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Abstract

For actual decision making problems, decision makers sometimes may have difficulty to provide all the
preference information over alternatives through pairwise comparisons. In this paper, we focus on es-
timating missing elements for an incomplete uncertain 2-tuple linguistic preference relation. First, the
additive consistency of an uncertain 2-tuple linguistic preference relation is defined. Based on the defined
additive consistency, we define acceptable incomplete uncertain 2-tuple linguistic preference relation and
propose two new algorithms, including an iterative algorithm and an optimization-based algorithm to esti-
mate the missing elements for an uncertain 2-tuple linguistic preference relation. Finally, some numerical
examples are presented to illustrate the applicability of the two algorithms.

Keywords: uncertain linguistic preference relation; 2-tuple linguistic; incomplete preference relation;

additive consistency; goal programming

1. Introduction

Preference relation is a useful tool for decision mak-
ers to express their preferences on alternatives or cri-
teria by pairwise comparisons. In the last decades,
different types of preference relations have been de-
veloped 3*, such as multiplicative preference rela-
tion 1229, fuzzy preference relation 21?8, linguistic
preference relation *1323:27 uncertain preference re-

lation 172?31 and intuitionistic preference relation
3335

For actual decision making problems, decision
makers usually provide incomplete preference rela-
tions. This may be due to time pressure, lack of
knowledge, and their limited expertise related with
problem domain #1332, It may be also because the
number of alternatives is too large, or when deci-

*Corresponding author.

sion makers want to skip some direct critical com-
parisons between alternatives '°. Up to now, de-
cision making with incomplete preference relations
has received more and more attention. One way to
deal with incomplete preference relations is to esti-
mate the missing elements based on the consistency
of preference relations, and some authors have pro-
posed different methods to estimate the missing ele-
ments and applied them into group decision making
with incomplete preference relations 1234830 For
instance, Xu * investigated group decision making
with incomplete linguistic preference relations and
presented an approach to estimating the missing el-
ements. Based on the additive consistency of fuzzy
preference relations, Herrera-Viedma et al. '> and
Fedrizzi et al. '° proposed two methods to estimate
the missing elements for a fuzzy preference relation.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

924



Z. Zhang, C. Guo

In a later work, Chiclana et al. © analyzed the t-

wo methods and pointed out that the two methods
are very similar and can be considered complemen-
tary rather than competitors. Chiclana et al. 78 de-
fined the U-consistency measure for a fuzzy pref-
erence relation and proposed a U-consistency based
method to estimate the missing elements for an in-
complete fuzzy preference relation. Alonso et al.
2 presented a procedure to estimate missing pref-
erence values when dealing with pairwise compar-
ison and heterogeneous information, which can be
applied to incomplete fuzzy, multiplicative, interval-
valued, and linguistic preference relations. Alon-
so et al. ! proposed a consistency-based procedure
to estimate missing preference values when dealing
with incomplete fuzzy linguistic preference relation-
s assessed using a 2-tuple fuzzy linguistic approach.
Alonso et al. ? presented an implemented web based
consensus support system that is able to help the
moderator in a consensus process where experts are
allowed to provide preferences using multiple type-
s (fuzzy, linguistic and multi-granular linguistic) of
incomplete preference relations. In order to manage
the consensus in group decision making under an
unbalanced fuzzy linguistic context with incomplete
information, Cabrerizo et al. 4 presented a consen-
sus model, part of which is an iterative procedure us-
ing consistency measures to estimate the incomplete
information. Xia et al. 2° defined the multiplicative
consistency for a linguistic preference relation and
proposed a method to estimate the missing elements
for an incomplete linguistic preference relation.

However, most of the previous work focuses on
dealing with incomplete accurate preference rela-
tions. When uncertain preference relations (includ-
ing uncertain multiplicative preference relation, un-
certain fuzzy preference relation and uncertain lin-
guistic preference relation) are provided, these ap-
proaches may not work. In recent years, some work
has been conducted to deal with incomplete uncer-
tain preference relations. For instance, Geng et al.!!
investigated the issue of consistency, missing values,
and derivation of the priority of interval fuzzy pref-
erence relations, gave a method to check whether
an interval fuzzy preference relation is consistent or
not, and developed two approaches to estimate the

missing elements. Xia and Xu 2* defined the perfec-
t multiplicative consistency of interval fuzzy prefer-
ence relations, based on which they developed an al-
gorithm to estimate missing elements for incomplete
interval fuzzy preference relations. Liu '® addressed
the consistency of interval multiplicative preference
relations, based on which Liu et al. '¥ developed
a goal programming model to complement incom-
plete preference relations. Zhang et al. 3> defined 2-
tuple intuitionistic fuzzy linguistic preference rela-
tion and proposed an algorithm to estimate the miss-
ing elements for an incomplete preference relation.

