], 7, (x) is Schur convex. Thus, the result follows from Lemma 2.2. t

In the following, we give some new results on the lifetimes of parallel systems in terms of the
usual stochastic order.

Theorem 3.8. Let X1,...,X, (X[,...,X;) be a set of independent nonnegative random variables
with X; ~ ES(a, A;) (X ~ES(o,A”)), i=1,...,n. If F is DPRHR, then

Moeers ) = Al AZ) = X > X (3.18)

Proof. The survival function of X,,., can be written as

n

F,,(t,a) = 1= J(F(e“1))* (3.19)
i=1
where a; = log(A;), for i = 1,...,n. Using Lemma 2.4, it is enough to show that the function
Fx,,(t,a) given in (3.19) is Schur-convex and decreasing in g;’s. To prove its Schur-convexity, it
follows from Theorem 3.A.4. in [26] that we have to show that for i # j,

ofy,, JF,,
r=a) (e =) 20

that is,for i # j,

a(ai—aj) [ |(F(e*))* <te (3.20)

k=1

o f(e1) 4 f(eD)
F(e“t) e F(e“it)> =0

The assumption x7(x) is decreasing in x implies that the function re“7(e%t) is decreasing in a;, for
i=1,...,n, from which it follows that (3.20) holds. The partial derivative of Fx, (¢,a) with respect
to a; is negative, which in turn implies that the survival function of X, is decreasing in a; for
i=1,...,n. This completes the proof of the required result. 0
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In accordance with Theorem 3.8, for a parallel system with n independent units following ES
model, the DPRHR property of F and the more heterogeneous in the p-largerer order the scale
parameters is, the stochastically longer lifetime of the system and hence higher reliability will be
achieved.

The above theorem immediately leads to the following corollary.

Corollary 3.5. Let Xi,...,X, be a set of independent nonnegative random variables with X; ~
ES(o, i) (X ~ES(a,Af)), i=1,...,n. Let X{,..., X be i.i.d. random variables with common
distribution. F*(Ax), where A is the geometric mean of the A;’s. If F is DPRHR, then X,.n > X,,,-

The above corollary gives a lower bound on the survival function of a parallel system with non-
identical components in terms of the one with i.i.d. components when the common scale parameter
is the geometric mean of the scale parameters.

letting o¢ = 1 in Theorem 3.8 leads to the following result proved by Khaledi et al. [11].

Corollary 3.6. Let Xi,...,X, be a set of independent nonnegative random variables with X; ~
G(Aix), i =1,...,n, where G is an absolutely continuous distribution function with density function
g Let X[',...,X; be another set of independent nonnegative random variables with X; ~ G(Ax),
i=1,...,n. Let F be the reverse hazard rate functions of G. If xi(x) is decreasing in x, then

My ) o (A M) = X > X (3.21)

4. Interdependent Variables with Archimedean Copulas

Although in the literature, most researches on stochastic comparison on sample minimums assume
the mutual independence among observations, recently some authors deal with the sample with
dependent random variables. Here, we consider samples of ES random variables with a common
Archimedean survival copula.

Theorem 4.1. Suppose for i = 1,...,n, X; ~ ES(04,A) and X;* ~ ES(o*,A) share a common

w
Archimedean survival copula with generator ¢. Then, X1., < X}, if (q1,...,0,) =(0f,...,0).

Proof. The survival function of X;., is given by

-

Il
—

Fx, () =pXx >x,1 <k<n)=¢() w(l—(F(Ax))*%)), x>0. .1)

Using Lemma 2.4, it is enough to show that the function —Fx,_ (x) is Schur-convex and decreasing
in 0;’s. The partial derivatives of F,,, (x) with respect to o; are

Oy, (x) _  (F(Ax)*log(F(Ax))¢"(LE y(1 = (F(Ax)™)) _

da; ¢'(y(1 = (F(Ax))%)) h

forall x> 0.

Thus Fy,,, (x) is increasing with respect to a;’s. To prove its Schur-concavety, it follows from Theo-
rem 3.A.4. in [26] that we have to show that for i # j,

(9P 9Fx, (%)
(a,—og)( da, da <0,

232



ATLANTIS
PRESS Journal of Statistical Theory and Applications, Vol. 16, No. 2 (June 2017) 219-238

that is, for i # j,

~log(F(2:0)0/ (X, w(1 - (F(1)%) (@ ~ )
(F(Ax))% B (F(Ax))%
(70—~ e = o) <° @2
Now, let us consider the function g(a@) = v <(]F_(;(L;)();x))a)) Taking derivative with respect to

o, we get
g'(a) £ (F(Ax))*log(F (Ax))¢' (w(1 — (F(Ax))*))

(F(Ax))**log(F (Ax))
¢'(y(1 - (F(Ax))%))

Thus, g(o) is increasing with respect to a from which it follows that (4.2) holds. This completes
the proof of the required result. O

0" (y(1—(F(Ax))%)) 2 0.

