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Abstract

The paper proposes to derive some new poverty indices which depend on aging classes. We also give some
properties of it and show the connection between economic measure and new poverty measures these based on the
concept of reversed residual incomes. In addition, the characterization of Pareto distribution based on new poverty
functions is obtained. Furthermore, the stochastic orderings of new poverty indices are studied and their properties.
In addition, the weighted poverty gap indices and stochastic dominance which involve the concept of inactivity
incomes and its features are studied.
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1. Introduction

Let X >0 be the random variable expresses the income of individuals with a density function f£,(¢), a
distribution function (F,(6)), a reversed hazard rate 7,(9)= f,(6)/ F,(¢) (RH) and a poverty line @, where
6 e R* are considered; such that F, (g) represents the proportion of the poor. The poverty is then quantified

in term of the proportion of the poor people and their income inequality (see Atkinson [1], Foster and
Shorrocks [2,3] and Belzunce et al. [4]).
The difference between the poverty line 6 and individual income y, is defined as the poverty gap, P,

where P, =0 -y,. The traditional poverty gap index is introduced by Sen [5] as the percentage of individuals
below @. Almost the poverty papers consider the poverty gap index as

A= ZR /(m@), N is the setof poor individuals.
ieN
it depends on uniform distribution. In many cases, the distribution of income is not uniform distribution.
There are some related aging classes which related to 7,(g) such as mean reversed hazard lifetime. It

should be noted that the FX(Q) function and its related functions are less intuitive functions.
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The first goal of this study is to introduce new poverty indices which depend on distribution function of
income in general cases, i.e., the distribution of income may be not uniform such as exponential or Pareto
distribution and so on. Moreover, these indices consider as right truncated distribution. In addition, the second
goal of this paper is spread out the usefulness of 7, (9)by relating it to new poverty gap indices.

The study of the poverty measures (poverty gap and the poverty severity) based on the concept of reversed
residual incomes are defined in Section 2. We also give some properties of it and show the relationship
between Lorenz curve and new poverty measures these based on the concept of reversed residual incomes. In
addition, the characterization of Pareto distribution based on new poverty functions is obtained. Section 3
consists of a through the study of the stochastic dominance of new poverty measures. The last section
provides the weighted poverty gap function and stochastic dominance which involve the concept of inactivity
incomes and its features are studied.

2. The Poverty Measures Functions

Let X >0 be the random variable expresses the income of individuals with an absolutely continuous
distribution function F, (), and a density function £, (). We consider F, (@) for a poverty line ¢ as a right
truncated income distribution at §, then we interesting to study the random variable:

X,(0)={x]x <@},
and its distribution function is given by

F
FX,.(H)(X) = #8 forx<@.

Then, the mean of x, (6) (the average income below the poverty line @) can define as follows:

0
l//(&)zE(X|XS0)=IdeX(s)/FX(H), OeR". 2.1
0
It is satisfies the following properties:

e y(9)<o, foralldc R,
* lim,,,v(0)=E()

and its distribution function is given by
The following definition is essential for this work:

Definition 2.1: Let the random variable X expresses the income of individuals, with distribution function
F,()and a density function £, (). Then, the reversed proportional failure rate (RPF), 7, (9), is defined as
follows:

7.(0)=0f,/F,, forall@eR". (2.2)
The reversed proportional failure rate function has been studied by Block et al. [6], Chandra and Roy [7],

Finkelstein [8, 9, 10] and Gupta et al. [11].
Then, by using (2.1), we can obtain the poverty gap (PG) index as the following formula

B (0)=1-w(6)/6, foralldecR". (2.3)
Moreover, from (2.2) and (2.3), we obtain:
0B, (0)/06=1/0)1-7,(0)s,(0)] foralld R,
where 7, (6) is the reversed proportional failure rate function at a poverty line 6.
Moreover, the relationship between y(¢) and g, (6) is given by

w(0)=0[1-5.(0)]
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and

ow(0)/00=7,(0)p,(0), foralldecR".
In the current investigation, we study the properties of new poverty index in term of axioms for a good index
of poverty.

