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Abstract 

The paper proposes to derive some new poverty indices which depend on aging classes. We also give some 
properties of it and show the connection between economic measure and new poverty measures these based on the 
concept of reversed residual incomes. In addition, the characterization of Pareto distribution based on new poverty 
functions is obtained. Furthermore, the stochastic orderings of new poverty indices are studied and their properties. 
In addition, the weighted poverty gap indices and stochastic dominance which involve the concept of inactivity 
incomes and its features are studied. 

Keywords: Poverty gap; the severity of poverty; poverty ordering; weighed functions; lorenz curve; the reversed 
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1. Introduction 

Let 0≥X  be the random variable expresses the income of individuals with a density function ( )θXf , a 
distribution function ( ( )θXF ), a reversed hazard rate ( ) ( ) ( )θθθ XXX Ffr /~ =  (RH) and a poverty line θ , where 

+ℜ∈θ  are considered; such that ( )θXF  represents the proportion of the poor. The poverty is then quantified 
in term of the proportion of the poor people and their income inequality (see Atkinson [1], Foster and 
Shorrocks [2,3] and Belzunce et al. [4]). 
    The difference between the poverty line θ  and individual income iy  is defined as the poverty gap, iP , 
where ii yP −=θ . The traditional poverty gap index is introduced by Sen [5] as the percentage of individuals 
below θ . Almost the poverty papers consider the poverty gap index as 
 

( ) s.individualpoor   ofset     theis     ,/ ℵ=∆ ∑
ℵ∈i

i mP θ  

it depends on uniform distribution. In many cases, the distribution of income is not uniform distribution. 
    There are some related aging classes which related to ( )θXr~  such as mean reversed hazard lifetime. It 
should be noted that the ( )θXr~  function and its related functions are less intuitive functions. 
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    The first goal of this study is to introduce new poverty indices which depend on distribution function of 
income in general cases, i.e., the distribution of income may be not uniform such as exponential or Pareto 
distribution and so on. Moreover, these indices consider as right truncated distribution. In addition, the second 
goal of this paper is spread out the usefulness of ( )θXr~ by relating it to new poverty gap indices. 
    The study of the poverty measures (poverty gap and the poverty severity) based on the concept of reversed 
residual incomes are defined in Section 2. We also give some properties of it and show the relationship 
between Lorenz curve and new poverty measures these based on the concept of reversed residual incomes. In 
addition, the characterization of Pareto distribution based on new poverty functions is obtained. Section 3 
consists of a through the study of the stochastic dominance of new poverty measures. The last section 
provides the weighted poverty gap function and stochastic dominance which involve the concept of inactivity 
incomes and its features are studied. 
 

2. The Poverty Measures Functions  

Let 0≥X  be the random variable expresses the income of individuals with an absolutely continuous 
distribution function ( ).XF , and a density function ( ).Xf . We consider ( )θXF  for a poverty line θ  as a right 
truncated income distribution at θ , then we interesting to study the random variable: 
 

( ) { },θθ ≤= XXX r  

and its distribution function is given by 

( )( ) ( )
( ) . for     θ
θθ ≤= x

F
xFxF

X

X
Xr

 

Then, the mean of ( )θrX  (the average income below the poverty line θ ) can define as follows: 

 ( ) ( ) ( ) ( ) .        ,/ 
0

+ℜ∈=≤= ∫ θθθθψ
θ

 FssdFXXE XX  (2.1) 

It is satisfies the following properties: 
• ( ) , allfor    , +ℜ∈≤ θθθψ  
• ( ) ( ).lim θθψθ E=∞→  

 
and its distribution function is given by 
The following definition is essential for this work: 
 
Definition 2.1: Let the random variable X expresses the income of individuals, with distribution function 