As surveyed above, some work has been con-
ducted to estimate the missing elements for incom-
plete uncertain preference relations. However, in the
real world decision makers may express their pref-
erence information using uncertain linguistic vari-
ables and construct uncertain linguistic preference
relations due to their vague knowledge about the de-
gree of preference of one alternative over another 3!
Therefore, preference relations with uncertain lin-
guistic variables have received more and more at-
tentions in recent years. For instance, Xu 3! intro-
duced some uncertain linguistic aggregation opera-
tors and developed a direct approach to group deci-
sion making with uncertain additive linguistic pref-
erence relations without loss of information. Chen
and Lee > presented a new method for dealing with
fuzzy group decision making problems with uncer-
tain linguistic preference relations by defining the
uncertain linguistic labels ordered weighted average
operator. Tapia Garcfa et al. %2 presented a con-
sensus model for group decision making problems
in which the experts use linguistic uncertain prefer-
ence relations based on two consensus criteria and
the concept of coincidence among preferences. Xu
and Wu %6 developed an approach to solve consen-
sus problems when experts’ preference information
is given by uncertain linguistic preference relations.
However, to the best of our knowledge, there is lit-
tle research focusing on the consistency problem of
uncertain linguistic preference relations, which is an
important issue for decision making with preference
relations. Moreover, there may be situations that the
elements of an uncertain linguistic preference rela-
tion are missing due to the aforementioned reason-
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s. Thus an interesting problem may be how to esti-
mate the missing elements for an uncertain linguis-
tic preference relation. In this paper, we will focus
on dealing with the aforementioned problems. The
main contributions of this paper are twofold. First,
we present some theories about the additive consis-
tency of uncertain 2-tuple linguistic preference rela-
tions. Afterwards, based on the theories we define
the acceptable incomplete uncertain 2-tuple linguis-
tic preference relation and develop two algorithms
to estimate the missing elements. One is an iterative
algorithm, and the other is an optimization model-
based algorithm which can maximize the consisten-
cy of the uncertain 2-tuple linguistic preference re-
lation. By using the two algorithms, the missing el-
ements of an incomplete uncertain 2-tuple linguistic
preference relation can be estimated.

The rest of this paper is organized as follows. In
the next section, we review some related work of the
2-tuple linguistic representation model and the un-
certain 2-tuple linguistic preference relation. After
that, we define the additive consistency of the un-
certain 2-tuple linguistic preference relation in sec-
tion 3. In section 4, we propose two estimation al-
gorithms for incomplete uncertain 2-tuple linguistic
preference relations. Afterwards, some numerical
examples are presented to illustrate the proposed al-
gorithms in section 5. Finally, some discussions and
conclusions are provided in section 6.

2. Preliminaries

In this section, we review some related work of
the uncertain 2-tuple linguistic preference relation.
First, we give a brief description of the 2-tuple lin-
guistic representation model introduced by Herrera

and Martinez 4.

2.1. 2-tuple linguistic representation model

Let S = {s0,51,...,5,} denote a linguistic term set
with odd cardinality, the element s; of which rep-
resents the ith linguistic term in S, and g + 1 is the
cardinality of the linguistic term set S. The linguistic

term set should satisfy the following characteristics
13,14.

(D
2)

The set is ordered: s; > s;,if i > Jj;

There is a negation operator: Neg(s;) = s;,
such that j =g —1i;

3)

Maximization operator: max(s;,s;) = s;, if
§i 2 8j;

“4)

Minimization operator: min(s;,s;) = s;, if
Si < Sj.

In order to compute with words without loss of
information, Herrera and Martinez '* proposed the
2-tuple linguistic representation model based on the
concept of symbolic translation. The model uses
a 2-tuple (sg, o) to represent linguistic information,
where s; is a linguistic term which belongs to the
predefined linguistic term set, & denotes the sym-
bolic translation, and a € [—0.5,0.5). Specifical-
ly, the 2-tuple linguistic representation model can be
defined as follows.

Definition 1. '4 Let S = {s0,51,...,5,} be a linguis-
tic term set and 3 € [0, g] be a value representing the
result of a symbolic aggregation operation, then the
2-tuple that expresses the equivalent information to
B is obtained with the following function:

A:[0,g] — S x [~0.5,0.5)
A(B) = (se, @),

with k = round(f), @ = B — k, where “round(-)” is
the usual round operation, s; has the closest index
label to 3, and « is the value of symbolic transla-
tion.

ey

Definition 2. '4 Let S = {s0,51,...,5,} be a linguis-
tic term set and (s, o) be a 2-tuple, there exists a
function A~!, which can transform a 2-tuple into its
equivalent numerical value f3 € [0, g]. The transfor-
mation function can be defined as

A1 8% [-0.5,0.5) = [0,g]

B 2

A (Sk,OC) :k—i-OC:ﬁ.