Theorem 2.1: The poverty gap index of (2.3) satisfying axioms:
o Normalization (N),
e [ncreasing in subsistence income (1SI),
e Monotonicity (M).
Proof. It is easy to proof that if all incomes have zero. Therefore, 3, (9) takes the value unity, it is means that

B, (0) is satisfying N. For proof that g, () is increasing in ¢, we should be achieve the following relation
p(0)B(0)<1,

since E(X|X <0)<0= E(X|X <0)/6 <1 and p,(6) is probability value, then 5, ()8, (6)<1. This

means that g, () is satisfying ISI. When we reduction in an income with value a below ¢, the poverty gap

index can be shown as
0

By (0)=1 —( | xdFX(x)/FX(Q)—a]/Q, forall 6 e R*

0
=1-(y(0)/0)+(a/ 0)= p,(0)+(a/ 0),
since a and @ are positive numbers, then
B, (0)/06>0p,(0) 00, forall@ e R,
it is complete proof that g, () is satisfying M.
To compare the distribution of income of different countries at the same time we may be used lorenz curve
that is introduced by Lorenz [12], and it is also, defined by Gastwirth [13] as following definition:

Definition 2.2: Let 7 > 0 be a random variable with cumulative distribution function F,(¢) and a density
function f, (@), with a finite mean y. The Lorenz curve L, (p) of W is defined in terms of two parametric
equations in x namely
4
p= FW(H)Z .[o dFW(Z)’
and

L0)=F0)=— [ 1f, (0t 4
7Rl

where F,(9) can interpret as the proportion of the poor below the level §. F;(¢) can be viewed as the

proportional share of the total income of poor below the level 6.
It follows from (2.4) that the Lorenz curve is the first moment distribution function of £, (). It may be

noticed that both £, (9) and F(@) lies between zero and one. In addition, the Lorenz curve being the plot of
the points (%, (), F;(¢)) is represented in the unit square. L, (p) can be interpreted as the proportion of the

total wealth possessed by the poorest p” fraction of the population. The Lorenz curve defined by (2.4)
acquires the following properties:

e L0)=0,L(1)=1,and L, (p) is continuous and strictly increasing on (0, 1), as
oL, (p)/ 060 =6(F)/ u, foralldeR".
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where
L, (p)=[x(R)dF, /[ x(F)dF, andx(F)=inf{y: F(y)2 F,}
e L, ( p) is twice differentiable and is strictly convex on (0,1) as
&L, (p)/06* =1/ i f(6(F)w)> 0.
where the inverse of the distribution function can interpret as x(F).
For W >0 be any random variable with distribution function Fj, and a finite mean 4 , the Lorenz curve
L, (p) is defined as

L(p)= 1 L‘”F;(t)dz, forall p [0,1], (2.5)
Y7

where F,"(¢)=inf {49 . F,(0)> t} is the left continuous inverse of £}, (also known as the quantile function).

Thompson [14] has proved the following properties for the Lorenz curve defined by (2.5).
We can use the following characterizations theorem for the Pareto distribution (Pareto(.)) by using new
measures.

Theorem 2.2: Suppose W be a non-negative random variable. Then we get
1.The poverty gap function is

a“ k0"

ﬁW(H):l—W.

2.If 1y (9) =fy (9)/ (l -F, (9))represents the hazard rate and f,,(9) the poverty gap function, therefore,

the relationship

(2.6)

By (0)= 1—(0—2)rw 6) 2.7)

1-x

3. If W have the Lorenz curve Ly, ( p) , the poverty gap B, (0) and the finite mean u, then the relationship

By (0)=1-2,O)L, (0)/ 1; g,(x)=1/p (2.8)
4.We have the following relationship

_ +6(1_Lw(p))
Ay (6)=1 pLw(p)

where L\W(p)ZGLW(p)/Gp. Will hold for all real p>0if and only if W follows Pareto(l{,a) with

distribution function as follows:

b

F,(0)=1-(a/6), 0>aand k>1. (2.9)
Proof. Since

K l-x K 1-x
p(0)=—E KO OO Tl e Rk # 0,
(1 —K)(l—a'(ﬁ K) (1-x)p
Hence by (2.3) the required result (1) follows.
In addition, when 7, (H)holds. Hence, we can calculate g, (¢) directly by using (2.6) as in Eq. (2.7).

