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Abstract

Decision making is a common process in human activities. Every person or organization needs to make decisions
besides dealing with uncertainty and vagueness associated with human cognition. The theory of fuzzy logic
provides a mathematical base to model the uncertainities. Hesitant fuzzy linguistic term set (HFLTS) creates an
appropriate method to deal with uncertainty in decision making. Managerial decision making generally implies that
decision making process conducts multiple and conflicting criteria. Multi criteria decision analysis (MCDA) is a
widely applied decision making method. Outranking methods are one type of MCDA methods which facilitate the
decision making process through comparing binary relations in order to rank the alternatives. Elimination et Choix
Traduisant la Réalité (ELECTRE), means elimination and choice that translates reality, is an outranking method. In
this paper, an extended version of ELECTRE I method using HFLTS is proposed. Finally, a real case problem is
provided to illustrate the HFLTS-ELECTRE I method.

Keywords: Multiple criteria decision analysis (MCDA), outranking methods, ELECTRE method, hesitant fuzzy

linguistic terms set (HFLTS), ordered weighted averaging (OWA), computing with words (CWW)

1. Introduction

Multiple criteria decision analysis (MCDA) denotes
to analyzing decision making situations that encounter
with multiple and conflicting criteria. It refers to
tools and systematic approaches that
empower the decision maker (DM). They help DM to
represent his/her preferences and consider all subjective
and objective conditions to assess the decision elements
[1, 2]. MCDA methods provide a quantitative
infrastructure to model the assessments of criteria and
alternatives [3]. MCDA methods are classified into
three major categories including multi-attribute value

analyzing

theory (MAVT), multi-objective  mathematical
programming, and outranking methods [4, 5, 6, 7, 8, 9].

(1) MAVT approach concerns hierarchical decision
making problems with the overall goal on the top level
and the criteria on the lowest level. MAVT involves in
the weighting the criteria and assessment of alternatives
with respect to criteria. Lastly, MAVT approach ranks
the criteria through calculations of criteria weights and
alternative assessments.

(2) Multi-objective mathematical programming
methods focus on finding the aspiration points. These
points can generate non-dominated solutions by
scalarizing functions through reaching down from ideal
solution [10, 11, 12].
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(3) Outranking methods form two main steps:
building the outranking relations, and exploiting the
outranking relations [13]. At first, outranking methods
systematically compare criteria. The binary comparisons
construct the concordance and discordance sets which
are linguistic comparisons. Then, these comparisons
lead to numerical concordance and discordance indices.

There are different outranking methods including
ELECTRE family, PROMETHEE family, QUALIFLES
[14], ORESTE [15, 16], MELCHIOR [17], PRAGMA
[18], MAPPACC [18], and TACTIC [19]. ELECTRE
family includes ELECTRE 1[20, 21], ELECTRE II [22,
23], ELECTRE III [24, 25], ELECTRE IV [26],
ELECTRE IS [27], ELECTRE TRI [28], and
ELECTRE““™® [29]. PROMETHEE family contains
PROMETHEE I [30], and PROMETHEE 1I [30].

The PROMETHEE family of outranking methods
includes the PROMETHEE 1 for partial ranking of the
alternatives and the PROMETHEE II for complete
ranking of the alternatives, the PROMETHEE III for
ranking based on interval, the PROMETHEE IV for
complete or partial ranking of the alternatives when the
set of viable solutions is continuous, the PROMETHEE
V for problems with segmentation constraints, the
PROMETHEE VI for the human brain representation
[31].

ELECTRE family methods are the most widely used
outranking approaches [29, 32]. ELECTRE I outranking
method is the first ELECTRE method which was
introduced by Benayoun, Roy, and Sussman [20] and
Roy [21]. Decision makers use ELECTRE I to construct
a partial prioritization and choose a set of promising
alternatives [4]. ELECTRE II is used for ranking the
alternatives based on the determination of concordance
and discordance matrices for each criterion and
alternative pair. In ELECTRE III, an outranking degree
is established, representing an outranking creditability
between two alternatives which makes this method
more sophisticated. ELECTRE III is based on the
principle of fuzzy logic and uses the preference and
indifference  thresholds determining  the
concordance and discordance indices [13].

Outranking methods are extended to deal with
imprecision and uncertainty of decision making process.
Roy [33] and Siskos, Lochard, and Lombard [34]
developed fuzzy outranking method. This method uses
fuzzy concordance and discordance relation. Sevkli [35]

while

applied fuzzy ELECTRE method for supplier selection.

Ertay and Kahraman [36] evaluated the design
requirements by utilizing fuzzy outranking methods.

Afterwards, different extensions of fuzzy sets have
been applied to outranking methods. Interval type-2
fuzzy sets have been employed in the ELECTRE
method [37, 38]. Chen [39] implemented an ELECTRE
based group decision making method using interval
type-2 fuzzy sets. Devi and Yadav [40] developed an
ELECTRE group decision making based on
intuitionistic fuzzy sets for plant location selection. See
Vahdani et al. [41], Li, Lin, and Chen [42], and Wue
and Chen [43] developed ELECTRE method extension
in an intuitionistic fuzzy environment. Hatami-Marbini
and Tavana [4] applied fuzzy group decision making to
extend ELECTRE I methodology. See Hatami-Marbini
and Tavana [4] for more details.

