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Abstract

The paper aims to define a new kind of logic, referred to as Archimedean-Compensatory Logic, which
is constructed from the unification of two different fuzzy logic systems, namely a continuous
Archimedean fuzzy logic and a compensatory fuzzy logic. The paper introduces basic definitions and
properties of this new theory. Continuous Archimedean logic is a t-norm and t-conorm logic system and
Compensatory Fuzzy Logic can be obtained from quasi-arithmetic mean operators. We will prove the
property that the preference over a pair of truth-value vectors is the same for certain predicates in the
Compensatory Fuzzy Logic and the Continuous Archimedean Logic.
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1. Introduction

Two ways of defining logic systems are t-norm and t-
conorm approach and Compensatory Fuzzy Logic
(CFL). T-norm and t-conorm have been widely studied
and applied by fuzzy logic community; see Ref. 1, even
though sometimes this notion does not fully correspond
to the way in which we make decisions.

On the other hand, CFL, Ref. 2, satisfies the idea of
allowing compensation under certain rules, which is
also an interesting approach to model decision-making
realized by humans.

This paper aims to show that both approaches can be
theoretically compatible. That is to say, we will show
that the quartet formed by one universal and one
existential predicate based on a
Archimedean t-norm and others two, one universal and
one existential predicates based on a compensatory
system, increases the power for modeling decision
making. We will be referring to such logic systems
Archimedean-Compensatory logics.

In Refs. 3-4, for example, we can find an earlier
approach to define a compensatory AND by a t-norm
conjunction and a t-conorm disjunction. Nevertheless,
the author doesn’t use the notion of relationship
between two logic systems, one compensatory and the
other one, Archimedean.

Also, Refs. 5-8 contain approaches for defining
compensatory operators from t-norm and t-conorm
operators, by means of iteration in Refs.7-8, but the
limitations are the same which we explained above.
There is a mathematical relationship between the way of
generating a continuous Archimedean t-norm and such
for generating its corresponding compensatory operator,
which is the justification of the ideas expressed above.
Also, we introduce the concept of compatibility of two
fuzzy logic systems and we prove that for each
continuous Archimedean logic based on one t-norm and
t-conorm, and its compatible CFL, there exists the same
order for the truth value of the predicates.

The quantifier and its
corresponding quantifier represent the
tendency to no refute a decision making represented by
a predicate, respectively. Equivalently for the CFL, the
pair formed by a CFL universal quantifier and a CFL
existential quantifier represents the affirmation.

The aim of this paper is to reveal the coherence that
exists between the t-norm and t-conorm theory and the

continuous

Archimedean universal

existential

CFL theory. Some examples will help illustrate the
usefulness of such unification in some applications.

2. Underlying definitions

A t-norm is a function T:[0,1]? — [0,1], which satisfies

the following axioms, see Ref. 1:

e T(a,b) = T(b,a)(T1) Commutativity,

e T(ab)<T(c,d) if a<c and b<d (T2)
Monotonicity,

e T(a,T(b,c)) = T(T(a,b),c)(T3) Associativity

e T(a,1) = a(T4) One as identity.

A t-conorm is a functionS:[0,1]?> — [0,1], which

satisfies the following axioms:

e S(a,b) = S(b,a)(S1) Commutativity,

e S(a,b)<S(c,d) if a<c and b<d(S2)
Monotonicity,

e S(a,S(b,c)) = S(S(a,b), c)(S3) Associativity,

e T(a,0) = a (S4) Zero as identity.

There is a classical property which matches t-norm and

t-conormy; it is the De Morgan’s Laws.

—|T(a, b) = S(—|a, —|b) and —|S(a, b) = T(—la, —|b)

The most usual negation operatoris —a=1—a

A t-norm T:[0,1]? - [0,1] is a continuous t-norm if

and only if for every pair of convergent sequences

in [0,1], lim,_,T(Xp ¥y =

T(lim x,, limy,, ).

A t-norm ,1(1—[06’ 1]%2 - [0, 1] is said to be Archimedean if

and only if it satisfies one of the following conditions:

1. Foreveryx € (0,1), T(x,x) < X

2. For every x,y € (0,1) there is a natural number n

{xph=1 and {y }7-1
)

such that
T(x,X,...,X) <y
n times
3. For every x € (0,1) there is a natural number n
such that T&xx ..., x) =0

n times

Here we prefer definition number 1.