Furthermore,
1-x
LW(G):ljgtdFW(t)dt:aK’] 4 and 1 =x/6.
e (1-x)
Then the required result (3) follows. [
Assume Eq. (2.9) holds, and according to Arnold [15], we obtain:
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L, (s)=1—(1-s)"""

L, (s)/ 65 = (k- 1)/(K(1 - s)l/K) forallx >1.

Hence, (2.6) gives the needed result (3).

Next, we consider a new measure of the poverty that takes the variations in the distribution of welfare
amongst the poor into account. It is defined as the severity of poverty.

Let X >0 be a random variable denote an income below level @ with cumulative distribution function
F,()). In many economic problems, there are attention to the following random variable:

X2 (w)={x?x <6},

The severity of the poverty (SP) of the poor people is defined as

p.(0)= E{(G_TXJP( < 9}

By using integration by parts, we can conclude that:

and

p,(0)= 92%@ [ Fy (x)ndy = %[Hﬂx (0)- ()], forall@ e R*,

where
©(0)= [ xF, (x)dx/ 6F, (6)

Now, we can define new class of the severity as follows:
A random variable X is said to have increasing (decreasing) the poverty severity, IPS (DPS), if
Px (9) is increasing (decreasing) in 6,

or, equivalently, F,,  IPS (DPS) iff
B (0)= (€)0(0)

3. Stochastic Dominance of The Poverty Measures Functions

Let X >0 and Y >0 have the distribution functions F and G, and the reversed proportional failure rate (RPF)
functions 7 and g respectively. Then X is said to be smaller than or equal (<) Y in RPF order (denoted as

X<, Y)if,
7(0)< g(8), forall@ e R".

To compare the poverty gap function of two group poor people, let X and Y be two nonnegative random
variables (incomes of two poor groups), having distribution functions F, and G,, and the poverty gap

functions g, (6) and g, (0) respectively. The following definition of the poverty gap ordering is essential for
this section:

Definition 3.1: X is said to be smaller than or equal to Y in the poverty gap function ordering ( X < e Y)if

B.(0)= B, (0), forall@=o0,

where @ is a poverty line. It can be written as
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[ w)G, (0)du = [ G, (u)F, (6)du, forall o e %",

There is important notice that reversed mean residual lifetime ordering is same of new poverty index, that is
introduced in above definition where, if we suppose m, (x)= j " Fy(u)/ Fy(x)du is reversed mean residual
lifetime, we get that (9): my (9)/ 0. Now, by using Theorem (2.2) in Ahmad et al. [16] and Corollary

(3.1) and Theorems (3.2 and 3.3) in Kayid and Ahmad [17] we can conclude that:
(1). If U,U,and Z>0 be three nonnegative random variables, where Z is independent of both

U,and U,and let Z have a density g. If U, < U, and g is a log-concave that is Z has the
decreasing the reversed proportional failure rate property, then we can get that U, + Z < e UstZ.
(i). IfU, <, Z ,and U, <, Z,,also U, is independent of U, and Z, is independent of Z,, then the

following statements holds:
(a) If U, and Z, have log-concave densities, then U, +U, <, Z, + Z,.

(b) If U, and Z, have log-concave densities, then U, +U, <, Z, + Z,.
(). If U,,U,,..., and Z,,Z,,..., are sequences of independent random variables with U, <z, and U,

and Z, have log-concave densities for all 7, then

SU <, 37, n=12.... (3.1)
i=1 i=1

According (3.1), we can say that the poverty gap order is closed under convolution.
(iv). Suppose that U (g) be a random variable having distribution function F and let ©, be a random

variable having distribution G,, fori=1,2. Let U (g), ¢ € R be a family of a random variables
independent of ®, and ®, . If

Ul)<,, Uls,). forall g <g,,
then
U®,)s<,, Ue,). (3.2)
According (3.2), we can say that < _ is closed under mixture.

The lower and higher bounds for mixture weights of two distributions by using RPF ordered are studied in
the next result.