Torra [44] proposed hesitant fuzzy sets (HFS) as a
generalization of fuzzy sets. HFS are quite suitable in
decision making when experts have to assess a set of
alternatives. HFS were introduced to the literature for
the common difficulty that often appears when the
membership degree of an element must be established
and the difficulty is not because of an error margin (as
in intuitionistic fuzzy sets) or due to some possibility
distribution (as in type-2 fuzzy sets), but rather because
there are some possible values that cause hesitancy
about which one would be the right one [45].

These new sets permit DM to represent his/her
hesitation in  decision making process. The
mathematical background of hesitation is modeled by
different membership functions. HFS establishes a
relationship between the envelopes of fuzzy sets and
generates new fuzzy sets with combined membership
functions.

As decision making encounters linguistic
information, we need to use computing with words
(CWW) processes [46, 47, 48]. HFS provides an
appropriate infrastructure to develop the concept of
hesitant linguistic term set which is a useful CWW
process. The experts involved in decision problems
under uncertainty cannot easily provide a single term as
an expression of his/her knowledge such as poor, good,
very good, etc. because they might consider several
terms at the same time or looking for a more complex
linguistic term such as at least medium poor, at most
very high, etc. Thus, Rodriguez, Martinez, and Herrara
[49], and Liu and Rodriguez [50] proposed the hesitant
fuzzy linguistic term set (HFLTS) and its application in
decision making. This method could increase the ability
and flexibility of linguistic elicitation of DM. HFLTS
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enables DM to represent the uncertainty in his/her
assessments of actions, criteria, alternatives, etc. [49].
This would be implemented by context-free grammars
based on the fuzzy linguistic tools to compare the
expressions.

In this study, the ELECTRE I method is extended
based on HFLTS. This new approach could be applied
to decision making problems and deal with the
uncertainty and imprecision of multiple criteria decision
making. This method contains two phases: HFLTS
phase and ELECTRE 1 phase. Firstly, HFLTS method
considers DM’s hesitation between several values to
and manage the
uncertainty of decision making. These hesitant linguistic
terms are expressed by numerical fuzzy values. Next, in
ELECTRE phase, we apply ELECTRE I method to
analyze the making. This would be
accomplished through building the outranking relations,
and then exploiting the outranking relations. Finally, we
can rank the alternatives and make an appropriate
decision.

evaluate the decision elements

decision

It is worthy to mention that ELECTRE method has
an important pitfall [4]. DM must initiate this method by
precise measurement of the performance ratings and the
weights of criteria [5]. On the other hand, DM may
prefer to express his/her judgment by linguistic
expressions [51, 52, 53]. This approach takes this
weakness into account and modifies it by utilizing
linguistic expressions in decision making process and
allows DM to evaluate the real world problem with
imprecise and vague ratings.

This paper is organized as follows: Section 2
includes needed definitions and arithmetic operations
about HFLTS and ELECTRE I method. In Section 3,
the step-by-step methodology of hesitant fuzzy
linguistic term set ELECTRE I (HFLTS-ELECTRE I) is
proposed. Next, a real case study is added in Section 4.
Lastly, the conclusions and future works are presented
in Section 5.

2. Preliminaries

In this section, the basic definitions and arithmetic
operations are given.

2.1. Comparative Linguistic Expressions

In many decision making situations, DM deals with
uncertain and imprecise information to express his/her
judgment. Zadeh [54] presented fuzzy sets and then
developed the concept of linguistic variables [51].
Based on these concepts, Rodriguez, Martinez, and
Herrera [49] developed the concepts of fuzzy hesitant
linguistic terms set (HFLTS).

Definition 1. [51] A linguistic variable has five
characteristics and is defined as (H,T(H),U,G,M),
where H is the name of variable, T(H) is the term set of
H, ie., the collection of its linguistic values, U is the
universe of discourse, G is a syntactic rule which
generates the terms in T(H), and M is a semantic rule
which associates with each linguistic value X its
meaning, M(X) denotes a fuzzy subset of U.

Most of decision making situations deal with
judgments. DM  provides relative
assessments by comparing the alternatives. Therefore, in
order to apply the concept of HFLTS in decision
making problems, we should elicit the comparative
linguistic expressions [55].

comparative

Definition 2. [49, 50] A hesitant fuzzy linguistic term
set (HFLTS) is shown by Hg, and is an ordered finite
subset of the consecutive linguistic terms set S =

{S0,S1, e, Sy}

Definition 3. The envelope of an HFLTS is a linguistic
interval that its upper bound and lower bound determine
the limits of the envelope as follows:
env(Hg) = [Hg-, Hg+], Hs- < Hg+
Hg+ = max {S;} VS; € Hy

Hg- = min {S;} VS, € Hg

()

mentioned above, DM applies comparative
linguistic expressions to assess the criteria and
alternatives of a common decision making problem. It is
appropriate to represent the comparative expressions by
fuzzy membership functions [50]. Thus, trapezoidal
membership function is used and ordered weighted
averaging (OWA) operator is established [56] in order
to compute the elements of fuzzy membership function.
OWA weights would represent the decision maker’s
hesitation in linguistic terms. There are different
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approaches to obtain the OWA weights, but in this study
Filev and Yager’s [56] approach is applied.