Based on the above definitions, a linguistic term

can be considered as a 2-tuple linguistic by adding

a value 0 to it as symbolic translation, i.e. sy € § =

(5x,0). In what follows, we will use the 2-tuple lin-
guistic representation instead of linguistic terms.
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2.2. Uncertain 2-tuple linguistic preference
relation

Definition 3. ! Let S = {s¢,s1,...,5,} be a lin-
guistic term set with odd cardinality, then a ma-
trix P = (pix)nxn is called a 2-tuple linguistic pref-
erence relation if A~ (py) +A  (pu) = g, pii =
(S¢/2,0), where pj indicates the linguistic prefer-
ence degree of the alternative x; over xi, and p; €
Sx[-0.5,0.5),i,ke N={1,2,....n}.

Definition 4. ! A 2-tuple linguistic preference rela-
tion P = (pix)nxn is called additive consistent if the
following additive transitivity is satisfied:

pic=AA"(pij)+A (py)—g/2), i,j,keN. 3)

Lemma 1. Let S be a linguistic term set and P =
(Pik)nxn be a 2-tuple linguistic preference relation,
where py € S x [—0.5,0.5), i,k € N. Then the fol-
lowing statements are equivalent:

(i) pic =A (A (pij) +A N pi) —8/2) , i, j,k EN;

(11) plk:A(Ail(plj)_FAil(plk)_g/z)a la]akENandl<]<k

The proof of Lemma 1 is provided in Appendix
A.

Based on the definitions of uncertain additive lin-
guistic preference relation 3! and 2-tuple linguistic
preference relation !, we give the definition of the
uncertain 2-tuple linguistic preference relation.

Definition 5. Let S = {so,51,...,5,} be a lin-
guistic term set with odd cardinality, then a ma-
trix L = (lix)nxn is called an uncertain 2-tuple lin-
guistic preference relation if Iy = [I;;,[;t], It > I,
A 1) + AT (1) = A ) + A (1) = 8. 1 =
lii = (s4/2,0), where [ indicates the interval-valued
linguistic preference degree of the alternative x; over

xeand [, [ € Sx [-0.5,0.5), i,k € N.

3. Additive consistency of uncertain 2-tuple
linguistic preference relation

In this section, we investigate the additive consis-
tency of uncertain 2-tuple linguistic preference re-
lations. Motivated by the idea of Ref. 17, we de-
compose an uncertain 2-tuple linguistic preference

relation L into two 2-tuple linguistic preference re-
lations as follows.

Let O = (qik)nxn and T = (i) nxn be two 2-tuple
linguistic preference relations with

I, i<k Iy, i<k
dik = (sg/Zvo)v i=k ) lik = (sg/270)7 i=k .
Iy, i>k I, i>k

It is obvious that Q and T are two reciprocal 2-
tuple linguistic preference relations constructed by
the boundary values of L. Let C(&) = (cit(®))nxn
with Cik(OC) =A (OCAfl (q,-k) + (1 — (X)Afl(l‘ik)), ac
[0,1], i,k € N, then we can easily have the following
theorem.

Theorem 1. Let L be an uncertain 2-tuple linguistic
preference relation, then we have

(1) C(1)=0,C(0)=T;
(2) ci(a) € [l ,L7], Ya € [0,1], i,k € N;

(3) C(@) is a reciprocal 2-tuple linguistic pref-
erence relation, Yo € [0,1].

The proof of Theorem 1 is provided in Appendix
A.

According to Theorem 1, we can find that an un-
certain 2-tuple linguistic preference relation L can be
considered as a collection of several 2-tuple linguis-
tic preference relations constructed by its decom-
posed 2-tuple linguistic preference relations Q and
T. Thus it is intuitive that if all the C(«t), a € [0,1]
are additive consistent, then the uncertain 2-tuple
linguistic preference relation L is additive consisten-
t. The following theorem can guarantee the additive
consistency of C(«), a € [0, 1].

Theorem 2. For an uncertain 2-tuple linguistic pref-
erence relation L, if its decomposed 2-tuple linguis-
tic preference relation Q and T are additive consis-
tent, i.e. the following conditions are fulfilled:

g =AM (qi)) +A  (gn) —g/2), i,j.kEN; (5)
tu =A (A (1)) + A (1) —8/2) , i, j,kEN, (6)

then all the induced 2-tuple linguistic preference re-
lations C(a), (o € [0, 1)) are additive consistent.
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The proof of Theorem 2 is provided in Appendix
A.

Based on the above analysis, we can define the
additive consistency of the uncertain 2-tuple linguis-
tic preference relation.

Definition 6. For an uncertain 2-tuple linguistic
preference relation L, if its decomposed 2-tuple lin-
guistic preference relations Q and 7 satisfy Eqs. (5)
and (6), then L is additive consistent.

By Lemma 1, we can easily obtain an equivalent
definition of Definition 6.

Definition 7. For an uncertain 2-tuple linguistic
preference relation L, if its decomposed 2-tuple lin-
guistic preference relations Q and T satisfy

qic = A (A (qip) + A (qje) —8/2)
tie =A (A (i) + A (1) — 8/2)

(7
®)

for all i,j,k € N and i < j < k, then L is additive
consistent.