Theorem 3.1: Suppose U >0and V >0 be two random variables with distribution functions K(.) and M())
respectively. Let Z is mixture of U and V with distribution H () = AK ()+ (1 - A)M (), VAe (0,1). Then we
have U< z< VifUS<, V.

Proof: If U < V', then we have

M—(') is increasing in 6. (3.3)
K()
Also, let u;;, U, and U, denote the right endpoints of the supports of the corresponding random variables U, V and Z
respectively, and max(uU Uy, ) = max(uU Uy, ), then
AK(0)+(1-4)M(9)
K(®)

=A+(1—A)%g)),
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is increasing in @ e (— oo, max(u, ,u, )). Therefore, by (3.3), we can get that U <, Z. The proof that Z <, ¥

is similar. [

Next, we define a new ordering of random variables which depend on the poverty severity function that is
the poverty severity order.

Let X and Y be random variables with distribution function K(.) and M(.) and SP functions p, (@) and

Py (49), respectively. Then X is said to be smaller than Y in the poverty severity ordering, X <V, if

j [ K(x)dxdy/K(6 j [ M(x)dxdy/M(6), forallgeR”, (3.4)
equation (3.4) can equivalently be written as
j J. dxdy
, isincreasingin § € R". (3.5)

J. J dxdy
In addition, Eq. (3.5) is equivalent
p(0)< p,, (0), forall &R

4. The Weighted Poverty Gap

Among the key causes, or at least correlates, of poverty is hours worked (H), according to Borjas [18] we can
write the relationship between income variable (X) and hours worked variable (H) as follows:

H . (x)=4exp(a+ Blnx), forall x e R".
If we need to take into account the hours worked variable during measure the poverty index, we can use this
variable as weighted function (H,(x)). Let the observation, x, of X is recorded with H,(x). Then x is an

observation on the weighted random variable, X, with pdf function as follows:
(e) )7 )
E(H,(x)x<0)

_ 4exp(a+ fln x)f(x) forall x e R*
E(4 exp(a+ fln x)|X < 0)’ .

where E (H r (x)|x < 6’)> 0, o and f are parameters and @ is poverty line. The random variable X" is called

(4.1)

the weighted version of X, and its distribution is:
FH(X)Z F(x)[HF(x)_AF(x)] , (42)
E(4exp(a + fInx) X <6)

where

H\F(}"FI" 4ﬁexp(a+ﬂlnr)F( )
y _r

F(J’) IO F y _[ y)

where H'r(x)=0H . (x). Note that it H'#(x)>0, then 4, (u )z 0 VueR'.
Now, we can be defined

B,(s) = E[H, (s)x <5]- L Hy (x)f (x)dx _ L 4exp(a + flnx) f(x)dx_ 3)

F(s) F(s)
Then (4.2) can be rewritten as the following
Fi(s)=—L (s)B,(s) (4.4)

E(H, (s)s<0)

Moreover, if
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0,01l ] [ ZLLIM st o e
Reintroducing F (H F (SXS < 9) into (4.4), it follows
E(HF (s)|s < 6’): B,.(s)F(s)+ D, (S)F(s)
By using (2.2), then RPF of X can rewrite as
Pon(s)=H(s)py(s)/ By (s).
Now, suppose we use H,(x) as the rate of increase in equality per pound squared, as income is transmitted

through income level x from poorer to richer individuals (see for more details, Di Crescenzo [19], Solon [20],
Barrett and Salles [21] and Ichino et al. [22]). Also, by using (2.1), (4.2) and (4.4) we have the weight PG

function g ,(0)) of F" (x) as follows

6 0
5.(0)= [, FONH ()= 4. Oy [ F(v)B(v)dy

. oF o) (0)-4,0)]  or(0)B.(0)
In the following examples, we illustrate the weighted poverty gap functions for some important income
distributions.