Definition 4. Let OWA operator maps from dimension
n as follows:

OWA:R™ - R

OWA(ay, ay, ..., an) = Xj—; wjb; )
where a4, a,, ..., a, is the aggregated set of arguments
and b; is the jth largest argument of the aggregated set,

and the associated weighting vector
W = (wy, Wy, ..., w,,) " satisfies w; €[01] Vi=
1,2,..,n

rowi=1 3)

In order to calculate the parameters b and ¢, OWA
operator is implemented as follows:

b = OWAys(aly, aif?, ..., al,) (4)
¢ = OWAy(aly, ai?, ..., al) (5)
where WS and W?! represent the form of OWA
weighting vectors for computing b and c, respectively.
s,t=1,2ands #tors =t.

Definition 5. Let & be the parameter in the unit interval
(0, 1). This parameter is used to calculate the first type
of weights of OWA operator as follows:
wt=wiwl .., wHT
wi=aqwl=a(l—a)wi=a(l—a). wi, =
a(l—a)* 7, (6)
wi=(1-a)"!

Also, the second type of weights of OWA operator is as
follows:
w? = (wi wi, ..., w2)T
wi=awi=a(l—a)w?=a(l—a).. wi,=
a(l—a)*?, @)
wi=(01-a)?

2.2. Fuzzy arithmetic operations

Based on the previous definitions, proposed method
employs trapezoidal fuzzy numbers and arithmetic
operations of trapezoidal fuzzy numbers should be
calculated. The required concepts are defined below.

Definition 6. A fuzzy number A = (a,b,c,d) is a
trapezoidal fuzzy number shown in Fig. 1, and its
membership function is given by:

(0O x <a,
ﬂ, a<x<h,
b—-a
H(x) = 1, b<x<c, ®)
|, c<x<d,
d—c
k 0, x>d,
u(x) 4
1

v

a b C d

Fig. 1. Trapezoidal fuzzy number, 4 = (a, b, c, d)

Definition 7. Let A and B be two positive trapezoidal
fuzzy numbers, where A= (a, b,c, d) and

B = (p,q,7,s). The arithmetic operations between A
and B is as follows:

Addition operation:

A®B = (a+p,b+q,c+r,d+s) )
Subtraction operation:

A©B=(a-sb-1,c—q,d—p) (10)
Multiplication operation:

AQ® B = (ap, bq, cr, ds) (11)
Division operation:

ioB=tcd

AQB=(E2LY (12)
Multiplication operation:

- - (urau-bu-cu-d) ifuz=0
wA=Adu= {(u-d,u-c,u-b,u-a) ifu<o (13
Division operation:

ab cd .
a_ )Gy ifu=z0 a9
v EL2Y dfu<o

U u u u

2.3 Basic definitions of ELECTRE 1

As mentioned earlier, ELECTRE I is an outranking
method that is characterized due to analyzing binary
relations of the alternatives. Some definitions regarding
outranking relations are provided as follows [4, 5, 57,
58, 59]:

Definition 8. In ELECTRE I method, DM indicates the
preferences by binary outranking relations. Let x and y
be two alternatives. “x S y” means “x is at least as good
asy”.
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Definition 9. The concept of outranking relation is
based on two concepts including the concordance and
the discordance. The statement of “x S y” provides
insights into these concepts: The concordance concept:
For an outranking “x S y” to be validated, a sufficient
majority of the criteria should be in favor of this
assertion. On the other hand, when the concordance
condition holds, discordance concept implies that none
of the criteria in the minority should oppose too strongly
to the assertion “x S'y”.

3. Methodology

As mentioned above, we propose a new fuzzy
ELECTRE I method based on HFLTS. This method
facilitates decision making process due to utilizing
linguistic terms and context-free grammars for
evaluating the importance weights of the criteria and
performance ratings. Since DMs compare the criteria
and alternatives to present relative assessments,
comparative linguistic expressions are needed for the
assessments of alternatives and criteria. Therefore,
HFLTS method contributes to determine fuzzy numbers
for hesitant judgments. Then, fuzzy ELECTRE 1
outranking method is established to complete the
decision making process. Our methodology includes
two main phases: HFLTS operations and the application
of fuzzy ELECTRE I outranking method.

1L First phase: HFLTS operations

Step 1. Determine the semantics and syntax of linguistic
terms set and context-free grammar G .

In this phase, DM should determine the decision
making conditions to apply CWW process. The first
step is to determine the semantic and syntax of
comparative linguistic terms set. Definition 1 also lets
us to determine the context-free grammar Gg. An
example of context-free grammar is provided below
[50]:

GH = {VN!VTJI:P}
where Vy shows non-terminal symbols and V; shows
terminal symbols as follows:

Ve = {(primary term), (binary relation),}
N (unary term), (conjunction)
Vp = {at least, at most, between, and, Sy, Sy, v Sg }
[eVy

P indicates the production rules for the context-free
grammar (. Bracket signs shows optimal elements

and the symbol “|” indicates alternative elements. In this
example, the production rules are as follows:

“|”

( primary term ::= So|S1| |sg, \
p= { (binary relation) ::= between,
(unary relation) ::= at least| at most|lower than|greater than,
(conjunction) ::= and

This set specifies the fuzzy partition of the HFLTS
phase. This partitioning lets us to represent the fuzzy
envelopes of the assessments. Three values are
considered including left value (L), middle value (M),
and right value (R) for the partitioning. As you see in
Fig. 2, each triangular represents three values L, M, and
R. In the proposed approach, assessments are
represented by trapezoidal fuzzy numbers.

