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Abstract

Theoretical concepts of graphs are highly utilized by computer science applications. Especially in re-
search areas of computer science such as data mining, image segmentation, clustering, image capturing
and networking. In this paper, we discussed some properties of the y—complement of bipolar fuzzy
graphs. Self y—complement bipolar fuzzy graphs and self weak u—complement bipolar fuzzy graphs
are defined and a necessary condition for a bipolar fuzzy graph to be self 1 —complement is given. We
defined busy vertices and free vertices in bipolar fuzzy graphs and studied their image under an iso-
morphism. Categorical properties of bipolar fuzzy graphs are discussed. Also, we investigated some
properties of isomorphism on bipolar fuzzy graphs.

Keywords: Bipolar fuzzy graphs, u—complement and self 4 —complement, Busy vertex and Free vertex.

1. Introduction

Presently, science and technology is featured with
complex processes and phenomena for which com-
plete information is not always available. For such
cases, mathematical models are developed to han-
dle various types of systems containing elements
of uncertainty. A large number of these models is
based on an extension of the ordinary set theory,
namely, fuzzy sets. Graph theory has numerous
applications to problem in computer science, elec-
trical engineering, system analysis, operations re-

search, economics, networking routing, transporta-
tion, etc. In 1965, Zadeh [28] introduced the notion
of a fuzzy subset of a set as a method for represent-
ing uncertainty. In 1975, Rosenfeld [11] introduced
the notion of fuzzy graphs and proposed another
definitions including paths, cycles, connectedness,
etc. The complement of a fuzzy graph was defined
by Mordeson and Nair [9] and further studied by
Sunitha and Kumar [14]. The concept of weak iso-
morphism, co-weak isomorphism and isomorphism
between fuzzy graphs was introduced by Bhutani
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in [3]. Nagoorgani and Chandrasekaran [10] de-
fined u—complement of a fuzzy graph. After that,
Samanta and Pal introduced several types of fuzzy
graphs like fuzzy planar graphs [15], fuzzy compe-
tition graph [17, 22], fuzzy tolerance graphs [16],
fuzzy threshold graphs [18].

In 1994, Zhang [31, 32] initiated the concept of
bipolar fuzzy sets as a generalization of fuzzy sets.
Bipolar fuzzy set is an extension of fuzzy set. In this
set, there are two types of membership values one
lies in [—1,0] and other in [0, 1], called negative and
positive membership values. The first definition of
bipolar fuzzy graphs was proposed by Akram [1].
In 2011, Akram and Dudek [2] defined regular bipo-
lar fuzzy graphs and introduced the concept of reg-
ular and totally regular bipolar fuzzy graphs. After
that, several researches are doing on these graphs.
Samanta and Pal discussed some properties of bipo-
lar fuzzy graphs in [19-21].

In this paper, we defined p—complement of
bipolar fuzzy graphs and investigated some proper-
ties of it. Busy vertices and free vertices in bipo-
lar fuzzy graphs are defined. Categorical properties
of bipolar fuzzy graphs are discussed. Lastly, some
properties of isomorphism are studied on bipolar
fuzzy graphs. For other notations, terminologies and
applications not mentioned in the paper, the readers
are referred to [23-25,29, 30,32, 33].

2. Preliminaries

The main objective of this paper is to study of bipo-
lar fuzzy graph and this graph is based on the bipolar
fuzzy set defined below.

Let X be a non-empty set. A bipolar fuzzy
set B in X is an object having the form B =
{0, 1 (x), 1 () | x € X}, where p : X — [0, 1]
and ud : X — [—1,0] are mappings. We use the pos-
itive membership degree u}(x) to denote the satis-
faction degree of an element x to the property corre-
sponding to a bipolar fuzzy set B, and the negative
membership degree ul (x) to denote the satisfaction
degree of an element x to some implicit counter-
property corresponding to a bipolar fuzzy set B. If
pk (x) # 0 and pf (x) = 0, it is the situation that x is
regarded as having only positive satisfaction for B.

If uf (x) = 0 and pd (x) # 0, it is the situation that x
does not satisfy the property of B but somewhat sat-
isfies the counter property of B. It is possible for an
element x to be such that u} (x) # 0 and pd (x) #0
when the membership function of the property over-
laps that of its counter property over some portion of
X.

For the sake of simplicity, we shall use the sym-
bol B = (uf,ud) for the bipolar fuzzy set B
— {(x, b (), 1 () | x € X},

Let X be a non-empty set. Then we call a map-
ping A = (uf, 1) : X x X — [0,1] x [-1,0] a bipo-
lar fuzzy relation on X such that uf (x,y) € [0,1] and
‘LLAV(X,y) € [_170]

LetA = (uf,uY) and B = (uf, uy') be two bipo-
lar fuzzy sets on aset X. If A = (u}, ulY) is a bipolar
fuzzy relation on a set X, then A = (uf, ul) is called
a bipolar fuzzy relation on B = (u}, ud) if
Wi(ry) < min(uf(x),ub() and pN(xy) >
max(ud (x), ud (v)) for all x,y € X. A bipolar fuzzy
relation A on X is called symmetric if puf(x,y)

= uf (y,x) and py (x,y) = i (y,x) for all x,y € X.