( ).XF and a density function ( ).Xf . Then, the reversed proportional failure rate (RPF), ( )θXp~ , is defined as 
follows: 
 ( ) . allfor    ,/ ~ +ℜ∈= θθθ XXF Ffp  (2.2) 
The reversed proportional failure rate function has been studied by Block et al. [6], Chandra and Roy [7], 
Finkelstein [8, 9, 10] and Gupta et al. [11]. 
    Then, by using (2.1), we can obtain the poverty gap (PG) index as the following formula 
 ( ) ( ) . allfor     ,/1 +ℜ∈−= θθθψθβX  (2.3)  
Moreover, from (2.2) and (2.3), we obtain: 

( ) ( ) ( ) ( )[ ] , allfor    ,~1/1/ +ℜ∈−=∂∂ θθθθθθβ XXX βp  
where ( )θXp~  is the reversed proportional failure rate function at a poverty line θ . 
 Moreover, the relationship between ( )θψ  and ( )θβ X  is given by 

( ) ( )[ ],1 θβθθψ X−=  
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and 
( ) ( ) ( ) . allfor     ,~/ +ℜ∈=∂∂ θθθθθψ XX βp  

In the current investigation, we study the properties of new poverty index in term of axioms for a good index 
of poverty. 
 
Theorem 2.1: The poverty gap index of (2.3) satisfying axioms: 

• Normalization ( Ν ), 
• Increasing in subsistence income (ISI), 
• Monotonicity (M). 

Proof. It is easy to proof that if all incomes have zero. Therefore, ( )θβ X  takes the value unity, it is means that 
( )θβ X  is satisfying N. For proof that ( )θβ X  is increasing in θ , we should be achieve the following relation 

( ) ( ) ,1~ <θθ XX βp  
since ( ) ( ) 1/ <≤⇒<≤ θθθθ XXEXXE  and ( )θXp~  is probability value, then ( ) ( ) 1~ <θθ XX βp . This 
means that ( )θβ X  is satisfying ISI. When we reduction in an income with value a below θ , the poverty gap 
index can be shown as 

( ) ( ) ( )

( )( ) ( ) ( ) ( ),///1             

 allfor   ,//1
0

θθθθθψ

θθθθ
θ

aβa

aFxxdFβ

X

XXaX

+=+−=

ℜ∈







−−= +

− ∫  

since a and θ  are positive numbers, then 
( ) ( ) , allfor   ,// +

− ℜ∈∂∂≥∂∂ θθθθθ XaX ββ  
it is complete proof that ( )θβ X  is satisfying M.  
To compare the distribution of income of different countries at the same time we may be used lorenz curve 
that is introduced by Lorenz [12], and it is also, defined by Gastwirth [13] as following definition: 
 
Definition 2.2: Let 0≥W  be a random variable with cumulative distribution function ( )θWF  and a density 
function ( )θWf , with a finite mean µ . The Lorenz curve ( )pLW  of W is defined in terms of two parametric 
equations in x namely 

( ) ( ),
0∫==
θ

θ tdFFp WW  

and 

 ( ) ( ) ( ) ,1
01 ∫==
θ

µ
θθ dtttfFL Ww  (2.4) 

    where ( )θWF  can interpret as the proportion of the poor below the level θ . ( )θ1F  can be viewed as the 
proportional share of the total income of poor below the level θ . 
    It follows from (2.4) that the Lorenz curve is the first moment distribution function of ( )θWF . It may be 
noticed that both ( )θWF  and ( )θ1F  lies between zero and one. In addition, the Lorenz curve being the plot of 
the points ( ( )θWF , ( )θ1F ) is represented in the unit square. ( )pLW  can be interpreted as the proportion of the 
total wealth possessed by the poorest thp  fraction of the population. The Lorenz curve defined by (2.4) 
acquires the following properties: 
 

• L(0) = 0, L(1) = 1, and ( )pLW  is continuous and strictly increasing on (0, 1), as 

      
( ) ( ) . allfor    ,// +ℜ∈=∂∂ θµθθ FpLW  
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                                       where 
                               ( ) ( ) ( ) ( ) ( ){ }.:inf  and   / 11