So S1 Sy Sg—l

Fig. 2. Fuzzy partitioning.

Step 2. Gather the assessments of performance and
criteria.

In this step, DM evaluates the performance ratings
with respect to criteria in square matrices. Also, the
weights of criteria are calculated by DM’s assessments
of criteria with respect to goal.

Step 3. Transform the assessments into HFLTS by
transformation function E, .

Let S = {50,51,...,Sg} be the linguistic terms set.
DM evaluates the performance and criteria by
comparative linguistic terms based on the defined

context-free grammar Gy. The transformation of the
evaluations into HFLTS will be carried out by

transformation function Ej o as follows:

Eg,(s)) = {si|s; € S} = {s;},
EGH(between s;and sj) = {sk|s,- <sy<sjandsy €
S} = {Si:5i+1: ...,Sj},
Eg,(at least s;) = {sj|sj = s;and s; € S} =
{Si'5i+1! ...,Sg},

Eg, (at most s;) = {sj|sj < s;ands; € S}

= {So, N Si}
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Step 4 : Obtain an aggregate set for each assessment.

In this step, the fuzzy envelope is obtained through
calculating the elements of a trapezoidal fuzzy number.
We calculate these elements by aggregate set as follows:
Let A4 be the aggregate set for Eg,, (between s;and sj).

Apetween =

i i i+l i+1 i+2 i+l joJ-1 _j _J
{al,aly, al*", ak, alf", af*?, 0k, . a), a7, ayy, ag )

(15)
Agtteast =
{al,aly, al*, ak, alf?, al*?, akt?, wral,al™t ap, ap}
(16)
Agt most =
{al, a¥y, al,al, aly, a2, ab, ..., al,ak?, aly, ak} (17)

As you see in Fig. 2, aft' =al =ak™t for k=
1,2,...,g — 1. So that, the Egs. (15), (16), and (17) are
simplified as follows:

— (i i it i
Apetween = {aL; Apy App = ey Ay aR}
— il i+1
At teast = {aL; apy, Ay aM; aR}

_ {0 0
Aat most = {aL; Ay, aM: “ aM, aR}
Step 5. Obtain fuzzy envelope for each assessment.
Tpetween = (a,b,c,d),

— mi — mi . +1 o
a =min Aperween = Min {ai,a,‘w,a}w , ..,aM,aR}
i
aL,

— — i i i+1
d = max Apetween = Max {aL,aM,aM ) e

al,
b = OWAy2(aly, aif?, ..., al,),

¢ = OWAy1(al, aift, ..., al).

ay, ag} =

As in Definition 5, we can compute the weights of
OWA operator to calculate element b, and c¢ for
“between” comparative linguistic terms set. The first
type of weights of OWA operator is used to calculate b
and the second type of weights of OWA operator to
calculate ¢ as follows:

I) If i+j is odd, then

M

i+j—1
b =0WA,:- (a,ﬁ,,,a,ﬁ}l, A ),

i+j+1
j 1
c=0WAy: (aj,,,aj,, s Oy 2 ),
g-(-i

T
2 _ (1,2 1,2 2 _
w —(wl,wz,...,wj_l-ﬂ/z) and a; = =

2 J-i-1 2
wherew; =a; 2 ,w;
j—i-3 5
=(1-a)a; z ,..,Wj_i_q
, 2
=1- al)aliwj—i+1 =1 -ay)
2
i+j-1 i+j-3
— 12 2 2 T2z 2 i+1 2 i
b =Wi.ay, S Wi.ay, e, Wiii1. Gy, Wiy Ay
2 2

T

1 _ 1 1 1 — —
and W —_ (W].’WZ’ ""Wj—i+1/2) and az - 1 - al -
g-n-1

g-1
2
where wi = ay,wy = a(1 - @3), ..., Wjmina
2

j=i=3 j-i-1
=a,(1-ay) 2 ,wi_ip1 =1 —ay)
2
i+j+1 i+j-1
— ol 2 1 2 1 i+1 1 i
C=w;.a, yWo. Ay, yesWi_j_1.0y 7, Wji_it1. Ay
2 p)
1)) If i+j is even, then
"
— i i+1
b= 0WA,, (aM,aM ,...,anj ),
i i+j
— J J-1 z
c=0WAy: (aM,aM R ),
w? = (Wz w2 2 )T
= \wi, 2'- yWi_iv2/2
— —L 2
where w? = al W2 =(1- al)al 2, e, W
2
i+j i+j-2
— w2 g 2 w2 2 2 i+1 .2 i
b =wi.a, ,w;.a, s Wimia @ Wisiva. Ay
p) 2

T
1 1 1 1
and W+ = (wl,wz, ...,wj_i+2/2)

where wi = a,w} = a,(1 — ), ..., Wi
2

—L‘— =i
W] l+2 =(1- az)
i+j 42
- 1
c=wi.q’ ,wi.a,? i

=a,(1 - az)

1 j
M 'WJ i-Qy s Wj-it2-Ay
= 2

Finally, the HFLTS envelope will be formed as
Tbetween = (a;.,' b,c, a}]g) See Fig. 3.