(4.5)

Example 4.1 (The Pareto Il distribution). The Pareto II distribution is important for studying the growth rate
of income poor. Lomax [23] suggested pdf of the Pareto II distribution as:

g,(0)=¢&(0+&0)", forall 6, eR™.
In addition, the cumulative distribution function of g, (9) is follows:

G, (0)=1-(1+&0)", forall ,&cR".
Given (4.2), after some algebraic calculations, we obtain

El4exp(a+pInx)|X <6)= j:.»;exp(a + Blnu)(1+ &) du.
=Eexp(a)U(6:k,£, B),

and

b

A (0) _ J-e 4 exp(a + ﬂlnu)(l - 9 + fu)_l )du
0 ull - (1+ o))
_ Apexp(a) o
C1-(1+£6)" Vo:k.£.5)
By using (4.2), we can be concluded the weighted cumulative distribution function is given by
G"(x)= Gy (x)[HG (x)- 4, (x)]
E(4 exp(a + f1n x)|X < 6’) ’
_ 407G, (0)-4pV(0:k.&, )
&U(0:k.£. )

b

where

. _S gy R )"y B G
U(x,k,g,ﬂ)—;( 1) (ﬂ—k)§k+l+§ﬂ+‘(1+¢c)+( 1) ;: In(1+ &) e

x? xP x’? x73 X = ln(l + éfx)
Vi(k, &, B)="— . - e (c1y (g )
e /) My e e A )
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Furthermore,

Uk, &)= u (1+ &) du,

then, we can obtain

B,(0)= Ia 4&exp(a + Blnu)(1+ &) du

0 1-(1+0)" ’
_4&exp(@)U(0:k.£, )
1-(1+&0)"
Suppose,
i LT | I B T =)
T(H,k,g,ﬂ)_.[okz;( 1) (ﬂ—k)§k+1+§ﬂ+‘(1+§u)+( 1) o In(1+ &u) = du;
_ﬂl )k lkﬁﬂ k+1 (_l)ﬁflﬂ ~ (_l)ﬂﬂeﬂ _(_l)ﬂ*IQ
_Z‘ﬂ g e e ) gy e
and let
K(0:5,6,8)- D0 k.6, B)= || (1+ &) ' Ulusk, &, B
Then we get
k(4.2 5) =ﬁ1 I 1k§P()<9§k1;§ /5'),
T A SR e

& p—k+l

Hp—k) E(p-k-1) E(p—k-2) " g

(i)~ (o) 1)) 2D g S0

Therefore, we have,
[0 G ()8, (i = [ 42 expl@)U(us k.£. S,
=T(0;k.&, B)- K (0:k.£, )+ D(6:K.£, B).
Thus, the weight poverty gap function is given by
[['G ()8, () _T(0:k.8, B)-K(0:. &, B)+ D(O:K,£. )

ﬂxu (9)= HGX(Q)BG(Q) a 4¢9§exp(a)U(9 k<, ﬂ)

Example 4.2 (The Exponential distribution) Dragulescu and Yakovenko [24] demonstrated that the
distribution of individual income in the USA is exponential. Let ¥ =(y,,y,.,...,y,) be a complete random

sample of size n from Exp(A) as follows:
F,(0)=1-exp(-16), 0,1 eR".
Given (4.2), after some algebraic calculations, we obtain
ﬁ' ﬂ' 0/(
E(4 exp(a + f1n x)|x < 0) /Iexp( {/1 exp 160 Z o

Furthermore, since

"-Oﬁuﬁfl exp(_ /f{u)du — (ﬂ/,l; 1)‘ _ exp(/le)ﬂ_l (ﬂ — 1)' ek ‘

2 (4.6)
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Then, we have
4, (0) _ J-9 4pexp(a+ flnu)F, (u)du'

0 uF, (0)
__4Bexp(a) (67 ((B-1) &(g-1) 0"
_l—exp(—/lﬁ)( 8 ( P (’w)k:o WA

In addition,

B, (9) _ J~€ 4exp(a+ ,Blnu)dFy(u).