1

0 110 11 FyFyFxdFFxdFFxpL
p

W ≥== ∫∫  

• ( )pLW  is twice differentiable and is strictly convex on (0,1) as 

( ) ( )( ) .0 /1/ 22 >=∂∂ wFfpLW θµθ  
                     where the inverse of the distribution function can interpret as x(F). 
For 0≥W  be any random variable with distribution function WF and a finite mean µ , the Lorenz curve 

( )pLW  is defined as 

 ( ) ( ) [ ],1 ,0 allfor     ,1
0

1 ∈= ∫ − pdttFpL
p

Ww µ
 (2.5) 

where ( ) ( ){ }tFtF W ≥=− θθθ :inf1  is the left continuous inverse of WF  (also known as the quantile function). 
    Thompson [14] has proved the following properties for the Lorenz curve defined by (2.5). 
  We can use the following characterizations theorem for the Pareto distribution (Pareto(.)) by using new 
measures. 
 
 Theorem 2.2: Suppose W be a non-negative random variable. Then we get 
1.The poverty gap function is 

 ( ) ( ) .  
1

1
1

pW κ
κθαθβ

κκ

−
−=

−

 (2.6) 

2. If ( ) ( ) ( )( )θθθ WWW Ffr −= 1/ represents the hazard rate and ( )θβW  the poverty gap function, therefore, 
the relationship 

 ( ) ( ) ( ).
1

1
2

θ
κ

θθβ WW r
−

−=  (2.7) 

3. If W have the Lorenz curve ( )pLW , the poverty gap ( )θβW  and the finite mean µ , then the relationship 
 
 ( ) ( ) ( ) ( ) pxgLg WW /1    ;/1 11 =Θ−= µθθβ  (2.8) 
4.We have the following relationship 

( ) ( )( )
( ) ,11 \ ppL

pL
W

W
W

−
+=
θ

θβ  

where ( ) ( ) ppLpL WW ∂∂= /\ . Will hold for all real 0≥p if and only if W follows ( )ακ ,Pαreto  with 
distribution function as follows: 
 ( ) ( ) .1     ,/1 >≥−= καθθαθ κ αndFW  (2.9) 
Proof.  Since 

( ) ( ) ( ) ( ) .0; allfor   ,
1

 
1 1

11

≠ℜ∈
−

=
−−

= +
−

−

−

κθ
θaκ

κθaθψ κκ

κκ

pκ
κθα κκ

 

Hence by (2.3) the required result (1) follows. 
    In addition, when ( )θWr holds. Hence, we can calculate ( )θβW  directly by using (2.6) as in Eq. (2.7). 
    Furthermore, 

( ) ( ) ( ) ./ and 
1

1 1
1

0
θκµ

µ
θ

θ
=

−
==

−
−∫ κ
θαdtttdFL

κ
κ

WW  

Then the required result (3) follows.  
    Assume Eq. (2.9) holds, and according to Arnold [15], we obtain:  
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( ) ( ) .11 1-1/ +--= κssLW  
and 

( ) ( ) ( )( ) .1forall  ,1/1/ 1/ >−−=∂∂ κκκ κsssLW  
Hence, (2.6) gives the needed result (3). 
    Next, we consider a new measure of the poverty that takes the variations in the distribution of welfare 
amongst the poor into account. It is defined as the severity of poverty. 
    Let 0≥X  be a random variable denote an income below level θ  with cumulative distribution function  

( ).XF . In many economic problems, there are attention to the following random variable: 
( ) { }. 22 θ≤= XXwX r  

The severity of the poverty (SP) of the poor people is defined as 

( ) .
2











≤






 −

= θ
θ

θθρ XXEX  

By using integration by parts, we can conclude that: 
 

( ) ( ) ( ) ( ) ( )[ ] , allfor   ,22  

0 

 