4. Algorithms to estimate the missing elements
of incomplete uncertain 2-tuple linguistic
preference relations

For actual decision making problems, a difficulty
that has to be addressed is the lack of information
15,19.36 " This may be due to an expert not possess-
ing a precise or sufficient level of knowledge for the
problem to be solved, or because the expert is un-
able to discriminate the degree to which some alter-
natives are better than others. In this case incom-
plete preference relations may be provided by ex-
perts. In this section, we focus on developing some
algorithms to estimate the missing elements for an
incomplete uncertain 2-tuple linguistic preference
relation. To deal with these problems, we will first
define the acceptable incomplete uncertain 2-tuple
linguistic preference relation.

In this section, we still use the notations as de-
fined in section 3. Let L = (lix)nxn = ([li;,l;,g])nxn
be an uncertain 2-tuple linguistic preference rela-
tion, QO = (qik)nxn and T = (tix)nxn be its decom-
posed 2-tuple linguistic preference relations derived
by Eq. (4).

Definition 8. An uncertain 2-tuple linguistic prefer-
ence relation L on a set of alternatives X is called an
incomplete uncertain 2-tuple linguistic preference
relation if some elements of the preference relation
are partially provided or completely not provided.

According to the theorem given by Ref. 32, if an
incomplete linguistic preference relation is accept-
able, then there exists at least one known element
(except diagonal elements) in each line or each col-
umn for the preference relation, i.e. at least n — 1
judgments for the alternatives should be provided.
Based on this idea, if we want to estimate the miss-
ing elements for an incomplete linguistic preference
relation, the preference relation should be accept-
able. As a result, we define the acceptable incom-
plete uncertain 2-tuple linguistic preference relation
as follows.

Definition 9. An incomplete uncertain 2-tuple lin-
guistic preference relations L is called acceptable
if its decomposed 2-tuple linguistic preference re-
lations Q and T are acceptable, i.e. there exists at
least one known element (except diagonal elements)
in each line or each column for both Q and T'.

For an incomplete uncertain 2-tuple linguistic
preference relation L, we must check whether it is
acceptable or not before estimating the missing el-
ements. If it is acceptable, then we can go on esti-
mating the missing elements, otherwise we need to
return the preference relation to the decision maker
for adjustment until it is acceptable.

If we denote the missing elements of an incom-
plete uncertain 2-tuple linguistic preference relation
L by ¢, then the elements of L can be denoted as

I3, 1%] if Iy is completely known

[
L = [l:.@] ifonly [, is known
! [@,1;] if only [} is known
[p,p]  if Iy is completely unknown

For the convenience of description, we first give
some notations to be used in the following section.
Let Qg and Qg be the set of known elements and
unknown elements of Q, respectively. Similarly, let
Qr and Q7 be the set of known elements and un-
known elements of T, respectively. In addition, Let
IKQ = {(i,k)‘qik € Q.Q} and /Ky = {(i,k)|tik S QT}
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denote the label indices of the unknown elements of
Q and T, respectively, and JZ‘ ={Jlgij € Qo, qjx €
QQ; qik € QQ}, Jik — {j‘l‘ij € Qr, Lik € Qr, ti €
Qr}.

Based on the additive consistency of the uncer-
tain 2-tuple linguistic preference relation, missing
elements g € Qg and t; € Qr can be estimated by

cql =AM (gip) +A 7 (gi) —g/2),  (10)
(lvk) € IKQ’.] € Jik;
cth =AM o) + A (ep) —g/2), (D)

(i,k) € IKr, j € J¥,

where cq{}{ is the estimated missing value of g by
gij and g i, cti],'( is the estimated missing value of #;,
by tij and Lik.

Then the final missing values of g € Qg and
tix € Qr can be calculated by

1 RV, .
cqi = A w3 ZkA Yeqh) |, (i,k) € IKg; (12)
jely
1 1 :
N Y Aer)) |, (i.k) € 1Ky, (13)
T

where #Jg and #J denote the cardinality of JZ‘ and
JIk respectively.

Based on the above analysis, we present an it-
erative algorithm to estimate the missing elements
for an incomplete uncertain 2-tuple linguistic pref-
erence relation.

Algorithm I

Input: an incomplete uncertain 2-tuple linguistic
preference relation L

Output: a complete uncertain 2-tuple linguistic pref-
erence relation L

Step 1: Decompose L into two uncertain 2-tuple lin-
guistic preference relations Q and T by Eq.
(4) and check the acceptability of L based
on Definition 9. If L is acceptable, go to
Step 2; otherwise, return it to the decision
maker for adjustment until it is acceptable.

Step 2: Identify and calculate the missing elements
of Qand T.

Step 2.1 Identify the known elements and miss-
ing elements of Q and denote the set-
s of the known elements and missing
elements of Q as Qg and Qg, respec-
tively. If Qo = ¢, go to Step 2.4, oth-
erwise go to Step 2.2.