Definition 1. Let V be a nonempty set. A bipo-
lar fuzzy graph is a triple G = (V,A,B), where
A = (uf, ul) is a bipolar fuzzy set on V and B
= (uf, ul) is a bipolar fuzzy relationon E CV x V
such that

uh(y) < min(uf(0),mf() and  p(w) >
max (i (x), 1y (y)) for all xy € E, V is called the
set of vertices and E is called the set of edges.

Definition 2. Let G| = (V],A],B]) and G, =
(V2,A2,B,) be the bipolar fuzzy graphs. A homo-
morphism f from G to G, is amapping f: V| — V;
which satisfies the following conditions:

(a) uy, (x1) < pi, (F (), mh () 2> g (fF (),
(b)  up, (xiy1) < up, (F(x1)f ) ug (xiyr) >
‘Ltgz (f(x1)f(y)) forallxy,y; € Vi,x1y; € Ej.

Definition 3. Let G and G, be bipolar fuzzy graphs.
An isomorphism f from G to G is a bijective map-
ping f : Vi — V, which satisfies the following con-
ditions:

(€) mg (x1) = py, (F(x1)), ph (en) = pfe, (f (1)),
(d) up, (xiy1) = pg, (f(x1)f (1)), ug, (x1y1) = ug,
(f (1) f(y1)) for all x1,y1 € Vi, x1y1 € E.
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Definition 4. Let G| and G, be bipolar fuzzy graphs.
Then, a weak isomorphism f from Gy to G is a bi-
jective mapping f : Vi — V, which satisfies the fol-
lowing conditions:

(e) f is homomorphism

(F) 1E (1) = e, (o)) Y (xr) = i, (£ ). for
all x; € Vi. Thus a weak isomorphism preserves the
membership values for the nodes but not necessarily
for the arcs.

Definition 5. Let G| and G, be the bipolar fuzzy
graphs. A co-weak isomorphism

f from Gj to G is a bijective mapping f: V; — WV,
which satisfies

(g) f is homomorphism

(h) pg, () = pg, (FOe)f (1)), g, (eayr) - =
g, (f(x1f(y1)). for all x1,y; € Vy. Thus a co-weak
isomorphism preserves the membership values for
the arcs but not necessarily for the nodes.

The order and size of a graph represent its dimen-
sion. In different graph operations they are generally
changed. Unlike crisp graphs, the order and size of
a fuzzy graph are different. The definition of order
and size of a bipolar fuzzy graph are given below.

Definition 6. The order of a bipolar fuzzy graph
G = (V,A,B) is denoted by |V| (or O(G)), and is
defined by

P(x N(x
O(G):\V|:Z 1+, ( ;—'_”A( )

xeV

The size of a bipolar fuzzy graph G = (V,A,B) is
denoted by |E| (or S(G)), and is defined by

SG) = E = ¥ 1+u§(xy;+ M (xy)

xyeE

Definition 7. Let G be a bipolar fuzzy graph.
The neighborhood of vertex x in G is defined by
N(x) = Np(x) UNy(x), where

Np(x) = {y € V2 lpr(xy) < min(pyr(x), ar ()}

and Ny (x) = {y € V' : g (x9) > max (v (), s () -

Definition 8. Let G = (V,A,B) be a bipolar fuzzy
graph. The neighborhood degree of a vertex x is de-
fined as deg(x) = (degp(x),degy(x)), where degp(x)

Bipolar fuzzy graphs with Categorical properties

= ZyeN(x) “f}; (y) and degN (x) = ZyEN(x) ”,ﬁ.v (y) No-
tice that uf(xy) > 0, ud (xy) < 0 for xy € E, and
ph (xy) = pg (xy) = 0 for xy ¢ E.
Definition 9. A path in a bipolar fuzzy graph is a se-
quence of distinct vertices vy, v, -+ ,V,+1 such that
1. uf(vi1vi) > 0and ud (vi—1v;) = 0 for some ver-
tices v;_1, ;.
2. ub(vi_vi) = 0and uf (v;_1v;) < 0 for some ver-
tices v;_p,Vv;.
3. uE(vii1vi) > 0and u (vi_1v) <O.

A path p : vivy---v,4; in G is called a cycle if
Vi =Vpt1 and n > 3.

The length of this path is #.

Definition 10. In a bipolar fuzzy graph G we have
e (uv) = sup{ugr (uvi) A pige(viva) Algr(vavs),
s AUge (Vie—1V) U, v, va, e V1,V E V)

gy (uv) = sup{pigy (uvi) Augy(viva) Apgy (vavs),
oo AUge (Vie—1v) [y vi,va, e vk, v €V

Also we have

:LL;P(MV) = Sup{ﬂgp(”") | k = 172a3" ’ } and
tg (uv) = sup{psy (uv) | k=1,2,3,---}.
Definition 11. In a bipolar fuzzy graph G =
(V,A,B), an arc (u,v) is said to be a strong arc, if
g (V) > 15 () and 0 (v) > g1, ().

3. u—complement and self 1 —complement
bipolar fuzzy graphs

In this section, u—complement of a bipolar fuzzy
graph G is introduced. The p—complement of a
bipolar fuzzy graph G = (V,A,B) is denoted by
Gt = (V,A* BH"), which is defined below.