0 2
+ℜ∈Φ−== ∫ ∫ θθθθβ

θθθ
θr

θ

X

y

X
X

X dxdyxΦ
Φ

 

 
where 

( ) ( ) ( )./
 

0 
θθθ

θ

XX FdxxxF∫=F  

 
Now, we can define new class of the severity as follows: 
A random variable X is said to have increasing (decreasing) the poverty severity, IPS (DPS), if 

( )θρ X  is increasing (decreasing) in θ , 
or, equivalently, ( )DPSIPSFX  ∈  iff  

( ) ( ) ( ). θθβ Φ≤≥X  

3. Stochastic Dominance of The Poverty Measures Functions 

Let 0≥X  and 0≥Y  have the distribution functions F and G, and the reversed proportional failure rate (RPF) 
functions r~  and q~  respectively. Then X is said to be smaller than or equal (≤) Y in RPF order (denoted as 

YX rp≤ ) if, 

( ) ( ) . allfor   ,~~ +ℜ∈≤ θθθ θr  

To compare the poverty gap function of two group poor people, let X and Y be two nonnegative random 
variables (incomes of two poor groups), having distribution functions XF  and XG , and the poverty gap 
functions ( )θβ X  and ( )θβY  respectively. The following definition of the poverty gap ordering is essential for 
this section: 

Definition 3.1: X is said to be smaller than or equal to Y in the poverty gap function ordering ( YX pg≤ ) if 

( ) ( ) ,0 allfor      , ≥≥ θθθ YX ββ  

where θ   is a poverty line. It can be written as 
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( ) ( ) ( ) ( )  . allfor       ,
 

0 

 

0 

+ℜ∈≥ ∫∫ θθθ
θθ

duFuGduGuF XYYX  

There is important notice that reversed mean residual lifetime ordering is same of new poverty index, that is 
introduced in above definition where, if we suppose ( ) ( ) ( )∫ ∞−

=
x

XXF duxFuFxm
 

 
/  is reversed mean residual 

lifetime, we get that ( ) ( ) θθθβ /FX m= . Now, by using Theorem (2.2) in Ahmad et al. [16] and Corollary 
(3.1) and Theorems (3.2 and 3.3) in Kayid and Ahmad [17] we can conclude that: 

(i). If 21  ,UU and 0≥Z  be three nonnegative random variables, where Z  is independent of both 

21   and UU and let Z  have a density g. If 21 UU pg≤  and g is a log-concave that is Z  has the 
decreasing the reversed proportional failure rate property, then we can get that .21 ZUZU pg +≤+  

(ii). If 11 ZU pg≤ , and 22 ZU pg≤ , also 1U  is independent of 2U  and 1Z  is independent of  2Z , then the 
following statements holds: 

(a) If 1U  and 2Z  have log-concave densities, then .2121 ZZUU pg +≤+  
(b) If 2U  and 1Z  have log-concave densities, then .2121 ZZUU pg +≤+  

(iii). If ,... , 21 UU , and ,... , 21 ZZ , are sequences of independent random variables with ipgi ZU ≤  and iU  

and  iZ  have log-concave densities for all i, then 

 ,...2,1    ,
11

=≤ ∑∑
==

nZU
n

i
ipg

n

i
i

 . (3.1) 

According (3.1), we can say that the poverty gap order is closed under convolution. 
(iv). Suppose that ( )ςU  be a random variable having distribution function ςF  and let iΘ  be a random 

variable having distribution iG , for 2 ,1=i . Let ( )ςU , +ℜ∈ς  be a family of a random variables 

independent of 1Θ  and 2Θ . If  
( ) ( ) ,  allfor     , 2121 ςςςς ≤≤ UU pg  

 then 
 ( ) ( )21 Θ≤Θ UU pg . (3.2) 

                    According (3.2), we can say that pg≤  is closed under mixture. 
   The lower and higher bounds for mixture weights of two distributions by using RPF ordered are studied in 
the next result. 
 