Step 2.2 Let 1Ko = {(i,k)lqu € Qo}, Jj =
{Jlaij € Qo, qjx € Qo, qi € Qo}. For
each (i,k) € IKp and Jé‘ # 0, calcu-
late the value of q;. by Egs. (10) and
(12).

Step 2.3 Add all the estimated q;i to Qg and re-
move all the estimated q from Qq. If
Qp = ¢, go to Step 2.4, otherwise, go
to Step 2.2.

Step 2.4 Identify the known elements and miss-
ing elements of T and denote the sets
of the known elements and missing el-
ements of T as Qr and Qr, respective-
ly. If Q7 = ¢, go to Step 3, otherwise
go to Step 2.5.

Let IKr = {(i,k)|ty € Qr}, J* =
{j‘l‘ij € Qr, Lix € Qr, ty € QT}. For
each (i,k) € IKr and J¥ # ¢, calcu-
late the value of ty by Egs. (11) and
(13).

Step 2.6 Add all the estimated tj; to Q7 and re-
move all the estimated ty, from Qr. If
Q7 = ¢, go to Step 3, otherwise, go to
Step 2.5.

Step 2.5

Step 3: Construct a complete uncertain 2-tuple lin-
guistic preference relation L by Eq. (4).

For an incomplete uncertain 2-tuple linguistic
preference relation, we can estimate the missing el-
ements by Algorithm I. However, by Algorithm I,
we may obtain g < ti, for i < k or g > ty, for
i >k, ie, A”'(I;) > A7!(L}), which is unreason-
able. In this case, we can adjust the estimated values
manually to ensure A~ (1)) < A™!(I7). However,
the adjustment sometimes may be complicated. In
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order to address this problem, we propose another
approach in the following section.

As aforementioned, if an uncertain 2-tuple lin-
guistic preference relation is completely consistent,
Egs. (7) and (8) should satisfy. However, in most
cases the judgments of decision makers are not com-
pletely consistent and Eqs. (7) and (8) will not hold,
i.e. there exists some deviation which can be calcu-
lated as

ew; = |A (qie) — (A7 (qij) + A (qe) — 8/2)] (14
i,j,keNandi< j<k;
Nikj = ‘A (tik) — (A_l(tij)‘FA_l(tjk)—g/Z)},(15)

i,j,keNandi< j<k,

The smaller the deviation €;; and 7, are, the
more consistent the judgment will be. Thus we can

establish an optimization model to obtain the miss-
ing values as

min gz = [A™" (i) — (A (qi)) + A (q6) — 8/2)],
iL,j,keN, i< j<k;
Miej = [A7" (1) — (A" (1) + A" (1) = 8/2)

i,jkeN,i<j<k

sit. A Ngu) = A t), (i,k) € IKgUIKr,i < k;
A (qi) € [0, 8], (i,k) € IKp,i < k;
A_l(tik) = [Oag]v (lvk) €lKr,i< k.

M-1)

Note 1: In the model (M-1), A~!(gu), (i,k) €

IKp, i < kand A~
sion variables.

By goal programming, we can transform the
model (M-1) into

Ytw), (i,k) € IKy, i < k are deci-

min -z = Z ( lkj+81k])+ Z (ni;j—i_n;c»j)
i.jkeN i,jkeN
i<j<k i<j<k
st AN (gu) — (A (i) + A (qin) —8/2) + &5, — €1, =0, i J, k€N, i< j <k
A1) — ( M) +A- (tjk)—g/Z)—i—ni;j—nlk] 0,i,j,keN,i< j<k; M-2)
A (gi) = A (tw), (i.k) € IKQUIKy,i < k;
A l(qlk) [ ]7 (ivk)EIKQ>i<k;
A (tik)e [ng}v (iak)GIKTai<k;
gj;jug;]:j’ ntzjvnlzj 2 07 i7j7k € Nvl < .] < k
Note 2: In the model (M-2), A~'(gi), (i,k) € Algorithm II
IKp and A~ (ty) (i,k) € IKr are decision variables, Input: an incomplete uncertain 2-tuple linguistic

Exjs I],nlk ; and nl;] are corresponding deviation
variables.

By solving the optimization model (M-2), we
can obtain the values of A~!(g;;) and A~'(¢;). Then
we can construct a complete uncertain 2-tuple lin-
guistic preference relation by Eqgs. (1) and (4). Note
that the solution of the optimization model (M-2)
may not be unique. In this case, we can select one
complete uncertain 2-tuple linguistic preference re-
lation according to the decision maker’s preference.

To summarize, we present Algorithm II.

preference relation L
Output: a complete uncertain 2-tuple linguistic pref-
erence relation L

Step 1:
Step 2:

See Step 1 of Algorithm I.

Identify the sets of missing elements and
known elements for Q and T.

Step 3: Calculate the values of the missing elements
by the model (M-2).