Definition 12. Let G = (V, A, B) be a bipolar fuzzy
graph. The pu—complement of G is denoted by
G* = (V,AH,B*), where AM = A, BF = (p,, ub)
and

ph () Apg () — e (xy) i pe (xy) >0

“I?P(XY):{ 0" PR uZp(xi) —0,
) vy () = pgy (xy) i pgy(xy) <0
”gw(xy)—{ 0" AR uﬁN(xi) —0.

Several properties have been investigated for this
graph.
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Proposition 1. Let G| and G, be bipolar fuzzy
graphs. If Gy and Gy are isomorphic, then their
U—complements, G‘IL and G’; , are also isomorphic.
Proof. Let G; = G,, and f be an isomor-

phism from G, to Gp.  Then, pyr (x) = Hyr
(F(0)s By (x) = gy (f(2)) for all x € Vi, pge ()
— tgr (FR)FO)s Hgy () = gy (F()£(9)) for all
xy € Er. If () > 0, then gy (F(x)F()) >
0, and () = tap(®) A g (y) — Hgp(x)
= e (FO) A B () — pge(FF) =
e (FF0).

If s, (xy) =0, then pge (f(x)f(¥))
= 0=y (F() ).

Thus ugf (xy) = ,ug,; (f(x)f(y)) forall xy € E;. Sim-
ilarly, we can prove that

Ngzv (xy) = Ngzv (f(x)f(y)) for all xy € E;. Therefore,
f flrom G‘IL tozG‘; is an isomorphism, i.e. Gﬁl = Gg .
0

=0, and #gf (xy)

Theorem 2. Let G, = (Vi,A1,B1) and G, =
(Va,A2,By) be two bipolar fuzzy graphs. Then,
G‘li = Gg if and only if every arc (x,y) satisfying

one of the following conditions. (1) Hgp (xy) =
My (), Hay() = Hay(), (2) g (xy) =
tgr (xy), Hpy(xy) =0, Hpy(xy) = fav(x )\/.UAN()’),
) Har(o) = Hpr(w),  Hgy() = pan(x) v
Han (y), pgy (xy) =0,
(4) NB{’(X)’) =Y, .UBg(Xy) = Har(x) A
Har (), Hgy(xy) = Mgy (xy),
() ug) = 0, pgel) = me() A
Har(y), Mpy(xy) =0, pgy(xy) = Han (x) V pian (y),
(6)  mpr(xy) = par(x ) A tar (), tgp (xy) =
0, Mpy(xy) = tgy(xy),

(7) upr(xy) = Mar(x) A fiar(y),  Mpr(xy) =
0, Mpy(xy) = pav(X) V Han (y), Hgy(xy) =0.

Theorem 3. Let G| = (Vl,Al,Bl) and G, =
(Va,A2,By) be two bipolar fuzzy graphs such that
ViNVa = ¢. Then, (G +G2)* 2G| UG,

Proof. Let/: VUV, — ViUV, be the identity map.

We prove that for all x,y € V

(Map + Bag)* () = pp(®) U (o), (ay +

a4 (3) = g () Uy () and (s + 1) 1)
= I-lgf U ugg(xy), (NB?’ + .“312")”()07) = Ngzlv U
Hggz(xy)-

For all x,y € V we have

[JAP()C) if xeV,
It _
(Hpr +pp)¥ (x) = { HA% (x) if xeV,
_ MX’,’ (x) if xeV
[.LXIIV(X) if xeV,
= (/»{5113 U “5123) (x),
[J,AN(X) if xeV;
Hiy) —
([.LAIIV +.LLA12V) (x) { ‘UAIL\/ (x) if xeV,
_ “XI,V(X) if xeV;
.ulev(x) it xeW,
= (.uf/]v U .’*Lf/zv)(x)
Moreover,
(Mpr + Mpe)H(xy) = (Mar + Har)(¥) A (g +
tar)(v) — (tgp + tigr ) (xy)
Har () A Hyp ) - Hpr (xy) if xy € E;
=9 Har () A .UAQ’( )— Hp? (xy) if xy € Ey
Hap (X) A pagr (v) = Har (X) A pigr (v) - if xy € E!
Mg (xy) if xy € By
= M) if xyeEs
0 if xyeE’
= (g U i) (1),
(Hpy + pgy)" (xy) = (ay + pay)(x)  V(pay +
Hay ) (y) — (Ugy + Mpy) (xy)
Han () V v (y) — gy (xy) if xy € E
=9 Hay (x) V Hay ) — Mgy (xy) if xy € E»
uA,N (%) V paw (v) = gy (%) V v (v) i xy € EY
uBN (xy) if xy € E
0 if xyekFE’
= (e U bt ) (x3) O
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Theorem 4. Let G| = (Vl,Al,Bl) and G, =
(Va,A2,By) be two bipolar fuzzy graphs such that
ViNVa = ¢. Then, (G UGy)* 2G| UGY.

Proof. We shall prove that the identity map is the

required isomorphism. If x € V|

(Hpr U par)H (x) = (pr U par) (x) = par(x) = I»’«ff

= (Ut ) ),

(HAII\’ UHAQ’)“(X) = (HAQ’ UNA’ZV)(X) = Hpy (x) = ﬂlev

= (Iiitzlv U ,uillz\,)(x).