Theorem 3.1: Suppose 0≥U and 0≥V  be two random variables with distribution functions ( ).K  and ( ).M  
respectively. Let Z is mixture of U and V with distribution ( ) ( ) ( ) ( ) ( )1,0  ,.1.. ∈∀−+= AMAAKH . Then we 
have VZU rprp ≤≤  if VU rp≤ . 

Proof: If VU rp≤ , then we have 

 ( )
( ) .in  increasing is   
.
. θ

K
M  (3.3) 

Also, let Uu , Vu  and Zu denote the right endpoints of the supports of the corresponding random variables U, V and Z 
respectively, and ( ) ( )VUZU uuuu ,max,max = , then 

( ) ( ) ( )
( ) ( ) ( )

( ) ,11
θ
θ

θ
θθ

K
MAA

K
MAAK

−+=
−+  

Journal of Statistical Theory and Applications, Vol. 16, No. 1 (March 2017) 38–52
___________________________________________________________________________________________________________

43



 

is increasing in ( )( )ZU uu ,max,∞−∈θ . Therefore, by (3.3), we can get that ZU rp≤ .  The proof that VZ rp≤
is similar.  
    Next, we define a new ordering of random variables which depend on the poverty severity function that is 
the poverty severity order. 
    Let X and Y be random variables with distribution function ( ).K  and ( ).M  and SP functions ( )θρK  and

( )θρM , respectively. Then X is said to be smaller than Y in the poverty severity ordering, YX ps≤ , if 

 ( ) ( ) ( ) ( )  , allfor     ,//
 

0 

 

0 

 

0 

 

0 

+ℜ∈≤ ∫ ∫∫ ∫ θθθ
θθ

MdxdyxMKdxdyxK
yy  (3.4) 

equation (3.4) can equivalently be written as 

 

( )
( )

.in  increasing is    , 

0 

 

0 

 

0 

 

0 +ℜ∈
∫ ∫
∫ ∫ θθ

θ

y

y

dxdyxM

dxdyxK
 (3.5) 

In addition, Eq. (3.5) is equivalent 
( ) ( ) .  allfor    , +ℜ∈≤ θθrθr MK  

4. The Weighted Poverty Gap 

Among the key causes, or at least correlates, of poverty is hours worked (H), according to Borjas [18] we can 
write the relationship between income variable (X) and hours worked variable (H) as follows: 

( ) .  allfor   ),lnexp(4 +ℜ∈+= xxxH F βa  
If we need to take into account the hours worked variable during measure the poverty index, we can use this 
variable as weighted function ( ( )xHF ). Let the observation, x, of X is recorded with ( )xHF . Then x is an 
observation on the weighted random variable, HX , with pdf function as follows: 

 
( ) ( ) ( )

( )( )
( )

( ) .  allfor   ,
)lnexp(4
)lnexp(4 +ℜ∈

≤+
+

=

≤
=

x
XxE

xfx
xxHE

xfxHxf
F

FH

θβa
βa

θ  (4.1) 

where ( )( ) 0>≤θxxHE F , α  and β  are parameters and θ  is poverty line. The random variable HX  is called 
the weighted version of X, and its distribution is: 

 ( ) ( ) ( ) ( )[ ]
( ),)lnexp(4 θβα ≤+

−
=

XxE
xAxHxFxF FFH  (4.2) 

where 

( ) ( ) ( )
( )

( )
( ) .)lnexp(4

00

\

∫∫
+

==
yy F

F yrF
drrFr

yF
drrFrHyA βαβ  

where ( ) ( ).\ xHxH FF ∂=  Note that if ( ) 0\ >xH F , then ( ) .   0 +ℜ∈∀≥ uuAF  
Now, we can be defined 

 ( ) ( )[ ] ( ) ( )
( )

( )
( ) .)lnexp(4

00 ∫∫
+

==≤=
ss F

FF sF
dxxfx

sF
dxxfxHsXsHEsB βα  (4.3) 

Then (4.2) can be rewritten as the following 

 ( ) ( ) ( )
( )( ),θ≤

=
ssHE

sBsFsF
F

FH  (4.4) 