Construct a complete uncertain 2-tuple lin-
guistic preference relation L by Egs. (1) and

Step 4:
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(4).
S. Illustrative examples

In this section, we present some numerical examples
to illustrate the two algorithms.

Example 1. Let the linguistic term set be S = {50 :
very poor,s; : poor,sy : slightly poor, sz : fair,ss :
slightly good, ss : good, s¢ : very good} and consider
the following incomplete uncertain linguistic prefer-
ence relation:

[83,83] [q)v q)] [S27 q)] [§07 (P]

L | o0l szl (@@l [sis
(@, 54] [0, 0] [s3,53]  [s3,53]
(0. 0]  [sa,ss]  [s3,83]  [s3,83]

In what follows, we use Algorithm I to estimate
the missing elements.

Step 1: Check the acceptability of L. First, we
transform L into an uncertain 2-tuple linguistic pref-
erence relation and decompose it as

(s3,0) o (0 (0
o=| ¢ (s3,0) @ (%2,0)
(0 ¢ (s3,0) (s3,0) |’
() (S4>0) (S3,0) (S3,0)

(S3,0) ¢ (s27 O) ¢
T— ¢ (300 ¢ (5,0
(S4,0) ¢ (S3,0) (537 0)
¢ (5570) (S3,0) (537 0)
We can find that Q is unacceptable, so we return
L to the expert for adjustment and a new preference
relation is obtained as

[S3,S3] [(P,S4} [S27 q)] [907 (P]

L | b0l sl (@@l [sis
(@, 54] [0, 0] [s3,53]  [s3,53]
(0. 0] [sa,ss]  [s3,83]  [s3,83]

Then we have
(s3,0) (54,0) ¢ ¢
(52,0) (53,0) @  (s52,0)
o ¢ (S3,0) (5370) '
¢ (S470) (S3,0) (S330)

0=

(s3,0) @ (52,00 ¢
T— ¢ (300 ¢ (5,0
(s4,0) @  (53,0) (s3,0)
(Y (S57 0) (Sg,()) (537 O)

By Definition 9, L is acceptable.

Step 2: (a) Identify the sets of known
elements and missing elements of Q. By
Step 2.2 of Algorithm I, we have IKp =
{(1L3)(LH23)B1)E2)E D)), I5 = I3 =
{2}, 75 = I} = {4}, 15 = J}! = ¢. By Egs. (10)
and (12) we have

cqra=cqiys=A (A (q12) + A (q24) — 8/2)) = (53,0),

cqa1 = Neg(cq14) = (s53,0);

cq3=cq33; =A(A " (qoa) + A7 (g43) — 8/2)) = (52,0),

cq3 = Neg(cgo3) = (54,0).

After that, we update /K as IKp = {(1,3)(3,1)}
and Jg = {2,4}. Thus we can obtain

cqi3 =A (A (g12) + A (g23) —8/2)) = (53,0),
gy =A (A (q1a) + A (qa3) — g/2)) = (3,0),

cqrs = A5 (A (eghs) + A eqh))) = (53.0),

cq31 = Neg(cqi3) = (s3,0).

(b) Identify the sets of known elements and miss-
ing elements of 7. By Step 2.5 of Algorithm I,
we have IK7 = {(1,2)(1,4)(2,1)(2, 3)(3 2)(4, 1)},
J14 J41 — {3} J23 _]32 {4} ‘]T — Tl — (p
By Egs. (11) and (13), we have

ctiy = Ct134 =A (Afl (2‘13) -l-Afl (134) — g/2)) = (S2,0),
cty = Neg(ct14) = (S4,0)'
ctyy =ctyy = A (A7 (1) + A7 (t43) — g/2)) = (51,0),

Cctyy = Neg(ctzg) = (S5,0);

Then we update /K7 as IKr = {(1,2)(2,1)} and
J5* =J3' = {3,4}. Thus we can obtain

ctiy =A (A (t3) + A7 (132) — 8/2)) = (54,0),
ctiy = A (A (11a) + A7 (t42) — 8/2)) = (s4,0),
ctio = A5 (A (erf) +A7 (ert)) = (54,0),

ch = Neg(ctlz) = (52,0).

In this case, all the missing elements are estimat-
ed. Thus we can obtain a complete uncertain 2-tuple
linguistic preference relation as
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[(53,0),(53,0)]  [(54,0)(54,0)]  [(52,0),(s3,0)]  [(52,0),(s3,0)]
L — [(Sz,O),(Sz,O)] [(S%O)’(S%O)] [(Sl,O),(Sz,O)] [(Sl,O),(Sz,O)]
[(S3,0),(S4,0)] [(S4,0),(S5,0)] [(S3,0),(S3,0)] [(S3,0),(S3,0)]
[(S370)7 (S4,0)] [(S4, )) (S570)] [(5370) (S%O)] [(S370) (S3,0)]
If we adopt Algorithm II, we can establish the following optimization model:

- - + - + - + - + - +
min - 2= &35+ &35t &4 T €4 + €43+ €3 T &3 T &3 T MNi30 T Mg