Properties

1. Every t-norm T:[0,1]% - [0, 1], satisfies T(x,y) <
min{x, y}

2. Every t-conorm  S:[0,1]? - [0,1], satisfies

S(x,y) = max{x,y}

3. min(x,y) is the unique continuous idempotent t-
norm and the maximum function of the family of t-
norm operators.

4. max(x,y) is the unique continuous idempotent t-
conorm and the minimum function of the family of
t-conorm operators.
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5. One consequence of the precedent properties is that
every t-norm (t-conorm) belongs to only one of two
subsets, the singleton of the min t-norm (the max t-
conorm) or the set of non-idempotent t-norms (t-
conorms).

6. For every continuous Archimedean t-norm there
exists a non-increasing continuous function
f: [0, 1] - [0, +e<] satisfying f(1)=0, such that:

T(xli'“ixn) = f(_l)(Z?:lf(xi)) (1)
Where,

(0 (g = {f-l(z),_ if z€ [0,£(0)] )
0, if (f(0), +o<]
7. An equivalent property exists for t-conorms.

Let n be a negation operator from [0,1]to [0,1], or a
strictly decreasing operator fulfilling # (n(x)=x, n(0)=1
and n(1)=0.

Definition 1

An Archimedean Logic is a trio (c, d, n) of operators,
where c is a continuous Archimedean t-norm, d is its
corresponding continuous Archimedean t-conorm and n
is the negation operator.

From now let x=(x1,%2...xn),  Y=(V1,¥25--->¥n)>
7=(2,,23,...,Z,) be any element of the Cartesian product
[0,17".
A 4-tuple of continuous operators (c, d, 0, n), ¢ and d
from [0,1]" into [0,1], the operator o from [0,1]* to [0,1]
and » a negation operator, constitute a Compensatory
Fuzzy Logic (CFL), see Ref. 2, if the following group of
axioms is satisfied:
(1) Compensation Axiom:
min{xl, X2, xn} < (g, X, 00, Xn)
< max{xq, Xy, =1, X}

(i1) Commutativity or Symmetry Axiom:

C(X1,X250 e Xy X X)) =

C(X1,X251 00 Xjspe e e Xiyer e Xp)-

(ii1) Strict Growth Axiom: If x;=y;,x,=ya, ....,
Xit=Yiel> Xit1=Yit1yee-Xn=Yn are unequal to
Zero, and x>V, then
C(X1,X2,0..X0)>C(Y1,Y25-+5¥n)

(iv) Veto Axiom: If x;=0 for an i then c¢(x)=0.

) Fuzzy Reciprocity Axiom: o(x,y) = n[o(y,x)]

(vi) Fuzzy Transitivity Axiom: If o(x,y) = 0.5

and o(y,z) = 0.5,  then o(x,z)
2max(o(x,y),o(y,2))
(vii) De Morgan’s Laws:
n(c(xl, Xp, 0, xn))
= d(n(xl)' n(xZ)! Tty n(xn))
And

Archimedean-Compensatory Fuzzy Logic Systems

n(d (21, x5, xn))

= C(n(xl)f n(xZ)! T n(xn))
d operator satisfies the properties below:
1. Compensation Property:

min{x;, X5, -+, Xp} < d (X1, X2, Xn)
< max{xq, Xy, =, X}
2. Symmetry Property:
AX1,X, e Xiye e Xy Xn)= A1 X050 Xy Xy X))

3. Strict Growth Property:

If x=y1,x=ys, .
Xi1=Yicls Xit1=Yit1pe--sXn=Yn are unequal to
one, and x>, then

d(xlrx23'"9xn)>d(ylny29"'9yn)
4. Veto Axiom: If x;=1 for an i then d(x)=1

5. c(aa,...,a)=a, d(a,a,...,a)=a, idempotency of ¢
and d operators.
Operators ¢ and d are called conjunction and
disjunction, respectively. The operator o is called fuzzy
strict order.
A family of CFL is the quasi-arithmetic means, which
includes for example the geometric mean. They are
operators of the form:
Mf(xli X2, xn)
=1 (Z?=1f(xi)) 3)