a b c d
Fig. 3. Fuzzy Envelope for comparative linguistic expression
"between"
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Tat teast = (a,b,c,d),
a =min Agg jease = min {a}, aly, alf, ..., ap, ap} = ai,
d = maxAgg jeqse = max {al,aly, alft, ..., ay, ag} = a3
b = OWAy2(ay, aif?, ..., az)
c = OWAyz(aly, alft, ..., ad)
As can be seen in Definition 5, the weights of OWA
operator to compute eclement b for “at least”
comparative linguistic terms set are as follows:

n=g-—-i+1,

wW?=w?w? .. w2)Tand a = i/g

where wi=a9wi=1-a)ad . Wl =
a(l—a)

wy i =1-a

b=wkay wiay ', .. o wialfwl i .a,

b=a9%ay,(1- a)ag'i'l.aﬁ,_l, "
a(l—a).aift,(1 — a).al,
c=ay

Finally, the HFLTS envelope is formed as Ty joqst =
(ai,b,ay, al). See Fig. 4.

a b c.d

Fig. 4. Fuzzy Envelope for comparative linguistic expression
"at least".

Tat most = (@, b,¢,d),

— i i 0,0 1 j iy _ 50
a =min Azt most = Min {aL,aM,aM, ...,aM,aR} =aq,
d = A _ 0,0 .1 oY — 40

= max Age mose = Maxag, dy, Ay, .., Ay, Agf = Ap

— 0 1 j
b = OWAy(ay, ay, ..., ay)

— 0 41 j
¢ = OWAy(ay, ay, ..., ay)

As you see in Definition 5, the weights of OWA
operator to compute element ¢ for “at most”
comparative linguistic terms set are as follows:

n=i+1,

wt=wzw? .. wHl and a = i/g

where wi=aw;=a(l—a),.,w =a(l-
)L why = (1-a)

c=wi.al,wiat, .., wlay, whi. al,
c=a.dy,a(l—a).aifl, ..,a(l —a)ta},(1—a).ay
b =aY

Finally, the HFLTS envelope is formed as Ty post =
(a?,ad, c,ak). See Fig. 5.

ab c d

Fig. 5. Fuzzy Envelope for comparative linguistic expression
"at most"

1I. Second phase: ELECTRE I outranking method

Step 6. Defuzzify and rank the alternatives for each
criterion.

In this step, the trapezoidal fuzzy values, which DM
evaluated the alternatives in previous steps, will be
defuzzified. The center of gravity defuzzification
method is applied to rank alternatives with respect to
each criterion.

Then, the utility matrix U is built. By taking utility
matrix into account, assessment matrices will be formed
to compare alternatives with respect to each criterion.
The trapezoidal fuzzy elements of final utility matrix
form the performance ratings as in Eq. (18).

o F
- iy (18)

The decision matrix I is also built to compare the
importance of criteria. Next, the weight of each criterion
could be obtained through computing the average of the
elements in each row using summation and division
rules of trapezoidal fuzzy numbers. See Definition 7 for
more details. Finally, the weight matrix will be obtained
as Eq. (20).

- ﬁu fr:.n

=|B - - B (19
Frmi Fm! -

~— —~ ~ 1T

W = [W, Wy, ..., W,,] (20)
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T, T A

T — =z 1] —
where Wl = = L= and
n = n
n
Lo Fm;

Since the values in the matrices are between 0 and 1,
there is no need to obtain a normalized matrix. The

weight matrix W and the utility matrix U are

multiplied to construct weighted utility matrix V as
follows:

1311 ?12 121?2
7= ”zll Vaz t’zln
ﬁ;"1'11 ﬁmﬂ o ﬁmn
where
Uy = [vi-:}-, v:}, vfj, v;) = (WJ tz-:}-, wf t;'j., wf t:i., wi'ti;)

i=1,2,..,m,and j= 1.2, ..,n.

Step 7. Calculate the fuzzy concordance indices and
discordance indices.

The fuzzy concordance matrix is built as Eq. (21).
The elements of this matrix are measured by pairwise
comparison of alternatives. In this regard, two

alternatives Qs and @, are considered. Using
Definition 8, the outranking relation ag.‘j' Qg r will be
defined. The arguments in favor of this statement “
a outranks a;” is measured to obtain the fuzzy

concordance indices as follows:

e Gy C1(m-13 Cim
€C=|C1 - G Cgim-1) Cgm| (D
Cmi = cmf Cm.:m— 1) -
= — i B q u
Cor = (g5 Cofs cgf,cgf]
1 : P
h _ Deramp Wk p o _ Doy 2w Wi
wnere Cgf - W Py gf W )
: q u
cq _ Er{:x[;{_fﬂ"‘";{ d En{.xl-;f_x_l.-;{"";;
af W »and Cgp W

In addition, the discordance set is formed to
construct the discordance matrix. The concept of
discordance set is in contrast to the concept of

concordance set. If DM has doubt upon the statement “
Qg outranks ag” and DM is against the assertion

g, is at least as good as af” , we can represent the

discordance matrix and the arguments as follows [60]:

e dgl dll:m— 1) dlm
D = dg’l - dgf . dgl:m—l} dgm (22)
Ay dmf e dm[m— 1) -
Ly | Fgn—F gl - -
where d, . = St R if Vop < Vepo

af  Tplbgn—tsul’
g=12,...,mand f =1,2,..,n,and
- o I u P 7 _a P I
|vgh - ”ﬂz| = |(”gh - v;h’vgh T Ve Vgn T ”fw”;h - y}’h)l.
The discordance indices are obtained between
alternatives i and j with respect to the criterion k. T

and ﬁ}-h are ranked by Yager’s centroid index [61].