+ Miao + Mido + Mgz + Miaz + Maaz + Mo

st. ANgi3) — (4+A(g23) —3) + e — €5 = GA  (qua) — (44+2-3) + €4, — €1, =0;

AN q1a) = (A (q13) +3-3) + &3 — &3 = 0:2— (A7 (g23) +3-3) + 8555 — 33 = 0;
2= (A (12) + A7 (123) = 3) + Myap = My = 047 (14) — (A7 (12) +1=3) + 11y = M3, = 03
A~ (114) — (2+3 3) + Mgy — Mifys = 031 — (A7 (123) +3 = 3) + 155 — M43 = 0 M
AN (q1a) = A7 (014), A (g23) = A7 (123);
A (gi3) € [ 6], A7} (112) € 0,4];
A (q1a),A7 (g23),A7 " (114), A7 (123) € [0,6];
€132 €132, €143 €435 €243 €343 1305 M52 Miazs Mgz Maazs Nz = 0-

By solving the model (M-3), we can ob- can construct the complete uncertain 2-tuple linguis-

tain A~ (g13) = 3, A '(q3) = 2, A (qua) = 3, tic preference relation as

Afl(tlz) =4, Afl(tzj,) =1, Afl(l‘14) = 2. Thus we

[(Sg,O),(S3,0)] [(S4,0),(S4,0)] [(5270)7(S370)] [(SZ,O),(S3,0)]
Lo | 1(52,0),(52,0)]  [(53,0),(s3,0)]  [(51,0),(52,0)] (51,0, (s2,0)]
[(S370)7(s470)] [(S4,0),(S5,0)] [(5370)7(S370)] [(Sg,O),(S3,0)] ’
[(53,0),(.94,0)] [(S4,0),(S5,0)] [(S3,0),(S3,0)] [(S3,0),(S3,0)]
which is the same as the result obtained by Algorith- L as
m L.
(S4,0) (S5,0) (5570) (5370) (S470)
Example 2. Let the linguistic term set be S = (53,0) (54,0) (s7,0) (54,0)
{s.o . extremely POOT, 51 © Very poor, sy : poor,s3 : 0= (s3,0) (51,0) (54,0) (54,0) @ 7
slightly poor, sy4 : fair, s5 : slightly good,s6’: good, 57 : (s55,0) @  (54,0) (54,0) (s4,0)
very good, sg : extremely good} and consider anoth- (54,0) (s4,0) (54,0) (s4,0)
er uncertain linguistic preference relation
[s4,54] [s2,55] [ss.55] [@,s3] [@,s4] (54,0) (52,0) (s55,0) @ ¢
s3,5] [s4:54] [ss,57] [@,0] [@,s4] (56,0) (54,0) (55,0) @ ¢
L= [S3,S3] [S],S3] [S4,S4} [S3,S4] [q),q)] . T= (S3,0) (5330) (S470) (5330) ¢
Is5,0] [0, 0] [sa.s5] [sars4] [53,54] ) @ (s5,0) (54,0) (s3,0)
54,0 [s4,0] [0, 0] [sa,s5] [s4,54] ) ) ¢ (550) (s54,0)
Then we can find both Q and T are acceptable.
If we adopt Algorithm I, we can obtain the de- For T, if we estimate ¢4, we can obtain cti4 = ct134 =
composed 2-tuple linguistic preference relations of A(A(13) + A (t34) — 8/2)) = (54,0).
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In this case, we have 14 > ¢4, which contradicts m I is not very robust sometimes. In what follows
with Eq. (4). To deal with this problem we need the we utilize Algorithm II to estimate the missing ele-
decision maker to adjust the value of 74 manually. ments for L. For L, we can establish the following
If the decision maker doesn’t want to participate in optimization model:

the process, Algorithm I will not work. So Algorith-

: . + - + - + — + — + - + -
min 2= &y + &y + €53+ €53+ &3+ &z + Es53 T Eys3 T &5y T Eysy T E354 T E354 T N4

+ - + - + - + - + - + -
Mgz T Miso + Miso + Mgz T Mgz + Mis3 T NMisz + Misa + Nisg +Toaz T Naaz +Thos3

+ Mas3 + Mysg + sy + N3y + M35

s.t. 3—(5+A—1(q24)—4)+sl—42—e]+42:0,4—(5+A (q35) —4) + €53 — €53 =0;