n
f is a strictly monotone continuous function, which is

extended to the non-defined points by using the
corresponding limit.
These operators satisfy Axioms i-iii. In addition, if we
have that for all ie{l,2,...,n},
lim,,, o Mf(x1,%3,++, %,) = 0, we obtain axiom iv as
well. Then, taking Egs. (4), (5) and (6)

d(xy, %, %) =

1—f (2?=1f(1—xi)) @)

n

n(x)=1-x &)

o(x,y) = 0.5[c(x) —c(y)] + 0.5 (6),
we have a class of Compensatory Logics referred to as
Quasi Arithmetic Mean Based Compensatory Logic
(QAMBCL).
A special case of Eq. (3) is obtained for f(x) = x°, where
pe(-0,0], see definitions presented in Egs. (7) and (8).

i=1%;

n p 1/17
Gy, ) = (B2 ™
1

L (a-x)P /17

R Y )
Let us note that Egs. (7) and (8) tend to the geometric
mean and the dual of the geometric mean, respectively,

in case that p=0. See, Egs. (9) and (10).
C(x1!x2!""xn) = n\/ ?=1xi (9)
d(xy, %2, %) = 1 =YL, (T—x)  (10)
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This last compensatory logic with the operators of
conjunction and disjunction defined like in Eqgs. (9) and
(10), is called Geometric Mean based Compensatory
Logic (GMBCL).

Let us show that GMBCL satisfies the axioms of CFL.
Evidently, (9) fulfills axiom (ii). If we change the order
of the elements of vector (xi,x,...,x;), the geometric
mean value will remain equally.

If the truth value of one element is 0, then the geometric
mean is 0, therefore (9) satisfies the veto axiom,
corresponding to one classic axiom of the bivalent logic
for conjunction.

An equivalent proof is valid for the veto axiom for the
disjunction in (10).

Because of the continuity of the geometric mean and
also the non-decreasing monotony of this function, if we
increase the truth value of one element, then the value
of the geometric mean increases. Hence, (9) satisfies the
axiom (iii) and (10) satisfies the property 3. These two
axioms are important to decision making, where the
capacity for ordering is essential.

c(a,a,+,a) = Y[IL,a=a andd(a,a,,a)=1-
VIIL,(1—a) =1—-(1-a) = a. Therefore, (9) and
(10) satisfy idempotency, for more details see Ref. 2.
Idempotency is necessary if we think the propositional
formulas like utility functions of Decision Theory and
then, this axiom corresponds to a cardinal measure.
From this point of view, t-norms and t-conorms
operators offer just ordinal measure operators.

Applying n times the Strict Growth Axiom we can
prove the compensation in (9) and (10).

We defined the negation operator in the most usual way.
The De Morgan Laws are classical and easy to prove.
The order operator is included in CFL due to the
importance for ordering in Decision Making.

Let us note that the family of CFL is bigger than
GMBCL and bigger than QAMBCL family. These two
families are special cases of (3).

3. Archimedean-Compensatory Logic

This section explains the theory of the Archimedean-
Compensatory Logic, as well as the definitions and the
theoretical demonstrations of its properties

Definition 2

Two fuzzy logic systems,L; and L, it is said they are
compatible for the formula p of the propositional
calculus if and only if for every pair of vectors x =
(X1 X2, .o Xp) and Y = (V.Y ..., V) into [0,1]" they satisfy
the property:p1i(X)<pui(y) if and only ifp12(x)<pr>(y) ,
where p;; and pp, represent the calculus for the
formula p by using logic systems L; and L, respectively.

Definition 3

Two fuzzy logic systems, L; and L, it is said they are
compatible if and only if they are compatible for every
formula of the propositional calculus.

Proposition 1

Let be f(x) a strictly monotone real-valued function
which generates a continuous Archimedean t-norm,
then, the t-norm and its corresponding quasi-arithmetic
conjunction operator (the one defined by the same
function f) satisfy the property of compatibility of
definition 3 for the conjunction and disjunction
operators.