O £ 4.7)
_ 4dexp(a) [ B! LBl o
= l_exp(—ﬂe)(/lﬂﬂ _exp(ﬂe);ﬁﬁﬂikﬂ j

Directly by using Eq. (4.6) and Eq. (4.7), we can conclude that

[\ F, )8, (u)tu =42 exp<a{ P —i,,;f’,ﬂ[ : —exp<w)i§“”—,’fj}

ﬂ/ﬁJrl /1]+l = | /11 j+1
Thus, the weight poverty gap function is given by

9
F,(u)B,(u)du

ﬂxu(e):'[o Y( ) F( ) ’
0F,(0)B,(0)

EAp( N )
/3!—;0[!( P —exp(w)(p(e,z,x)j

9

P2 exp(A0)p(0; B, 1)

n
where g(x;n,4)=> nlx’ /(i!/i”*’”)

i=0
Example 4.3 (The Finite range distribution). Since the finite range distribution have been used to
characterize the income between individuals. The cumulative distribution function of the finite range
distribution is

F (0)=1-(1-po)', 6¢e }0,1{, and d,peR*
p

Given u , after some algebraic calculations, we obtain

E(exp(a + Blnx))= j: pd exp(a+ Blnu)1- pu) ' du,
f+1
=pd exp(a)% 2E(l -d,p+1; 5+ 2;[?9),

whereas 2Fl(.,.;.;.) is the generalized hypergeometric function. When

I:“ﬂ*l (1—(1 - pu)' )i“ =%(l-zFl(l —d, B; f+1; p0)),

therefore
_ed4pexp(a+ flnu)F, (u)du
4,(0)=, . 0) :

_ 4Bexp(a)0” 3 _ ) .
—ﬂf_(l_"—pe)d)(l F(1—=d, B; B+1; pO)),
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with the same steps we can conclude that
B.(0)= Ia 4exp(a + Blnu)dF, (u)
R F(0) '
4dp exp(a )0’

T (B+1)1-(1- po
According to Chaudhry et al. [25], we get

)d)(1_2F1(1_d:ﬂ+1§ﬁ+2;p9)).

) 0 Sﬁ+1
J.O F, (s)B, (s)ds =4dp exp(a)J.O mz F(1-d,p+1; 8 +2; ps)ds,

© 1 _ d + 1 0 n" n+f+1
=4dp exp(a)z( (ﬂ):- ([23 ) ) J.O P un' du,
n=0 !
_ 4dpexp(a i )(B+1), p'o""

p+1 & p’+2) ((+p+2)
where (Q)n = Q(Q + 1)(Q + 2)(Q +n— 1). Therefore, the weight poverty gap function is given by
0
[* )8,
0, (0)B,.(0)
i (1 - d)l (IB + 1)1 p/91+ﬂ+2

_ =0 (,B+2), (Z+ﬂ+2)l!
S0P E(-d, f+1L5+2:p0)

9

B (0)=

To compare the weighted PG functions of two group poor people, let X >0 and Y >0 be two random
variables (incomes of two poor groups), with density function k and m, distribution function K () and M (),

and the weighted PG functions 2 , (0) and S , (9), respectively. The following is the definition of PG
orderings. Then X" is said to be < to Y" in the poverty gap ordering ( X < e Y if
B.u(0)=B,.(0), forallgeR,

where 0 is a poverty line.
It can be written as

whereas
_rH (e (00 ) _H (20 ) (ue )
B (v)= [ Hl by g () - LMMT)'
In next theorem, we can show thatif X' < Y, we obtain X " is less than or equal to Y in PG.

Theorem 4.1: Let X" and Y" be two weighted random variables with CDF functions K" () and D" ()
respectively, and E [H © (X )] and E [H b (Y )] are exists. Then if H is decreasing in x, we get

H H
X<, Y=x"< y"

Proof: Let X"/ < e Y™, then we can get
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IOQKH (u¢)du /I:DH (u)dudu, isincreasing forall@ e R". (4.8)
vy KOG M DS (s) (s
B X O ) A R TN O R
where

Again we rewritten (4.8) as
J1 KOE ()= M, (s

.[OHD(S)[HD(S)_ M ,(s)lds

In addition, (4.8) is occur when

, isincreasing forall@ € R".

[ #'5(s)D(s)ds _D(o)
[ x(s)K (s)ais K (@)

where H'x(x)=0H  (x)/dx and H'p(x)=0H,(x)/x, since H is decreasing in s and X<, Y. The

required result follows. [

lemma 4.1: Let H, (x) be increasing (decreasing) in 6. Then
L B.(0)<(2)H,(0)
2. BF(H) is increasing (decreasing) in 0.