Theorem 4.2. Suppose, for X ~ ES(a,A, ) and X* ~ES(ot, A", ¢), ¢ or ¢, is log-convex, and
Y2 0 @1 is super-additive. Then, Xy, >s X\, if (i) (A1, ..., An) é (Af,....A)) and F is DPRHR, or
(ii) (A1, D) = (A, ..., A7) and F is DRHR.

Proof. X,., and X, have their respective distribution functions, for x > 0,

n

Fx,,(x) = ¢1( ) vi(F(Ax))*)) = J (A, a,x, 91), (4.3)

i=1

Fy;, (x) = 92( ) w2 ((F(Ax))%)) = J(A, a,x, 2). (4.4)

D=

1

i

We only prove the case that ¢; is log-convex, and the other case can be finished similarly.

(i) Since ¢ is decreasing, we have

8J(A,(x,x, ¢1)

o 01 (L1 w1 (F (Aix)%))
dlog(4;) ol =0

= ok (i) (B ) S (P ) =

forall x>0,

That is, —J(A, ¢, x, ¢y) is decreasing in log(4;) for i = 1,...,n. Furthermore, for i # j,

dJ(A, a,x,01) dI(A,a,x,¢1)
dlog(4;) dlog(A;)

n

adi (Y vi((F(4x)%))

i=1
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W ER)D) e (F(A))
( M) G (F () T )¢;(wl<<F<ij>>a>)>'

Note that the log-convexity of ¢; implies the decreasing property of

¢ (v ((F(Ax))%))

91 (w1 ((F(Ax))%))
Also the DPRHR property of F implies that xA7(Ax) is decreasing in A > 0, and thus

o B ((F(20)%)
A oy ((F () ®)

[}
91

is increasing in A > 0.

Since

v ((F(Ax))%) is decreasing in A > 0, then

is increasing in A > 0. So, for i # j,

dJ(A, o dJ(A, o
()'l_)‘]) ( ) ,X,(Pl)_ ( ) 7x7¢1) <0.
dlog(A;) dlog(4))
Then Schur-convexity of —J(A,a,x,¢;) follows from Theorem 3.A.4. in [26]. Here it
P
should be noted that, for two vectors A and A, we have (A,...,4,) = (A],..., 1)) <

p
(log(A1),...,log(Ay)) g (log(A{),...,log(A))). According to Lemma 2.2 (A,...,4,) =
(Af,..., AF) implies —J(A, o, x,¢1) > —J (A", @, x,¢1). On the other hand, since y; o ¢; is
super-additive by Lemma 2.5, we have J(1*, ot,x,91) < J(A™, a,x, ). So, it holds that

J(A'aaaxa ¢1) S J(A*,(X,X, ¢1) S J(A'*,(X,)C, ¢2)

That isa Xn:n Zst X:n
(i) We omit its proof due to the similarity to that of Part (i).

O

letting @ = 1 in Theorem 4.2 leads to the following corollary for scale model, verified by Li et
al. [25].
Corollary 4.1. Suppose, for X ~S(A,¢1) and X* ~ S(A™, ), @1 or ¢, is log-convex, and W, o ¢
P
is super-additive. Then, Xy., >y X,, if (i) (A1,...,A,) = (A],...,A;) and F is DPRHR, or (ii)
w
(A1, ) = (A, ... A)) and F is DRHR.

5. Examples and Applications

As the very popular fault tolerant structure, the k-out-of-n system has been widely applied in indus-
trial engineering and military systems. Particularly, the 1-out-of-n system and the n-out-of-n system
correspond to the parallel system and series systems, respectively. In section 3, we carry out stochas-
tic comparisons of lifetime of the parallel system and series systems arising from independent ES
components in the sense of various stochastic orderings including the usual stochastic, reversed haz-
ard rate and likelihood ratio orderings. In the following subsections, we present some distributions
for which our results are applicable.

5.1. Generalized exponential distribution

To fit a model to lifetime data sets, it is observed in the literature that the generalized exponential
distribution can be used as an alternative to the gamma, Weibull, and log-normal distributions. So, it
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is of interest to consider this distribution as the lifetimes of components of reliability systems. The
cumulative distribution function of the GE distribution is

Gx)=(1—e™)* x>0,0>0,1>0.