If x € V,, then

(Har U par)H (x) = (pr U par) (x) = par(x) = ﬂfg

= (Hj} U /Jfg) (x),

(IJA’I\’ U “AQ’)”(X) = (#A'IV U NAQ’)(X) = Hyy (x) = ﬂfzzv

= (Nitzlv U ,uillz\,)(x).

If xy € E|, then

(Hpr Upge)" (xy) = ppp(x) A pigr () — pge (x)
= .Ugf (xy) = (ﬂgf U Hgg)(xy)
= (ke Unt) )

(g Upgy )M (xy) = v (X) V gy (v) — Mgy (x)
= I'nglv (xy) = (Ngzlv U ﬂgg)(xy)
= (b Ui ().

If xy € E», then

(Hpr Upige )" (xy) = ppr (x) A pagr (v) — pige (x)
= ﬂgg(x)’) = (“gf U”gg)(XJ’)
= (U ()

(gy Utigy)" (xy) = pay (%) V iy (v) — Hpy (xy)
= /Jgfzv (xy) = (Hg/]v U #5g)(XY)
= (uf DBt (o).

O

4. Busy vertices and free vertices in bipolar
fuzzy graphs

In this section, we defined two special types of ver-
tices called busy and free vertices of a bipolar fuzzy
graphs.

Bipolar fuzzy graphs with Categorical properties

Definition 13. The busy value of a node v of a bipo-
lar fuzzy graph G = (V,A B) is defined to be D(v)=

(Dp(v),Dn(v)) where Dp(v Z.UAP V) A Uar (i)
Z an (V) V gn (v;) where v; are neigh-

bors of v and the busy value of a bipolar fuzzy graph

G is defined to be the sum of the busy values of all

vertices of G, i.e. D(G) = ZD(W) where v; are ver-
i

and Dy (v

tices of G.

Example 1. Let us consider a bipolar fuzzy graph
G = (V,A,B) such that V = {v;,v2,v3,v4}, and the
set of edges {viva,v2v3,viva,viv3,vavs}. The mem-
bership values of vertices and edges are given by the
following table.

Vi 1% V3 V4
Uar | 0.6 0.8 0.5 0.7
usv | =03 -04 —-06 —-05
ViVa Va3 Viva  VIV3
ugr | 0.5 0.1 0.4 0.3
gy | =02 =03 —-03 -02
By routine computations, we have
Dp(Vl) = 1.7, DP(VZ) = 18, DP(V3) = 1, DP(V4) =
1.3,

DN(Vl) = —0.9, DN(VQ) = —1.1, DN(V3) =
DN(V4) =-0.7.

So, D(v;) = (1.7,-0.9),
D(V3) = (1, —0.7), D(V4) =

Definition 14. A vertex v in a bipolar fuzzy graph
G = (V,A,B) is said to be a busy vertex if uf'(v) <
degp(v) and Y (v) > degy(v), otherwise it is called
a free vertex.

Vo V4
0.7
—0.4

—0.7,

D(v;)) = (1.8,—1.1),
(1.3,-0.7).

Definition 15. An edge uv of a bipolar fuzzy graph
G = (V,A,B) is said to be an effective edge if
Hpr (uv) = par(u) A par(v) and pgy (uv) = pan (u) vV
Hav (V).

Definition 16. A vertex v of a bipolar fuzzy graph
G = (V,A,B) is said to be

(i) a partial free vertex if it is a free vertex in both
G and G*.

(ii) a fully free node if it is a free vertex in G, but it
is a busy vertex in G*.

(iii) a partial busy vertex if it is a busy vertex in both
G and G*.
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(iv) a fully busy vertex if it is a busy vertex in G,
but it is a free vertex in G*.

Lemma 5. Let G| = G, and h be an isomorphism
from G| = (Vl,Al,Bl> to Gy = (VQ,AQ,Bz). Then
deg(x) = deg(h(x)) forallx € V.
Proof. Since G| = G,, we have

ph, (x1) = pi, (h(x1)), iy (x1) = ), (A(x1)) for all
x1 € Vi.

Hence

degp(x) = ;ufl(y) = ;ufz(h(y)) =

degp(h(x)),

degy(x) = Zvuffl ) = Lyenty (h(y) =
yevi

degy (h(x))

Also, we know that deg(x) = (degp(x),degy(x)) for
allxeV.
Thus, deg(x) = deg(h(x)) forall x € V. O

Theorem 6. If G| = G, and if v is a busy vertex in
Gy, then it is a busy vertex in Gy also.
Proof. Letg:V; — V, be an isomorphism from G

to G,. Then

Hap (¥) = iz (5(2)),
x € Vi and

g () = g (8(5)g0)) gy () = gy (8(1)g3)
for all xy € E|.

Also g preserves the degree of vertices, by Lemma
5,i.e. degp(x) = degp(g(x)),

degy(x) = degy(g(x)) forallx € V.