Proof. First, we will prove it for the conjunction
operator.
Let be f(x) an strictly decreasing function and cp(X) =

fEDEL, () > er(y) = fCVEL, ()

Evaluating f(x) in the inequality above, Y.IL, f(x;) <
i=1 f(yo). . .
Therefore, Ziza 09 - 2iza f00) g cc(x) =

n n
fFD (—Zi:lnf(xi)) > ce(y) = fCD (—Zi:lnf(Yi)), because
f(x) is a decreasing function if and only if fCV(y) is
decreasing too.
Let be f(x) an strictly increasing function and cp(x) =
fEVEL, () > e (y) = OV, f(y)),
evaluating f(x) in the inequality above, YL, f(x;) >

iz f(y).

Therefore, " " cc(x) =
n . n i
F-1) (lelnf(xl)) > ce(y) = -1 (Zl%f(y‘))’ because

f(x) is an increasing function if and only if fCV(y) is
increasing too.

The proof of the other implication, that is to say, if
cc(x) > cc(y), then cp(x) > cp(y), is similar.

The proof for the disjunction is similar if f is substituted
by the corresponding function for the disjunction
operator. [

Zinzl f(xi) > Zinzl f(Yi) and

Proposition 2

Let be f(x) a strictly monotone real-valued function
which generates a continuous Archimedean t-norm,
then, the t-norm and its corresponding quasi-arithmetic
conjunction  operator  satisfy the property of
compatibility of definition 3 for the implication and
equivalence operators, if they are defined like
i(x,y)=d(n(x),y) and e(x,y)=c(i(x,y),i(yv,x)), respectively
and where the negation is n(x) = 1-x.

Proof. First, let us prove it for the implication.
Let us note that, according to the definitions above,
there is a non-decreasing (non-increasing) function g
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corresponding to a Continuous Archimedean Logic,
such that ir(x,y) =g (g(1 — x) + g(y)).

Suppose that ix(x;,y1)<if(X2,¥>) (index T means that the
implication is calculated with a Continuous
Archimedean t-conorm), and hence, g9 (g(1 — x) +
8(y) < gV (g(1 — %) +8(r2)).

If g is a non-increasing function then, g(1—x,) +
g8(1-x1)+g(y1)

g(y1) > g(1 —x;) + g(y2) and > >
g(l—xZ;+g(Yz)  therefore g(_1) (g(l—x1;+g(y1)) <
gb (W), which means that i.(x;y,)

<i.(X,y») for the respective compensatory implication.

If g is a non-decreasing function then, g(1 —x,) +
(1-x1)+g(y1)

8(y1) < 8(1 —x,) +g(y2) and BB <

2
g(1—xZ3+g(yz)’ therefore gD (g(l—x1;+g(}’1)) <

gD (g(l—Xz;+g(yz))

, which means that

i(X1,y1)
<io(X2,y2)-

Similarly it is demonstrated that i.(x1,y;) <i(X2,¥2)
implies ir(x;,y1) <irf(X2,¥2)-

The proof for the equivalence operator e results from
the proof for the implication operator and proposition 1
for the conjunction operator. O

Proposition 3
Every logic
corresponding ~ Compensatory — Fuzzy  Logic —are
compatible for every propositional formula formed
recursively by atoms formulas, conjunction, disjunction,
implication

continuous  Archimedean and its

negation,  natural and  equivalence

operators.

Proof. If p is formed by n operators belonging to the set
of operators established in the hypothesis, then,
applying recursively proposition 1 or proposition 2 from
the most external operator in the formula to the most
internal, then it can be proved this proposition. O

Remark 1

The set of operators stated in proposition 3 can be
extended by including the strict order operator of
formula (6). This inclusion doesn’t affect the result of
proposition 3. Let us note that this operator doesn’t
depend on the logic system.

Definition 4

An  Archimedean-Compensatory Logic is the sextet
(cr,ccdrdco,n) of operators such that (crdpn) is an
Archimedean Logic according to definition 1, and
(cc,dc,on) is a Compensatory Fuzzy Logic, such

Archimedean-Compensatory Fuzzy Logic Systems

that,the Archimedean logic and the Compensatory
Logic are compatible, according to definition 3.

Remark 2

The condition of compatibility in definition 3 is well
defined because it is a consequence of propositions 1
and 2.