Moreover, if 
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( ) ( )[ ] ( ) ( )
( )

( )
( ) .)lnexp(4

0∫∫
+

==>=
∞ s

s
F

FF sF
dxxfx

sF
dyyfyHsXsHEsD βα  

Reintroducing ( )( )θ≤ssHE F  into (4.4), it follows 

( )( ) ( ) ( ) ( ) ( ).sFsDsFsBssHE FFF +=≤θ  

By using (2.2), then RPF of HX  can rewrite as 
( ) ( ) ( ) ( )./~~ sBspsHsp FXFX H =  

Now, suppose we use ( )xHF  as the rate of increase in equality per pound squared, as income is transmitted 
through income level x from poorer to richer individuals (see for more details, Di Crescenzo [19], Solon [20], 
Barrett and Salles [21] and Ichino et al. [22]). Also, by using (2.1), (4.2) and (4.4) we have the weight PG 
function ( )θβ HX

) of ( )xF H  as follows 

 ( )
( ) ( ) ( )[ ]
( ) ( ) ( )[ ]

( ) ( )
( ) ( ) .00

θθθθθθθ
θβ

θθ

F

F

FF

FF

X BF

dyyByF

AHF

dyyAyHyF
H

∫∫ =
−

−
=  (4.5) 

In the following examples, we illustrate the weighted poverty gap functions for some important income 
distributions. 
 
Example 4.1 (The Pareto II distribution). The Pareto II distribution is important for studying the growth rate 
of income poor. Lomax [23] suggested pdf of the Pareto II distribution as: 

( ) ( ) .,  allfor    ,1 1 +− ℜ∈+= ξθξθξθXg  
In addition, the cumulative distribution function of ( )θXg  is follows: 

( ) ( ) .,  allfor    ,11 1 +− ℜ∈+−= ξθξθθXG  
Given (4.2), after some algebraic calculations, we obtain 

( ) ( )
( ) ( ),,,;exp                                          

.1)lnexp()lnexp(4
0

2

βxθαx

xβαxθβα
θ

kU

duuuXxE

=

++=≤+ ∫ −

 

and 

( ) ( )( )
( )( )

( )
( )

( ).,,;
11
exp4           

,
11

11)lnexp(4

1

0 1

1

βxθ
xθ
αβ

xθ
xβαβθ

θ

kV

u
duuuAG

−

−

−

+−
=

+−
+−+

= ∫
 

By using (4.2), we can be concluded the weighted cumulative distribution function is given by 

( ) ( ) ( ) ( )[ ]
( )

( ) ( )
( ) ,

,,;
,,;44

,
)lnexp(4

βxθx
βxθβθθ

θβα
β

kU
kVG

XxE
xAxHxGxG

X

GGXH

−
=

≤+
−

=
 

where 

 ( ) ( ) ( )
( )
( ) ( ) ( ) ( ) ;11ln1
1
11,,; 1

1

1
1

1

11

1
1

1
+

−

+
+

+

−−

=
+

−
− −

−+−+
+

−
+

−
−=∑ β

β

β
β

β

ββ β

ξ
ξ

ξ
β

ξξξβ
βξ ξ

ξk
kξkξU

k
k

k
k  

 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) .1ln11...
321

,,; 1
1

2
3

3

2

21

β
β

β
β

ββββ

ξ
ξ

ξβξβξβξβ
βξ ξξξξξξkξV +

−−−−+
−

−
−

+
−

−= −
−

−
−−−
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Furthermore, 

( ) ( ) ,1,,;
0

2∫ −+=
θ β ξβξ duuukξU  

then, we can obtain 

( ) ( )
( )

( )
( )

.
11

,,;)exp(4            

,
11

1)lnexp(4

1

0 1

2

−

−

−

+−
=

+−
++

= ∫

xθ
βxθαx

xθ
xβαxθ

θ

kU

duuuBG
 

Suppose, 

( ) ( ) ( )
( )
( ) ( ) ( ) ( )