If x is a busy vertex in Gy, then f4r(x) < degp(x)

and [y (x) > degy/(x). Then

e(s() < degplg(x) e (g() >
degy(g(x)). Hence, g(x) is a busy vertex in Gy.
O

s (¥) = gy ((x)) for all

1

and

Theorem 7. Let a bipolar fuzzy graph G be weak
isomorphism to G,. If u € Vy is a busy vertex in Gy,
then its image under a weak isomorphism in G, is
also busy.
Proof.

between G| and G,. Then for all x,y € V;

Let g : Vi — V, be a weak isomorphism

g (x) = py, (8(x), iy (x) = up, (g(x)) (1)
and  pgp (xy) < pg (h(0A®Y)),  ug (xy) >
g, (8(x)g(y)) (2)

Let u € V| be a busy vertex. Then ur(u) < degp(u),
Han (u) = degy (u) 3)
From (1) and (3) we have p,r(g(u)) = pyr(u) <
degp(u) = Yvev ar(v) = Liev, Har(8(v)) =
degp(g(u)). Hence wyr(g(u)) < degp(g(u)). Also
ay(8(1)) = My () > degy(u) = Loy, fiap ()

= Yiev Hay(8(v)) = degy(g(u)). Therefore,
Hay (8(u)) = degy(g(u)).
Hence, g(u) is a busy vertex in Gy. O

5. Categorical properties of bipolar fuzzy
graphs

Many real-world problems can be very effectively
described by a graph (e.g. a network), a fuzzy graph,
or a bipolar fuzzy graph, but efficient methods to
solve such problems often rely on our understand-
ing of the structure of these graphs.

There have been some deeper and untraditional
approaches to graph theory (see [4, 5] and related
references) which are benefit for our understand-
ing of the structure (including limit structure) of
graphs and may allure capable pure mathematician
in other areas. Research also indicates that category
theory may provide a realistic platform on which
inter-imitations and inter-inspirations between some
fields of mathematics come true [7]. We will show
the categorical goodness of bipolar fuzzy graphs.

Definition 17. For a given set V, define an equiva-
lence relation ~ on V x V — {(x,x) | x € V} as fol-
lows:

(x1,31) ~ (x2,y2) & {x1,31} = {x2,y2}.

The quotient set obtained in this way is denoted as

V2, and the equivalent class that contains the ele-
ment (x,y) is denoted as [(x,y)], xy, or yx. Note that,
(x1,y1) is an ordered pair and {x;,y; } is an edge.

Theorem 8. The category bipolar fuzzy graph
of bipolar fuzzy graphs and homomorphisms be-
tween them is isomorphic-closed, complete, and co-
complete.

Proof. Proposition 5.11 of [1] implies that bipolar

fuzzy graph is an isomorphic-closed category. Next
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we prove that bipolar fuzzy graph is both complete
and co-complete.

Step 1. Bipolar fuzzy graph has equalizers. Let
Gy = (V1,A1,By) (respectively G = (V,,A2,B;) be
a bipolar fuzzy graph, then G, G, € object(Bipolar

fuzzy graph). Assume that Vlész are bipolar fuzzy
graph-morphism from G| to G,. Let E = {x € V] |
f(x) =g(x)}, and e : E — V; be an inclusion map-
ping. We will show that E-5V) is an equalizer of f
and g.

Firstly, let A =A;| and B = B ~- Then, G =
E E

(V,A,B) is a bipolar fuzzy graphon E. Ase: E — 'V,
18 an inclusion, we have

e (€(3)) = Hiar (3) = Har (), B (€)= i (3)
= Ban (x), Hpr(e(x)e(y)) = upr(xy), ppy(e(x)e(y))
= Mgy (xy) = ppv(xy) for each xy € E. Therefore,
e € Morphism (Bipolar fuzzy graph). Obviously,
from Gg to G1 which satisfies foe’ = goe’, where
Gg = (C,D) is a bipolar fuzzy graph of (E',E'?).
Define e: E' — E by e(x) =¢€'(x) (Vx€E'). As
foe =goé, we have f(€(x)) = g(e'(x)) (Vxe
E'), thus e is well-defined. For each x € E’, we
have eoe(x) = e(€/(x)) = €/ (x), thus ¢ = eoe. As
¢’ € Morphism(Bipolar fuzzy graph), we have

BE() < ppr(€'(x) = par (€' (x)) = par (2(x)),
HE (x) = pan (€' (x)) = pan (€' (x)) = pav (e(x)),
up(xy) < ppr(e(x)e'(y) = ppr(e(x)e'(y) =

tge (e(x)e(y)),
Hp(y) = ppy(e'(x)e'(y)) = upv(e'(x)e'(y)) =
gy (€(x)e(y))

for each x,y € E’, which implies e € Morphism
(Bipolar fuzzy graph). Clearly, such a bipolar fuzzy
graph-morphism e is unique.
Suppose that ¢/ : E’ — E is a bipolar fuzzy graph-
morphism from Gg to Gp satisfying ¢ = eo ¢/,
then eoe = eo ¢/, thus we have ¢/(x) = eoe/(x) =
eoe(x) =e(x) (Vxe€E’')since e is an inclusion,
which implies ¢/ = e.
Step 2. Bipolar fuzzy graph has products (this, to-
gether with Theorem 12.3 in [6] and step 1, implies
that Bipolar fuzzy graph is complete). Assume that
G; = (V;,A;,B;) is a bipolar fuzzy graph of the under-
lying graphs G} = (V;,E;) (Vi€l), then G; € object
(Bipolar fuzzy graph) (Vi € I).