Remark 3

According to proposition 1 applied to definition 4, cr,
and cc maintain the same order. Therefore, the
Archimedean-Compensatory Logic satisfies that this is
compatible and indifferent for the order to calculate
with the t-norm conjunction or to the compensatory
conjunction operator.

Example 1

One Archimedean-Compensatory logic is obtained from
the probabilistic logic, see Ref. 1, and the GMBCL, see
Ref. 2, the definition of the operators is summarized in
the following table:

Table 1. Operators of the probabilistic logic

system and the GMBCL

Operator Probabilistic logic system GMBCL system

Conjunction (X1, %) =X ° X, c(®) = YnL, x

Disjunction d(x1,%X3) =X + X, dx) =

(dual of the —X1 "X, 1-4Ym, (1 —x)

conjunction)

Negation 1-x 1-x

Implication Reichenbach implication Natural

(d(n(x1),x2)) i(xq,%) =1 — X1 + %X, implication

i(x1,%) =

- —wm

Equivalence i(xq,%5) " 1(Xg,%q) Vi(xy,x5) - 1(Xg, %4

(i(x,x2),

i(x2,x1))

Conjunction and disjunction operators corresponding to
both logic systems can be generated by the same
additive generators, f(u) = -In(u) for conjunction and
f(u) = -In(1-u) for disjunction, f~P(u) = e

Thus, this example of Archimedean-Compensatory
Logic is generated by the pair of functions -In(u) and -
In(1-u). They satisfy proposition 3 and it is compatible
to calculate with probabilistic logic or GMBCL, in the
sense to maintain the order of the predicates, which are
formed by the operators of the Table 1.

Example 2
Table 2 is a summary about some indexes of the
Mexican Economy, see Ref. 11.
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Table 2. Behavior of some index of the Mexican
Economy for seven years

Ai (Inflation)  A2(GDP) As (Taxof — As

exchange (Demand)
Peso/Dollar)

Year/Attribute

1 11.01 2 23 32350

2 7.06 4.5 48 31305

3 52 -6.2 5.6 28083

4 27.7 5.2 6.5 33408

5 15.7 7 6.95 44987

6 18.8 4.1 10.05 54344

7 17.2 2.9 11.4 56830

The truth values calculated for the indexes of the
Mexican Economy in Table 2 are summarized in Table
3.

Table 3. Truth values of the elements of the
Mexican Economy in Table 2

A (Inflation) A; (GDP) As (Taxof A4

Year/ exchange (Demand)
Attribute Peso/Dollar)

1 0.01 0.5 0.987 0.557

2 0.17 0.99 0.883 0.388

3 2.33E-16 6.57E-09 0.784 0.071

4 2.82E-08 0.999 0.613 0.716

5 2.76E-04 0.999 0.511 0.999

6 2.57E-05 0.992 0.057 0.999

7 8.73E-05 0.89 0.017 0.999

Sigmoidal membership functions with formula
sigm(x, [a,y]) = m , were used to obtain the

truth values in Table 3, where o and vy are real-valued
parameters.

Suppose that experts determine that the parameters for
A (Inflation) are a = -0.7659 and y = 5; for A, (GDP)
are a = 2.2976 and y = 2; for A; (Tax of exchange
Peso/Dollar) are a = -0.9190 and y = 7; for Ay
(Demand) are o = 6.5645E-4 and y = 32000.

Let us compare the results of the predicate p, which is
“A; and A, and A; imply A, for the first and the
second years, by using the probabilistic logic and the
GMBCL. See Table 4.

The conjunction of A, A, and A; is the product of the
truth values, according to Probabilistic logic system in
Table 1, therefore, for the first year the truth value of
the conjunction is (0.01)(0.5)(0.987) = 0.004935. The
truth value of A4 (Demand) for the first year is 0.557,
see Table 3. Now, we have to calculate the truth value
of i(0.004935,0.557), with the implication operator
corresponding to the probabilistic logic system, that is
the  Reichenbach  implication, see Table 1.

i(0.004935,0.557) = 1-0.004935+(0.004935)(0.557) =
0.9978.

The result for the second year is calculated similarly and
is equal to 0.9078. See table 4.