Then, the defuzzification method, center of gravity will
be employed to calculate the discordance index.

Since this method calculates the outranking relations
without defining concordance and discordance
thresholds, a combination method to unite fuzzy
concordance and discordance matrices is proposed. A
modified version of Aouam and Chang’s [62] formula is

applied to calculate the elements of matrix D'. Hence,
D' is formed by subtracting each element of the
discordance matrix from 1. Then, the fuzzy global
matrix Z will be calculated through peer to peer
multiplication of the elements of the matrices € and D'
(using Eq. (11)) as follows:

Z=C®D (23)
where
- .. 1-d, v 1—dyy 1—dy,
P : : : (24
p'=|1 _.d91 1 _.dg" 1-— dg,;m_ﬂ 1 _.dg’“
1—dyy 1- dmf 1- dm(m—ﬂ -

Step 8. Compare the alternatives by fuzzy Kernel
diagram.

In the final step, the outranking relations is exploited
to compare the alternatives by the elements of matrix Z.
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In this regard, graph G = (V, J) is defined, where V is
the set of nodes and J is the set of arcs. One node is
considered for each alternative and an arc between two

nodes of alternatives s and [ Here, we propose

fuzzy Kernel diagram. This diagram could depict
uncertainty in comparison of alternatives. We draw

solid arc if g, absolutely outranks Qs that means g,
is absolutely preferred to Gy as shown in Fig. 6 a. We
proposed to draw long dashed arc if a, strongly
outranks Qg as shown in Fig. 6 b, and dashed arc if g,
weakly outranks ap as shown in Fig. 6 c. If a, and

fy are incomparable, we consider no arc between them

as shown in Fig. 6 d. In addition, Fig. 6 e illustrates the

indifference between g and G-

(a) Absolute preference

(d) Incomparability

(e) Indifference

Fig. 6. Outranking relations represented by fuzzy Kernel
diagram.

In order to determine the arcs, the elements of fuzzy
global matrix Z should be defuzzified. In this step,
center of gravity defuzzification method is applied and
Zg¢ Tepresents the defuzzified values. The intervals of

the defuzzified values are defined for associated binary
preferences are presented below:

Incomparable
Weak Preference

0<z, <025
025 <z, <05
05 <z, <075
075 <z, <1

(25)
Strong Preference

Absolute Preference

In summary, you can find the associated steps of our
combined method as follows:

1. First phase: HFLTS operations
Step 1. Determine the semantics and syntax of linguistic

terms set and context-free grammar Gy, .

Step 2. Gather the assessments of performance and
criteria.

Step 3. Transform the assessments into HFLTS by
transformation function E Gyt

Step 4 : Obtain aggregate set for each assessment.
Step 5. Obtain fuzzy envelope for each assessment.

1I. Second phase: ELECTRE I outranking method

Step 6. Rank alternatives for each criterion.

Step 7. Calculate fuzzy concordance and discordance
indices.

Step 8. Compare alternatives by fuzzy Kernel diagram.

4. An Hlustrative Example

In this part, a simple MCDA problem is added to
provide a step by step solution in order to illustrate the
proposed method. The problem is the selection of best
supplier among three alternatives by considering three
attributes including price, quality, and delivery. The best
way of illustrating the relations between the criteria and
alternatives is to use a hierarchy often applied in
Analytic Hierarchy Process (AHP) [63]. The hierarchy
of decision making is provided below:

Selection of best

supplier
\ 4
Price Quality Delivery
Sup. 1 Sup. 2 Sup. 3

Fig. 7. The hierarchy of MCDA supplier selection problem.
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The steps of the method are presented below:

Step 1. At first, the semantic and syntax of linguistic
term set S and context-free grammar Gy should be

defined. We determine the linguistic term set S as:

no importance (ni),very low importance (vli),
low importance (Ii),medium
§= importance (mi),high importance (hi),
very high importance (vhi),
absolute importance (af)

Step 2. In this step, the importance of criteria is
assessed with respect to the goal as Table 1. This will
obtain the weights of criteria in next steps. Then, the
performance of alternatives with respect to each

criterion will be evaluated as you see in Tables 2, 3, and
4,

Table 1
The linguistic assessment of criteria with respect to the goal.
Price Quality Delivery
Price - At most li At most mi
Quality At least hi - At least hi
Delivery At least mi At most li -
Table 2

The linguistic assessment of alternatives with respect to price.

Supplier 1~ Supplier 2 Supplier 3
Supplier 1 - Atmost vli At most li
Supplier 2 At least vhi - At least hi
Supplier 3  Atleasthi  Atmostli -
Table 3
The linguistic assessment of alternatives with respect to
quality
Sup{gher Supplier 2 Supplier 3
Supplier 1 - At most i At most li
Supplier 2 At least i Between li and
PP hi mi
. Atleast  Between mi and
Supplier 3 -

hi hi

Table 4
The linguistic assessment of alternatives with respect to
delivery.