Bipolar fuzzy graphs with Categorical properties

HV[, T .

icl

tion (Vv j € 1), and define bipolar fuzzy sets
= (Uyr,tyv) and B = (qu Ugv) on V and

V2 respectively by par((xi)ier) = Har (xi),

iel

Let V = V. — V; be the projec-

pan ((xi)ier) \/MAN xi), Mgr((xi)ier(vi)ier)
iel
N bgr(xivi),  pay ((5)ier(vidier) = \/ tpy (xii) for
iel iel
any (x;)ier, vi)ier € Hv,-. Denote G = (A,B), we

icl
will show that (G, (7;);er) is the product of (G
Firstly, as G; =
of the underlying graph G} =

Ugp ((xl)lEI(yl 161

i)iel-
(Vi,A;,B;) is a bipolar fuzzy graph
(VHE) (ViEI)

/\.UBP XiYi </\ .UAP x;) .uAP()’t»
icl icl

= (Amar@)) A (Abr0) = mar((idier) A
iel i€l

tar ((vi)ier)-

Analogously, g ((xi)ier (vi)ier)
v (vi)ier)-

Therefore, G € object (Bipolar fuzzy graph).
Secondly, as 7; : V — V; is a projection (V j € I),

we have
.uAP xl 161 /\HAP xl
i€l

par (7 (5 i),
ppr ((xi)ier (Vi)ier) = /\ Hgr (xiyi)

icl
(mi((x)ier) i ((Vi)ier))
< e (5 ((xi)ien) 7 ((vi)ier))-
Analogously,
tav ((xi)ier) 2 by (1 ((xi)ier))s By ((i)ier (vi)ier) 2
Mgy (7 ((xi)ier) i ((viier))-
Therefore, m; € Morphism (Bipolar fuzzy graph)
(Vjel).
Finally, suppose that H = (V,C, D) is a bipolar fuzzy
graph of H* = (X,R) and f; : X — V; is a bipo-
lar fuzzy graph-morphism from H to G; (V j €
I). For each x € X, let f(x) € V with nj(f(x))
= fj(x) (Vv jelI). Then f:X — V is a mapping.

> Uav ((xi)ier) V

=A tar (7 ((xi)ier)) <

icl

Nier Mg

Since X L> V; is a bipolar fuzzy graph-morphism

(VJjel), u ( ) < Nier tar (fi(x) = par(filx)ier)
= e (f), BH(0) < Nierkgr (F0fi() =

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

814



H. Rashmanlou, S. Samanta, M.Pal, R.A. Borzooei

wer (fi(®)ietfi(y)ier) = .lAiBP( (x)f(v)).  Anal-
ogously, uf(x) > pav(f(x)) and pp(xy) >
gy (f(x)f(y)). Therefore, f" is a bipolar fuzzy
graph-morphism with 7; of: fi (Vje€lI). Sucha
bipolar fuzzy graph-morphism fis unique. In fact,
if £ : X — V is a bipolar fuzzy graph- morphism sat-
isfying wjo f = f; (Vi€l), thenmjo f = n:]of As
m; is a projection (V j € I), we have f= f

Step 3. Bipolar fuzzy graph has co-equalizers. Let
Gy = (V1,A1,By) (respectively, G, = (V2,A2,B;) be
a bipolar fuzzy graph, then G1,G, € object (Bipo-

lar fuzzy graph). Assume that V; szg V, are bipolar
fuzzy graph-morphisms from G; to G,, ~ is the
smallest equivalence relation on V, such that f(s) ~
g(s) forallse V). Let Q =V,/ ~={[x] | x € W},
and g : V» — Q be the mapping defined by g(x) = [x]
for each x € V5. We will show that V; KN Qisa
co-equalizer of f and g.

Firstly, define bipolar fuzzy sets A = (Uyr, tyn)

and B = (Ugr,upv) on Q and Q? respectively by
tar([x]) = Vze[x] Har(2); Bav ([6]) = Acepg ay (2),

tpe (X)) = Vieepquep Mar(2k),  ppv([X]D]) =
/\ze[xk I.LBN(Zk> Since G; = (V;,A1,B;) and

G, = (VQ,Az,Bz) are bipolar fuzzy graphs,
we have uge([x][y]) < min(ar ([x]), tar ([])),
(] [y]) = max (v ([x]), dan ([y])), which im-
plies G = (V,A, B) is a bipolar fuzzy graph on Q. As
g (9) < Vg g (2) = bae (1)) = g (9(x)).

=
°%
—~~

Hay (x) = Agepg bay(2) = Mav([x]) = pan(q(x)),

ppr(y) <\ (k) = wpe(ED) =
zeld kel

ppr(q(x)q(y)),

ppey) = N\ (k) = wpe(MD) =
z€[x],key]

ppn (g(x)q(y))

for each x,y € Vo, g € Morphism (Bipolar fuzzy
graph). By definition of ~, g(f(s)) = [f(s)] =
[¢(s)] = q(g(s)) (VseVi).ie gof=qog.
Secondly, let ¢’ : V, — Q' be a bipolar fuzzy
graph-morphism from G; to Gy which satisfies
qd of =¢ og, where Go = (V,C,D) is a bipo-
lar fuzzy graph of (Q’,Q?). For each [x] € Q, let
q([x]) = ¢'(x). Then we define, a mapping g : Q —
Q' n fact, as R = {(x,y) € V2 | ¢'(x) = ¢ ()} is

an equivalence relation on V; and ¢’ o f = ¢’ o g, we
have (f(x),g(x)) € R, thus ~C R. For any x,y € V»
satisfying (x,y) €~, we have [x] = [y] and (x,y) €R,
thus g([x]) = ¢'(x) = ¢'(y) =4q(]). As gogq(x)
=q(x]) =4'(x) (VxeV2),g0q=1.