On the other hand, with the GMBCL we applied the
Geometric Mean, according to Table 1. The conjunction
of the attributes A;, A, and A; for the first year is

i/(0.0I)(O.S)(O.987) = 0.1703. The truth value of the
Natural implication with the GMBCL and formula
appeared in Table 1, is 0.7258.

Similarly, for the second year the truth value of p is
0.4293.

Table 4. Comparison of the truth value of the
predicate p for the two first years in Table 3 and
with two compatible logic systems: Probabilistic

and GMBCL.
Logic system Truth value for the first ~ Truth value for the
year second year
Probabilistic 0.9978 0.9078
GMBCL 0.7258 0.4293

Certainly, the calculus illustrated in Table 4 fulfills the
proposition 3, where the truth value for the first year is
bigger than the truth value for the second year in both
compatible logic systems. The definitions of the
operators used for calculation in Table 4 appear in Table
1.

Therefore, the example 2 illustrates that from the point
of view of the order, always it is maintaining when the
calculus is made with compatible fuzzy logic systems.
Now, a new approach to the universal and the existential
quantifier in an Archimedean-Compensatory Logic is
introduced below.

Definition 5

Let be X = {xq,**,%x,}c[0,1], the universal quantifier
for the finite set X and the continuous Archimedean t-
norm T, is defined by: Vix; € X = cp(xq,++,X,). Let
us call it Universal quantifier of no refutation.

Definition 6

Let be X = {x4,---,X,}c[0,1], the universal quantifier
for the finite set X and the conjunction operator of a
CFL system based on quasi-arithmetic equations is
defined by: V¢x; € X = cc(Xq,**,%X,). Let us call it
Universal quantifier of affirmation.

Definition 7

Let be X = {x4,*+,x,}<[0,1], the existential quantifier
for the finite set X and the continuous Archimedean t-
norm T, is defined by: 3x; € X = dp(xq,*+,X,). Let us
call it Existential quantifier of no refutation.
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Definition 8
Let be X = {x4,*+,x,}<[0,1], the existential quantifier
for the finite set X and the CFL, is defined by: 3.x; €
X =d.(xq, "+, Xy). Let us call it Existential quantifier of
affirmation.

Let us note that the formulas for both universal
quantifier operators, V and V., are basically the same if
they are generated by the same function, except for the
index n = card(X), which is a natural number. Bigger is
n, bigger is the evidence for the person about the
falseness of the truth value of the universal predicate,
and it is also the linguistic modifier necessary for
compensation. Hence, this relationship is the basis of
the unification of the t-norm theory and the CFL theory.
The effect of applying the V- operator is the conversion
of the fuzzy predicates in crisp predicates, because if n
increases and Vrx; € X isn’t absolutely true, then, this
predicate becomes falser.

Besides, if the simple predicates are all true, then
Vrx; € X will be always true and the logic system tends
to be a bivalent logic system.

On the other hand, the effect to apply V is to maintain
the regularity of the truth values of the simple
predicates, due to the idempotency property. The
tendency to this operator is to affirm the proposition.
This pair of both tendencies of behavior of the persons
describes better the preferences instead of the use of one
of them exclusively.

Therefore, the name of the no refutation operator is
because it has the tendency to reject the acceptance that
the propositions are true as well as the affirmation
operator tends to confirm the truth value of every
proposition.

On the other hand, CFL is a less drastic approach, where
the calculus over the expressions tends to affirm, instead
to refute. The property which justifies this statement is
the set of inequalities:

Vrx < min{x} < Vex < 3cx < max{x} < I1x (11)

Let us note that inequalities (11) include the max and
min of the truth value vector, which correspond to the
Zadeh max-min logic system.

Remark 4

In the set of inequalities 11, the inequality V¢x <
A:x can be easily proved for the case of Egs. (7) and (8)
defining the conjunction and the disjunction.

It is well known that the mean represented in Eq. (7) for
p=0 is less or equal to the arithmetic mean (for p=1),
hence.

Archimedean-Compensatory Fuzzy Logic Systems
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n
and hence, Vcx < 3cx.