( )
( )( )

( ) ( ) ( )
( )

( ) ,1
1

11ln1
1

1                    

;11ln1
1
11,,;

1

1

1

1

2

11

1
1

11

0 1

1

1
1

1

11

1
1

1

+

−

+

+

+

−−

=
+

+−−

+

−

+
+

+

−−

=
+

−
−

−
−

+
−

−+
−

+
−+−

−
=

−
−+−+

+
−

+
−

−=

∑

∫ ∑

β

β

β

β

β

ββ β

θ

β

β

β
β

β

ββ β

ξ
θ

ξθξ
θβξθ

ξ
β

ξββ
θ

ξ
ξ

ξ
β

ξξξβ
βξθ

k
k

kk

k
k

k
k

kk
k

duu
uk

kukT
 

and let 

( ) ( ) ( ) ( ) .,,;1,,;,,;
0

1∫ −+=−
θ

βξξβξθβξθ dukuUukDkK  

Then we get 

( ) ( ) ( )
( ) ;,,;1,,;

1

1
1

1

∑
−

=
+

−

−
−

=
β

ξβ
βξθξβξθ
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Therefore, we have, 
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Thus, the weight poverty gap function is given by 
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Example 4.2 (The Exponential distribution) Drăgulescu and Yakovenko [24] demonstrated that the 
distribution of individual income in the USA is exponential. Let ( )nyyyY ,...,, 21=  be a complete random 
sample of size n from ( )λExp  as follows: 

( ) ( ) .,   ,exp1 +ℜ∈−−= λθλθθYF  
Given (4.2), after some algebraic calculations, we obtain 
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Furthermore, since 
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Then, we have 
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In addition, 
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Directly by using Eq. (4.6) and Eq. (4.7), we can conclude that 
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Thus, the weight poverty gap function is given by 
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Example 4.3 (The Finite range distribution). Since the finite range distribution have been used to 
characterize the income between individuals. The cumulative distribution function of the finite range 
distribution is 
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Given µ , after some algebraic calculations, we obtain 
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whereas ( ).,.;.;.12 F  is the generalized hypergeometric function. When 
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with the same steps we can conclude that 
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According to Chaudhry et al. [25], we get 
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where ( ) ( )( ) ( )1...21 −+++= nQQQQQ n . Therefore, the weight poverty gap function is given by 
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To compare the weighted PG functions of two group poor people, let 0≥X  and 0≥Y  be two random 
variables (incomes of two poor groups), with density function k and m, distribution function ( ).K  and ( ).M , 
and the weighted PG functions ( )θβ HX

 and ( )θβ HY
, respectively. The following is the definition of PG 

orderings. Then HX is said to be ≤  to HY  in the poverty gap ordering ( H
pg

H YX ≤ ) if 

( ) ( ) , allfor      , +ℜ∈≥ θθθ HH YX ββ  

where θ  is a poverty line. 
    It can be written as 
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  and    ( ) ( ) ( )
( ) .

0∫=
x M

M xM
duumuHxB  

In next theorem, we can show that if YX pg≤ , we obtain HX  is less than or equal to HY  in PG. 

Theorem 4.1: Let HX  and HY  be two weighted random variables with CDF functions ( ).HK  and ( ).HD , 
respectively, and ( )[ ]XHE K  and ( )[ ]YHE D  are exists. Then if H is decreasing in x, we get 
 

.H
pg

H
pg YXYX ≤⇒≤  

Proof: Let H
pg

H YX ≤ , then we can get 
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Again we rewritten (4.8) as 
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In addition, (4.8) is occur when 
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where ( ) ( ) xxHxH KK ∂∂= /\  and ( ) ( ) xxHxH DD ∂∂= /\ , since H is decreasing in s and YX pg≤ . The 
required result follows.   
 
lemma 4.1: Let ( )xHF  be increasing (decreasing) in θ . Then 

1. ( ) ( ) ( ),θθ FF HB ≥≤  
2. ( )θFB is increasing (decreasing) in θ . 