Supplier 1 ~ Supplier 2 Supplier 3

Supplier 1 - Atmostli At most mi

Supplier 2 At least hi - At least hi

Supplier 3  Atleastmi At most li -

Steps 3, 4, and 5. Firstly, each of comparative linguistic
expressions is transformed into corresponding HFLTS.
Then, the aggregate set is formed for each assessment.
This aggregate set lets us to obtain fuzzy envelopes. For
more details, follow the provided example below:

Eg, {at most 1i) = {ni, vli, li}
By using Eq. (17), simplified aggregate set is obtained:

ni wli I Qi
Oy

— mL
AEmeBf[I:_ E'L"E'J "E'J "B'J

We form fuzzy envelope similar to the presented fuzzy
partitioning in Fig. 5.

a=mindgmei

= min{a™, o™, atlf, gl all} = o™ =0,

b - O
d = max Age o i

= max {a, o}, e, ol ali} = all =05,
b= 0WA,: (e, e, all, e, al),

£ = OWAy1 (@, e, e, all,all).

i

n=i+1=24+1=3,

. 2 1
—if _Z_Z
a="g=5=3
wt = (wlwi, .. wiT
where

wh=1/3,w} = 1/30 — 1/3),wi = (1 - 1/3)?,

T o .- .
L1214 R TR . I - S | ni
Wt = (‘ z ‘) o€ = Wi .Gy W38y Wiy Gy,

1 z'9's 1
c=§-u§,&+a- }':;E[-I-a' F,;l
! 0.33 2 0.17 : 0=015
=3 +'§l . +El =0

b= E’;-!I!: =0
fcr most i — {UJUJU-].S,U.S]
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0 0.15 0.17 0.33 0.5 0.67 0.8 1

Fig. 8. Tar moer i

Eventually, a trapezoidal fuzzy number will be
obtained for each of evaluations as shown in Tables 5,
6, 7, and 8.

Table 5
The numerical assessments of the criteria with respect to the
goal.
Price Quality Delivery

Price - (0,0,0.15,0.5) (0,0, 0.35,0.67)

Quality  (0.5,0.85, 1, 1) - (0.5,0.85, 1,1)

Delivery  (0.33,0.65,1,1) (0,0, 0.15,0.5) -

As mentioned before, the weights of criteria should be
calculated using assessment of criteria with respect to
goal as shown in Table 5. Similarly, the average
performance of three suppliers is obtained by
calculating the average amount of each row in Tables 6,
7, and 8. Thus, the utility matrix, which represents the
average performance ratings, and the weights of criteria
are shown in Table 9. The weighted utility matrix is
given in Table10.

Table 6
The numerical assessments of the alternatives with respect to
price.
Supplier 1 Supplier 2 Supplier 3
) ] (0, 0, 0.028, (0,0, 0.15,
Supplier 1 0.33) 0.5)
Supplier 2 (0.67,0.972, 1, ) (0.5,0.85, 1,
1)) 1))
Supplier3  (0.5,0.85,1,1)  (0,0,0.15,0.5) -

Table 7
The numerical assessments of the alternatives with respect to
quality.
Supplier 1 Supplier 2 Supplier 3
Supplier 1 - (0,0,0.15,0.5)  (0,0,0.35,0.67)
. (0.5,0.85, 1, ) (0.17,0.33, 0.5,
Supplier 2 1 0.67)
. (0.5,0.85, 1, (0.33,0.5,0.67, )
Supplier 3 1 0.83)
Table 8
The numerical assessments of the alternatives with respect to
delivery.
Supplier 1 Supplier 2 Supplier 3
Supplier 1 - (0,0,0.15,0.5) (0,0, 0.35,0.67)
Supplier2  (0.5,0.85, 1, 1) - (0.5,0.85, 1, 1)
Supplier 3 (0.33,0.65,1,1) (0, 0,0.15,0.5) -
Table 9
The utility matrix (average performance ratings) and criteria
weights.
Price Quality Delivery
. (0,0,0.25, (0.5,0.85, 1, (0.165, 0.325,
Weights 0.585) N 0.575, 0.75)

. (0,0, 0.89, (0,0, 0.15, (0,0, 0.25,
Supplier 1 0.415) 0.5) 0.585)

. (0.585,0.911, (0.335,0.59, (0.5,0.85, 1,
Supplier 2 L1 0.75, 0.835) 1)
Sunplier 3 (0.25, 0.425, (0.415,0.675,0  (0.165,0.325,0

PP 0.575,0.75) 835,0.915) 575,0.75)
Table 10
The weighted utility matrix.
Price Quality Delivery

. (0,0,0.222, (0,0,0.15, (0,0,0.143,
Supplier 1 0.242) 0.5) 0.438)
Supplier 2 (0,0,0.25, (0.167,0.501,0  (0.082,0.276,0

upple 0.585) 75,0.835) 575,0.75)
Supplier 3 (0,0,0.143, (0.207, 0.573, (0.027,0.105,0
pp 0.438) 0.835,0.915) 330,0.562)

Step 6. In this step, the alternatives are ranked with
respect to each criterion as presented in Tables 11, 12,
and 13. We apply center of gravity defuzzification
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method to rank the fuzzy numbers. Considered fuzzy
numbers are average amount of row elements of
performance ratings shown in Tables. 6, 7, and 8. This
ranking will help us to obtain fuzzy concordance and
discordance indices in next step. For instance, center of
gravity defuzzifies (0, 0, 0.089, 0.415) as follows:

[ ¢ dx + [**(—3.07%% + 1.27%)dx

o LOES

= 0.143
[.0E% 0415
L, dx + [, (—3.07x + 1.27)dx
Table 11
Ranking of alternatives with respect to price.
Average Defuzzified Value
Supplier 1 (0,0, 0.089, 0.415) 0.143
Supplier 2 (0.585,0911, 1, 1) 0.855
Supplier 3 (0.25, 0.425, 0.575, 0.75) 0.488
Ranking Supplier 2 # Supplier 3 # Supplier 1
Table 12
Ranking of alternatives with respect to quality.
Average Defuzzified Value
Supplier 1 (0,0,0.15, 0.5) 0.178
Supplier2  (0.335,0.59, 0.75, 0.835) 0.597
Supplier 3 (0.415, 0.675, 0.835, 0.915) 0.700
Ranking Supplier 3 = Supplier 2 * Supplier 1
Table 13
Ranking of alternatives with respect to delivery.
Average Defuzzified Value
Supplier 1 (0,0, 0.25, 0.585) 0.220
Supplier 2 (0.5,0.85,1,1) 0.820
Supplier 3 (0.165, 0.325, 0.575, 0.75) 0.480
Ranking Supplier 2 = Supplier 3 > Supplier 1

Step 7. In this step, fuzzy concordance and
discordance indices are computed to construct fuzzy
concordance and discordance matrices. By taking into
account the ranking of alternatives, the fuzzy
concordance indices are obtained through adding

criteria weights each of which the alternative ranking is
higher. Then, it will be divided by the total amount of
criteria weights. Fuzzy concordance table is presented in
Table 14:

Table 14
Fuzzy concordance table.
Supplier 1 Supplier 2 Supplier 3
Supplier (0,0,0,0) (0,0,0,0)
1 B Weom + Woe + Waes  Woom + Wacal + Waes
Supplier Weom + Wasel + Waes Weom + Waes,

2 1::\‘.'-'rn'i'r..""""{'!c.rri."'1::\‘.'-'1'.‘2.9 Weom, +Waeel + Waes
Supplier Weom + Warel + Wies Waeel
3 Weom * Wasel + Waez  Weom + Warc + Waes

From Table 14, we have

- (0,0,0,0) (0,0,0,0)
(1.1.11) - (0.25,0.27, 0.45, 0.57)
(1111) (0.43.0.55,0.73,0.75) -

£=

Based on the Eq. (22), the discordance matrix is
obtained using Table 10 as follows:

- 1 1
0 - 0.231

0 0768 -

D=

Based on Eq. (24), the supplement of discordance
matrix will be as follows:

- 0 0
1 - 0.769
1 0,232 -

D' =

Finally, the fuzzy global matrix Z is built through

multiplication of matrices € and D' as follows:

(11113 - (0.192, 0207, 0,336, 0.438)

- (0.0,0.00 (0:0,0.07
[ -
(LLL1) (0099, 0127,0.069,0.174) -

After defuzzification, the preferences of the
alternatives will be obtained by using Eq. (25).
Therefore, supplier 2 is absolutely preferred to supplier
1, supplier 3 is absolutely preferred to supplier 1, and
supplier 2 is weakly preferred to supplier 3. Supplier 3
is also incomparable to supplier 2.

Step 8. Consequently, the fuzzy Kernel graph is
drawn based on the Z matrix as Fig. 8. According to

Fig. 6, solid arc is drawn from suppliers 2 and 3 to
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supplier 1 to represent absolutely preferred nodes, and
dashed line from supplier 2 to supplier 3. Eventually,
the fuzzy Kernel graph in Fig. 9 depicts that supplier 2
outranks other two suppliers using HFLTS-ELECTRE 1
method.

Fig. 9. Fuzzy Kernel graph

5. Conclusion

In this study, ELECTRE I outranking method using
hesitant fuzzy linguistic term set is proposed. Since
decision making involves uncertainty and imprecision,
DMs prefer to render linguistic judgments about
decision alternatives and criteria. Our proposed method
facilitates decision making process due to using
comparative linguistic expressions to evaluate the
alternatives and criteria and it could be a DM-friendly
MCDA method. Fuzzy sets theory and subsequent
developments empowers us to numerically interpret the
uncertainty of MCDA problems. Ultimately, ELECTRE
I method is established to investigate binary relations of
alternatives and criteria in order to compare them by
comparative linguistic terms.

In this proposed HFLTS-ELECTRE I method, the
combination matrix of concordance and discordance
remains fuzzy. Our method offers an evolution in
outranking relations through elimination of concordance
and discordance thresholds form ELECTRE I method.
Hence, we propose fuzzy Kernel diagram to represent
the preferences of actions. This new diagram uses
dashed lines to depict decision maker’s uncertainty
toward actions. Since fuzzy Kernel diagram is
implemented, defuzzification of the fuzzy concordance
matrix is not needed and we continue the calculations
by fuzzy values until the final step. Thus, the output
clearly illustrates decision maker’s assessments and
his/her preferences. Future works could focus on
extensions of HFLTS for other members of ELECTRE

family or outranking methods. In addition, extension of
fuzzy Kernel diagram could represent decision maker’s
preferences in detail.
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