Hence, an Archimedean-Compensatory Logic has a
property of affirmation and refutation at the same time,
which are complementary properties.
Below, we summarize the two main properties
demonstrated above in this paper as a consequence of
propositions 1, 2 and 3:

Properties

1. If Vixpir(X) < Vex pap(x) then  Vexpic(x) <
VX pac (%) and vice versa

2. If3xpir(x) < Ipx por(x) then Acx pic(x) <
X pac(x) and vice versa

Where the quartet

(Vrxpr(x), Vexpe (%), Acxpe (%), Irxpr(x)) is  formed

by the following four elements below:

1. Vixpr(x)is called the no refutation value of the

necessity of p(x).
2. Vexpe(x)is called the affirmation value of the

necessity of p(x).

3. 3cxpc(x)is called the affirmation value of the
possibility of p(x).

4. Fxpr(x)is called the no refutation value of the
possibility of p(x).

These four operators defined above, are other
approaches to the well known concepts of Necessity and
Possibility appeared in Modal Logic and included in the
possibility fuzzy logic theory, see Refs. 9-10.

Example 3

Let us calculate the four quantifiers in the Archimedean-
Compensatory logic based on probabilistic logic system
and GMBCL for the truth values appeared in Table 3.
This is an example to illustrate the use of this new
theory for Knowledge Discovery.

Let us consider the question: Is a high demand
equivalent to a high GDP more significant than a low
inflation equivalent to a high demand?, for answer this
question we will consider the results in Table 3 and the
predicate ‘high GDP <«>high Demand’ or symbolically
Ay>A, and ‘low inflation <>high Demand’ or
symbolically A <>Ay.

Now we will consider the universal quantifiers for every
object of the predicate evaluated in Table 2, with the
truth values appeared in Table 3, p; = “for every objects
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of attribute A, is equivalent to A, p, = ‘for every

objects of attribute A, is equivalent to Ay .

The way for calculating the affirmation value of the

possibility of proposition A,<>A,, for instance, is

detailed below:

1. From the truth values in Table 3, calculate the truth
value of the equivalence operator of GMBCL, by
using the formula of compensatory operator defined
in Table 1.
That is to

\/i(xl,xz) - i(X5,X1), where i(X4,X,) is the Natural
implication of the GMBCL, x is every truth value
of A, in Table 3 and x, is every truth value of A4 in
Table 3.
They are: e(0.5, 0.557) = 0.5, ¢(0.99,0.388) =
0.4559, €(6.57E-09,0.071) = 0.8564,
€(0.999,0.716)=0.6744, ¢(0.999, 0.999) =0.9684,
€(0.992, 0.999) =0.9391, ¢(0.89, 0.999) = 0.8053.
The result is the set of truth values after we applied
the formula of compensatory equivalence between
A, and A, for every year in the Mexican Economy.

2. Now, apply to this set of truth values the formula of
Universal quantifier of affirmation, according to
Definition 6. That 1is to say, -calculate
¢(0.5,0.4559,0.8564,0.6744,0.9684,0.9391,0.8053)
which is the Geometric Mean, see (9), of these
values and equal to 0.7159.

Similarly, we can obtain the truth value of p,, for the

GMBCL and the predicate p equal to A<>Ay.

Later, repeat the operations explained above, for the two

predicates and the Probabilistic Logic system.

The truth value of the affirmation value of the necessity

for p;(x) is 0.7159 by using the GMBCL and for p,(x) is

0.0853, therefore, is much more significant the

correlation between demand and GDP than the

correlation between demand and inflation.

On the hand, the same calculus with the no refutation

value of the necessity of p;(x) and p,(x), are 0.0105 and

1.0779¢-015, respectively, therefore the same order is

maintained by using the probabilistic logic.

Repeat the same for the Existential quantifier.

In both cases, with GMBCL and the probabilistic logic,

they are basically the same, except for the purpose of

the calculus, where the no refutation value of the

necessity is used to the purpose of no refute and the

affirmation value of the necessity is used to affirm the

necessity of propositions.

Similarly the existential quantifiers are used to affirm or

to no refute the possibility of propositions.

Therefore, for this problem it is better to associate high

GDP to high demand than to associate it to low

inflation.

Summarizing, we can conclude that the quartet of

formulas of necessity and possibility allow to make a

say, apply formula e(xq,x;) =

better decision than by using just one of them, because
the four truth values express four different point of view
of the problem.