As ¢ € Morphism (Bipolar fuzzy graph), we
have ‘U,AP([X]) = VZE[)C] nuAP( ) < \/ze[x] .ug(ql(z))

= Ve @([@) = @), pa() =
Neel .UA’ZV(Z) Z Vel Iv‘c( "(2)) = Nzelx .uc( (l2]))
= wX@([D), mpr(Hb]) = v;wm<
z€[x],ke[y]
\/  wh(d (2)d (k)
z€x] k€]
=V wh@)a(k) =
z€[x],k€y]
uh@(x)a(y))).
wev (A][Y]) = gy (k) > 1y (q' (2)q' (k)
z€[x],ke[y] z€x] ke(y]
= A %@muunz
z€[x],ke[y]

up @([)7 (b))

for each [x],[y] € Q, which implies ¢ € Morphism
(Bipolar fuzzy graph). Clearly, such a bipolar
fuzzy graph-morphism ¢ is unique. Suppose that
q : Q — Q' is a bipolar fuzzy graph-morphism from
G to Gy satisfying ¢’ og = ¢/, then ¢ oqg =gGog,
thus
q(Ix]) =q' oq(x) =goq(x) =4([x]) (¥ [x] € Q) by
definition of g, which implies ¢’ = 7.
Step 4. Bipolar fuzzy graph has co-products (this,
together with Theorem 12.3 in [6] and step 3, im-
plies that bipolar fuzzy graph is complete). As-
sume that G; = (A;, B;) is a bipolar fuzzy graph of
the underlying graph G; = (V;,E;) (Vi € 1), then
G; € object (Bipolar fuzzy graph) (Vi€ I).
LetV = @Vi = U(V, x{i}), qj:V; —V is a map-
iel icl
ping satisfying ¢;(x;) =
I), and defined bipolar fuzzy sets A =

(xj,j) forallx; €V; (Vje
(Kars Hav)
and B = (Ugr,Ugv) on V and V? respectively
by .uAP(xi?i) = auAf(xl')a .uAN(xlv ) - [.LAN()C,)

. . [JP(X,‘,)’) 1fl—.]7
TR ) R B A
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X if i=j
ppy ((xi,8) (¥, J) { gB Vi), " l#j: for
each (x;,i), (yj,j) € V. Denote G = (V,A,B),
we will show that ((g;)ics, G) is the co-product of
(Gt)tEI

Firstly, as G; = (V;,A;,B;) is a bipolar fuzzy
graph of the underlying graph G; = (V;,E;) (Viel),
G = (V,A,B) € object(Bipolar fuzzy graph).

Secondly, by definition of ¢; (Vv j € I),
we have  pyr(xj) = Mar(xj, /) = Har(gj(x;)
; .UAN(XJ) = v (x}, ) v (q;(x;)),
pgr (xjy ) = Mg ()5 1) (075 ) = Hgr (9 (%) 45 ())

.UB?’(XJYj) = upv ((xj, /) (v, 7)) = ey (q(x)q;(v)))-
Therefore, g; € Morphism (Bipolar fuzzy graph)
(Vjel).

Finally, suppose that H = (V,C,D) is a bipo-
lar fuzzy graph of H* = (X,R) and g; : V; = X
is a bipolar fuzzy graph-morphism from G; to
H (V je€l). Define g:V — X by g(x;,i) = gi(x;)
for each (x;,i) € V. Obviously, gog;=g; (Vj€l).
Since V; 4 Xisa bipolar fuzzy graph-morphism
(v j €D we have lx;)) = farl) <

ué(gjxj)) = ul@x;, 1), .uBP((va )(yJ,J)) =
“Bf(xjyj) < ALLD((g](xJ)gj(yj)

Analogously, tan (xj, j ) > ulN(g(x;, j)),

NBN(()C]; N(¥j»J)) = up(8(xj,/)g(yjsJ)). There-
fore g is a bipolar fuzzy graph-morphism with

goqj=g; (¥ jelI). Such a bipolar fuzzy graph-
morphism g is also unique. In fact, if g:V — X
is a bipolar fuzzy graph-morphism satisfying go g;
=g; (V jel), thengog; = gogq,. By definition
ofg; (Vjel), wehaveg=g. 0

6. Properties of isomorphism on bipolar fuzzy
graphs

Theorem 9. For any two isomorphic bipolar fuzzy
graphs, the order and size are same.
Proof. If & is an isomorphism between the bipolar

fuzzy graphs G| and G, with the underlying sets V;
and V, respectively, then

Har (V) = pap(h(v) and pav(v) = tay (h(v1)),
forallv;eV.