We denote this distribution by GE(a,A). It follows the ES model by letting the underlying distri-
bution in the ES family be F(x) = 1 — e *,x > 0. Clearly, F is IHR and IRHR. So, the condition
of Theorem 3.1-3.4 holds. So the result of this Theorems simply yield results for series and parallel
systems with independent heterogeneous generalized exponential components. As a consequence,
this results is a generalization of Corresponding result due to [1].

The following corollary, verified by Balakrishnan et al. [1], follows immediately from Theorem
3.5.

Corollary 5.1. LetX,,...,X, be independent random variables with X; ~ GE(0;,A) and X}, ..., X,
be another set of independent random variables with X; ~ GE(a/,A),i =1,...n. If Y1, ot; >

n

© o, then for any A > 0, we have X,., > X;1.p.

From Theorem 3.6 and the fact that F is DPRHR and x># (x) is increasing in x, see lemma 2.1 of
[12], we readily obtain the following corollary that generalizes the corresponding result in Theorem
10 (ii) of [1]. In particular the majorization assumption is relaxed to the super-majorization.

Corollary 5.2. Let X, ..., X, be independent random variables with X; ~ GE(a, A;) and X}, ..., X!
be another set of independent random variables with X;* ~ GE(a,A),i = 1,...,n. Then for any
o >0,

My D) = (A AE) = X > X

- (5.1
The following corollary, verified by Kundu et al. [21], follows immediately from Theorem 3.7.

Corollary 5.3. Fori=1,...,n, let X; and X;" be two sets of mutually independent random variables
with X; ~ GE(oy,A;) and X} ~ GE(oy,A*). Further, suppose that {&t € E; ,A,A" € D, } ({a €
D_i_,l,l* € E+}) Then,

Ao M) (A A5) = X > X

Theorem 3.8 can be applied to the GE distribution, as proved in theorem 10 (i) of [1].

Remark 5.1. Khaledi and Kochar [12], proved special case of Theorem 3.8 when the baseline
distribution in the ES model is exponential and o = 1.

5.2. Generalized gamma distribution

Recall that a random variable X has a generalized gamma distribution, denoted by X ~ GG(p,q),
when its density function has the following form

p —1 _—xP
g(x) = X1,
()

x>0,

where p,g > 0 are the shapes parameters. The importance of this distribution lies in its flexibility
in describing lifetime distributions ensuring their applications in survival analysis and reliability
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theory. It includes many important distributions like exponential (p = g = 1), Weibull (p = ¢) and
gamma (p = 1) as special cases. It is IHR when p > 1, > 1. [11] proved that for X ~ GG(p,q),
x7(x) is a decreasing function of x and x*#(x) is an increasing function of x when p < 1. So we
apply the result of this paper when F is a generalized gamma distribution which includes Weibull,
gamma and exponential random variables as special cases. The result derived here strengthens and
generalizes some of the results known in the literature.

5.3. Other distributions

A random variable X is said to have power-generalized Weibull distribution, if its survival function
is

F(x) = elf(H’v)w, t,v,y>0.

Itis DRHR when v < 7y,v <1,IHR when v > 7y,v > 1. So, the condition of Theorem 3.1-3.4 holds.
As [11] have shown, the power-generalized Weibull distribution satisfy the conditions of Theorem
3.8. Most of the other parametric families of practical importance have a scale parameter, such as
Burr and half-normal distribution and the conditions of this paper can be easily checked for them.

5.4. Auction theory

In practice, it is of great interest for auctioneers to have a good understanding on the impact of
the dependence among the bids. Our theoretical results in Section 4 throw some new light into
this concern. For bids following ES model and coupled by Archimedean copulas, Theorem 4.2
tells that the final price in the FPA with less homogeneous and less positive dependent bids will
be stochastically larger. From another perspective, this suggests the auctioneer be very cautious in
releasing information because the dependence and homogeneity on bids strongly associate with the
information and may harm the final price.

6. Conclusions

In this paper, for the first time, we have considered series and parallel systems with independent
heterogeneous exponentiated scale components. These comparisons are made with respect to usual
stochastic, reversed hazard rate and likelihood ratio orderings. We apply these results when F is
a generalized exponential, power-generalized Weibull and generalized gamma distribution which
includes Weibull, gamma and exponential random variables as special cases. We also conducted
stochastic comparison on the smallest (largest) order statistics from ES samples with Archimedean
survival (Archimedean) copulas. The results of the paper extend some known results in the literature
pertaining to the scale and exponentiated family of distributions.
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