4. Concluding Remarks

This paper introduces novelty approaches to the fuzzy
logic theory. First, the concept of fuzzy logic system
prevailed over the use of isolated operators. From this
point of view the continuous Archimedean t-norm and t-
conorm are defined like a logic system, and the concept
of Archimedean logic is expressed for the first time.
Here we introduced the concept of compatibility
between two fuzzy systems based on the unchanged
order of preferences between two vectors evaluated in a
predicate.

Also we showed that a continuous Archimedean logic
generated by a monotone real valued function has an
equivalent CFL system generated by the same function.
On the other hand, we proved that two truth value
vectors maintain the same order when they are
evaluated in certain predicate, for one continuous
Archimedean logic generated by a function and its
corresponding CFL generated by the same function.
Therefore, every Archimedean logic system has a
compatible CFL system.

Based on the ideas indicated above, we defined a new
logic system, named Archimedean-Compensatory logic,
which includes a quartet of universal and existential
operators of an Archimedean logic and its compatible
CFL. The universal quantifier is defined like a
conjunction of the elements and the existential operator
is defined like the disjunction.

The quartet formed by one Universal quantifier of no
refutation, one Universal quantifier of affirmation, one
Existential quantifier of no refutation and one
Existential quantifier of affirmation, indicates two
semantic approaches, they are the approach no
refutation of the pair formed by the Universal quantifier
of no refutation and the Existential quantifier of no
refutation and the approach affirmation of the pair
formed by the Universal quantifier of affirmation and
the Existential quantifier of affirmation.

Also, for some logic proposition we defined a quartet
formed by that we called the no refutation value of the
necessity of the proposition, the affirmation value of the
necessity of the proposition, the no refutation value of
the possibility of the proposition and the affirmation
value of the possibility of the proposition.

Some examples of this theory and its application to real
world problems illustrated the definitions and
propositions used in this paper.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

61



References

1.

M. Detyniecki, Mathematical aggregation operators and
their application to video querying, PhD thesis, Berkeley
University, Berkeley, United States, 2003.

R. A. Espin, E. Ferndndez and E. Gonzilez,
Compensatory Fuzzy Logic: A Frame for Reasoning and
Modeling Preference Knowledge in Intelligent Systems,
in Soft Computing for Business Intelligence, (Springer
Berlin Heidelberg, 2014), pp. 3-23.

I. B. Turksen, Interval-valued fuzzy sets and
Compensatory AND', Fuzzy Sets and Systems. 51(3)
(1992) 295-307.

I. B. Turksen, Compensatory “AND” in An ontological
and epistemological perspective of fuzzy set theory,
(Elsevier, 2005), pp. 267-288.

E. P. Klement, R. Mesiar, and E. Pap, On the relationship
of associative compensator y-operators to triangular
norms and conorms. [International Journal of
Uncertainty, Fuzziness and Knowledge-based Systems
4(2)(1996) 129-144.

R. Mesiar, Compensatory operators based on triangular
norms and conorms. in: Proc. EUFIT Conference, (Elite
Foundation, Aachen 1995), pp. 131-135.

10.

11.

Archimedean-Compensatory Fuzzy Logic Systems

A. Kolesarova and M. Komornikova, Triangular norm-
based iterative compensatory operators, Fuzzy Sets and
Systems, 104(1)(1999) 109-120.

D. Gomez, and J. Montero, A discussion on aggregation
operators, Kybernetika 40 (1) (2004)107-120.

D. Dubois and H. Prade. Possibility theory, probability
theory and multiple-valued logics: A clarification. Annals
of mathematics and Artificial Intelligence 32(1-4) (2001)
35-66.

D. Dubois, F. Esteva, L. Godo and H. Prade, Fuzzy-Set
Based Logics. A history oriented presentation of their
main development, in The Many Valued and Non-
monotonic Turn Logic, Handbook of the History of Logic
(Elsevier, 2007), pp. 325-449.

A. Rosete, T. Ceruto, R. A. Espin and J. Marx-Gomez, A
General Method for Knowledge Discovery Approach
using Compensatory Logic and metaheuristics, in
Towards a Trans-disciplinarian Technology for Business
Intelligence: Gathering ~ Knowledge  Discovery,
Knowledge Management and Decision Making, (Shaker
Verlag, 2011), pp. 240-270.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
62




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