Remark 4.2: If B,(0) is replaced by A4,.(9), then lemma 4.1(ii) still holds, but lemma 4.1(i) holds with

inequality reversed (cf. Nanda and Jain [26]).
The following theorem shows that for H F(x) increasing in x, the weighted random variables and the

original random variable are ordered with respect to RH ordering.

Theorem 4.2: Let H .(0) be increasing in 0. Then X <, X"

Proof: From (4.4) we have
F"(0)/ F(6)=B.(6)/ E[H.(6)}
which is increasing by lemma 4.1(ii). It gives the required result. [

Theorem 4.3: The relationship between RPF and the weighted reversed proportional failure rate can be
expressed as
(6’){

~ ﬁ H
Q)=-—%X
px( ) HF(H)

J‘9 Pyn (“)) exp(— Lg Dyn (y)dyjdu} )

0 HF(u

Proof: Note that

49



ATLANTIS
PRESS Journal of Statistical Theory and Applications, Vol. 16, No. 1 (March 2017) 38-52

50—l 010
Io ”)]f H ) ( )du (4.9)
500y

Hy(0) 0 H,(u)F"(0)

du.

Further, since

F"(0)= exp(— I:ﬁx,, (u)du) (4.10)

F'(e) _ exp(— f Do (u)duj,

F"(0)
then by (4.9), and (4.10) gives the required result.
The next result studies the relationship between the B (0) and g, (0) by using the variance of the poverty

We have

gap as follows:

Theorem 4.4: Let U >0 be a random variable with distribution function F. Therefore, the weighted poverty
gap function can be expressed as

B,4(0)=p,(0)-(cu(0)/(6- 5, (6))

where o’y ((9) is variance of the poverty gap.
Proof: Since

B, (0)= [} u=, )P () /(F(6)/(0- 5, (6):

and

j By (s) j (1-5)F(s)ds /6.
Then, we can get that
o0 (0)= %(29@, 0)-p0)-[ 2tF(t)dt/F(l9)).
Then, the required result follows. U

Theorem 4.5: Let X >0 be a random variable with absolutely continues distribution function F, then the
weighted variance of the poverty gap function can be expressed as

&%, (0) ((j [/28, (F (1M B, (0)F ()) 50 )j/ez.

Proof: The proof follows on using (4.5) and by noting the fact that

o2, (0)= (U: [ 2" (Ndtdu | " (0)) B (0)) 16200

The importance and the role of power distribution in basic income studies is introduced by Dimaki and
Xekalaki [27]. In the next example, we characterization < = for power distribution based on a relationship

between S, (@) and B ).

Example 4.4: Let Y =(y,,y,,...,y,) be a complete random sample of size n from a power distribution with
CDF as follows

F,(»)=(/xy, 0<y<i;x,ceR".
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and Y" is weighted random variable of Y with weighted function H(y)=4exp(a + fIny). Then, we can

get
Bo(0)=[ (x/xF /(0015 )=1/(+1).
Moreover,
Elexp(a + f1n6)]| = 4exp(a)c(1/ xf 07 /(5 +¢),
and

B, (0) = 4exp(a)g6’ﬂ /(ﬂ + g).
In addition, by using Eq. (4.5), we have
B, (0)=1/(B+¢+1),
Then, we can conclude that,
{Y <, Y, VB>,
v, v", vp<O.

Example 4.5: Let U >0 and V' >0 be two continuous random variables, with the distribution functions
F,=(u/Kk), 0<u<k; Kk,,>0 and G, =(v/x,f", 0<u<k,; k,,¢,>0, PG functions 2,.(9) and
B.(0), weighted distribution functions F*(g) and G (@) and weighted poverty gap functions B,..(6) and
B (9), respectively. We can say:

1. F <@ in poverty gap ordering (denoted as U/ < e v)ifg,>g,

2. F'(g) is smaller than G” (@) in poverty gap ordering (denoted as " (6) < e G"(0)if ¢, >¢,.)

Note that: The comparison between two random variables (weighted random variables) with power
distribution depend on power parameter (¢ ).
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