 
Remark 4.2: If ( )θFB  is replaced by ( )θFA , then lemma 4.1(ii) still holds, but lemma 4.1(i) holds with 
inequality reversed (cf. Nanda and Jain [26]). 
    The following theorem shows that for ( )xHF  increasing in x, the weighted random variables and the 
original random variable are ordered with respect to RH ordering. 
 
Theorem 4.2: Let ( )θFH  be increasing in θ . Then .H

rp XX ≤  
Proof: From (4.4) we have 

( ) ( ) ( ) ( )[ ],// θθθθ FF
H HEBFF =  

which is increasing by lemma 4.1(ii). It gives the required result.    
 
Theorem 4.3: The relationship between RPF and the weighted reversed proportional failure rate can be 
expressed as 
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Proof: Note that 
 

 

 

Journal of Statistical Theory and Applications, Vol. 16, No. 1 (March 2017) 38–52
___________________________________________________________________________________________________________

49



 

 

( ) ( )[ ] ( ) ( )
( )[ ] ( ) ( )

( )
( )

( ) ( )
( ) ( ) .

~
/

~
/

/~

0

0

∫

∫

=

=

θ

θ

θθ
θ

θθθθθ

du
FuH

uFup
H
p

duuHufuHE

HfHEp

H
F

H
X

F

X

F
H

F

F
H

F
X

HH

 (4.9) 

Further, since 
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then by (4.9), and (4.10) gives the required result.  
    The next result studies the relationship between the ( )θβ HU

 and ( )θβU  by using the variance of the poverty 
gap as follows: 
 
Theorem 4.4: Let 0≥U  be a random variable with distribution function F. Therefore, the weighted poverty 
gap function can be expressed as 

( ) ( ) ( ) ( )( )( ),/2 θβθθσθβθβ UUUU H −−=  

where ( )θσ U
2  is variance of the poverty gap. 
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Then, the required result follows.  
 
Theorem 4.5: Let 0≥X  be a random variable with absolutely continues distribution function F, then the 
weighted variance of the poverty gap function can be expressed as 
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Proof: The proof follows on using (4.5) and by noting the fact that 
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The importance and the role of power distribution in basic income studies is introduced by Dimaki and 
Xekalaki [27]. In the next example, we characterization pg≤  for power distribution based on a relationship 
between ( )θβX  and ( )θβ HX

. 
 
Example 4.4:  Let ( )nyyyY ,...,, 21=  be a complete random sample of size n from a power distribution with 
CDF as follows 

( ) ( ) ., ;0    ,/ +ℜ∈<<= ςκκκ ς yyyFY  
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and HY  is weighted random variable of Y with weighted function ( ) ( )yyH lnexp4 βα += . Then, we can 
get 

( ) ( ) ( )( ) ( ).1/1///
0

+== ∫ ςκθθκθβ
θ ςς dxxF  

Moreover, 
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and 
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In addition, by using Eq. (4.5), we have 
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Then, we can conclude that, 
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Example 4.5: Let 0≥U  and 0≥V  be two continuous random variables, with the distribution functions 

( ) 0,  ;0    ,/ 1111
1 ><<= ςκκκ ς uuFU  and ( ) 0,  ;0    ,/ 2222

2 ><<= ςκκκ ς uvGς , PG functions ( )θβF  and 
( )θβG , weighted distribution functions ( )θHF  and ( )θHG  and weighted poverty gap functions ( )θβ HF

 and 

( )θβ HG
, respectively. We can say: 

1. GF ≤  in poverty gap ordering (denoted as VU pg≤ ) if 12 ςς ≥ , 

2. ( )θHF  is smaller than ( )θHG  in poverty gap ordering (denoted as ( ) ( ) .  if  12 ςςθθ ≥≤ H
pg

H GF )  
Note that: The comparison between two random variables (weighted random variables) with power 
distribution depend on power parameter (ς ). 
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