‘LLD( g(x;, /)8(vjJ))-

Bipolar fuzzy graphs with Categorical properties

tge(vivj) = Uge(h(vi)h(v;)) and ppy(viv;) =
‘LLBIZV(I’[(Vi)h(Vj)), forallvi,v;eV.
We know that

L+ pyr (vi) + gy (vi)
0(Gy) =Y, ! 5 !
vieV
H‘.UAP h(vi)) + pay (h(vi))
-y S — 0(G»)
v;,eV
L+ pge (vivj) + pgy (viv)
s@G) = Y ! 12 At -
v,-,vJ-EV
T-gp (h(vi)h(v;)) iy (R(vi)h(v}))
ey ——2 e T =5Gy) O

Suppose the isomorphism between the bipolar
fuzzy graphs G| = (V},A1,B)) and G, = (V,,A3,B))
be weak. Then their order are same. But, if the bipo-
lar fuzzy graphs are of same order need not to be
weak isomorphism, which is justified in the follow-
ing example.

Remark 1. If the bipolar fuzzy graphs be co-weak
isomorphism then, their size are same. But, if the
bipolar fuzzy graphs are of same size need not to be
co-weak isomorphic.

Theorem 10. If G| and G, be isomorphic bipolar
fuzzy graphs then, the degrees of their vertices are
preserved

Proof. Let/h:V; — V, be an isomorphism from G

to G». By the definition of isomorphism,

() = B (109 B ) = by (1) ol €
1
degp(x) Z /JAP Z .uAg’(h( )) = degp(h(x))
yeV) yeV)
degy (x z‘; IJAN z‘; Hay (h(y)) = degy (h(x)).
(]

But, the converse of the above theorem is not
necessarily true, which is justified in the following
example.

Let us consider the two bipolar fuzzy graphs
Gy = (A1,B)) and G, = (A2, By) which preserve the
degree of vertices, but G| and G, are not isomorphic.

By routine computations, we have
deg(vy) =deg(u;) = (0.5,—1.1),
deg(v2) = deg(uz) = (0.5,—1),
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deg(v3) = deg(uz) = (0.4,—1.3). It is clear that G;
and G are not isomorphic.

7. Application of related theorems

A bipolar fuzzy set is an extension of Zadeh’s fuzzy
set theory whose range of membership degree is
[0,1]. In a bipolar fuzzy set, the membership de-
gree 0 of an element means that the element is ir-
relevant to the corresponding property, the member-
ship degree (0, 1] of an element indicates that the el-
ement somewhat satisfies the property, and the mem-
bership degree [1,0) of an element indicates that
the element somewhat satisfies the implicit counter-
property. The bipolar fuzzy graph is a generalized
structure of a fuzzy graph which gives more pre-
cision, flexibility, and compatibility with a system
when compared with the fuzzy graphs. The natu-
ral extension of the research work on bipolar fuzzy
graph is g—complement and self yu—complement
bipolar fuzzy graphs. These results can be applied in
database theory, neural networks, geographical in-
formation system roughness in graphs, roughness in
hypergraphs, soft graphs, and soft hypergraphs.
Fuzzy cognitive maps (FCMs) are used in sci-
ence, engineering, and the social sciences to repre-
sent the causal structure of a body of knowledge (be
it empirical knowledge, traditional knowledge, or a
personal view); for some examples. An FCM of the
type that we shall consider in this paper is described
by a set of factors and causal relationships between
pairs of factors. A factor can have a direct posi-
tive or direct negative impact (or both) on another
factor or on itself. In addition, a numerical weight
is assigned to each direct impact; these weights are
usually taken to be in the interval [0, 1]. Graph-
theoretic tools are used to analyze FCMs. In partic-
ular, algorithms for computing a transitive closure
of the FCM, from which all, not just direct, impacts
together with their weights can be read. Two models
can be constructed in the probabilistic model, the ab-
solute value of the weight of an impact is interpreted
as the probability that the impact occurs, while in the
fuzzy model, it is interpreted as the degree of truth.
In both cases, the FCM is represented as a bipolar

weighted directed graph; the definition of the transi-
tive closure, however, depends on the model.

Here busy vertices and free vertices in bipolar
fuzzy graphs are introduced to improve the solu-
tion of the problems. The problem of the proba-
bilistic transitive closure of a bipolar weighted di-
graph is a bipolar version of the network reliabil-
ity problem called s, t-connectedness (for all pairs
of vertices s and t). Some of these results men-
tioned in the paper will help the reduction-recovery
algorithm, complete state enumeration, the basic
inclusion-exclusion algorithm, and the boolean al-
gebra approach. This adaptation is far from trivial,
as care must be taken to generate not only directed
paths, but rather all minimal directed walks, and to
distinguish between positive and negative minimal
directed walks.

8. Conclusion

The vertices are the web pages available at the web-
site and a directed edge from page A to page B
exists if and only if A contains a link to B. The
bipolar fuzzy models give more precision, flexibil-
ity and compatibility to the system as compared to
the classical and fuzzy models. We have introduced
some properties of bipolar fuzzy graphs in this pa-
per. The concept of bipolar fuzzy graphs can be
applied in various areas of engineering, computer
science: database theory, expert systems, neural
networks, artificial intelligence, signal processing,
robotics, computer networks, and medical diagnosis.
In our future work, we will focus on isomorphism
properties on highly irregular bipolar fuzzy graphs
and define new operations on it. Also, we will study
the degree of a vertex in bipolar fuzzy graphs which
are obtained from two given bipolar fuzzy graphs G,
and G» using the operations cartesian product, com-
position, tensor and normal product.
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