AN goa) — (T+4—4) +e5p3 — 3243:0,4—(7+A Yqas) —4) + &5, — &5, =0;
4— (AN (goa) +4—4) + &5, — 65, =0, A~ (q35) (4+4—4)+e5,— &5, =0
AN (t1a) = 2+ A7 (124) =4) + Mgy =M = 0, A7 (115) — (2+A Htas) —4) + 115, = M5, = 0;
A () — (5+3 4)+ Nz — Mz =0, A (11s) — (5+A H(35) = 4) + M55~ Mys3 =0 (M-4)
A (ns) — (A t14 )+3—4) + M5y — M5 =0, A (124) = (5+3—4) + Ny — M3 = 0
A~ (125) = (5+ A7 (135) —4) + g5y — M5y = 0, A (125) — (A" (124) +3 = 4) + 1354 — M5 = 0;
A ](t35) (3+3— 4)""7354 77324:0»
A (goa) = A (1a);: A N gss) = A (13s);
A" (g24) €0,8] ,A7 (g35) € [0,8], A (114) €[0,3], A" (115) € [0,4];
A (124) €[0,8]; A (125) € [0,4], A (135) € [0, 8];
€142+ €192 €153 €1536243 €243 €253+ €353 €254 €545 €354+ 3545 142> Miazs Misas Misas Miazs i3
M153 Mis3s Misas Misas Moz N233: aszs Masss Nasas Masas Masas Masg = 0.
By solving the optimization model (M-4), we AN t1g) =3, A7 t15) =2, A7 (tay) =4, A" (125) =
can easily obtain A~!(ga) = 4, A !(gss5) = 3, 3, A (tzs) = 2.
A1) =2,A7(t15) = 1, A7 (trg) =4, A7 (1p5) = Thus we can obtain a complete uncertain 2-tuple
3, A (t35) = 2, or A (qa4) = 4, A (g35) = 3, linguistic preference relation as
[(S4,0),(S4,0)} [(5270)7(S570)] [(SS’O)’(S57O)] [(5270)7(s370)] [(S],O),(S4,0)]
[(53,0), (56,0)] [(54,0), (54,0)] [(s5,0),(s7,0)] [(s4,0),(s4,0)] [(s3,0),(s4,0)]
Ly= [(5370)7(*9370)} [(5170)7(S370)] [(S4,0),(S4,0)] [(5370)7(5470)] [(SQ,O),(S3,0)]
[(55,0), (56,0)] [(54,0), (54,0)] [(54,0),(s5,0)] [(s4,0),(s4,0)] [(s3,0),(s4,0)]
[(3470)7(8770” [(3470)7(*9570)] [(S5,0),(S6,0)] [(5470)7(3570)] [(84,0),(54,0)]
or
[(54,0), (54,0)] [(52,0),(55,0)] [(s5,0), (s5,0)] [(s3,0),(s3,0)] [(52,0),(s4,0)]
[(3370)7“6’0)} [(S4,0),(S4,0)] [(S570)7(S770)] [(5470>7(S470)] [(S3,0),(S4,0)]
L= [(S3,0),(S3,0)} [(Sl,O),(Sg,O)] [(S4,0),(S4,0)] [(S3,0),(S4,0)] [(Sz,O),(S3,0)]
[(S5,0),(S5,0)} [(S4,0),(S4,0)] [(S4,0),(S5,0)] [(S470)7(S470)] [(S3,0),(S4,0)]
[(S4,0),(S6,0)} [(5470)7(S570)] [(SS’O)’(‘%’O)] [(S4,0),(S5,0)] [(S4,0),(S4,0)]
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As aforementioned, we may obtain #14 = (s4,0)
when Algorithm I is implemented, which is unrea-
sonable. In this case, we can adjust the value of 714
as (s2,0) or (s3,0) manually and there will be also
multiple estimation results for the complete prefer-
ence relation. Thus the two preference relations ob-
tained by Algorithm II are reasonable.

6. Discussions and Conclusions

In this paper, we first define the additive consisten-
cy of the uncertain 2-tuple linguistic preference re-
lation. Based on the additive consistency, we pro-
pose two algorithms to estimate the missing ele-
ments for an incomplete uncertain 2-tuple linguis-
tic preference relation. By comparing the two al-
gorithms with two numerical examples, we can find
they have the following characteristics.

Algorithm I is an iterative algorithm which may
result in unreasonable results, thus it sometimes
needs the interactions of decision makers. Howev-
er, Algorithm II is an optimization-based algorithm
which doesn’t need the interactions of decision mak-
ers. Thus it is an automatic algorithm. In the case
when it is urgent to obtain a solution of the prefer-
ence relation, or decision makers cannot or are un-
willing to participate in the estimation process, Al-
gorithm 2 will work well. Besides, the objective
function of the model (M-2) is in fact to maximize
the consistency of the preference relation, therefore
the obtained preference relations sometimes will be
with higher consistency than the iterative algorithm
sometimes. To summarize, we can find that Algo-
rithm II is more robust.

In terms of future work, we will focus on inves-
tigating new approaches to group decision making
with incomplete uncertain 2-tuple linguistic prefer-
ence relations. Besides, we also intend to develop
a decision support system to help decision makers
estimate the missing elements.
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Appendix A Proofs of the theorems

Proof of Lemma 1

Proof. (i)=- (ii) is obvious. In what follows, we
will prove (ii) = (i). If two or three of the indices
i, J, k are equal, (i) will reduces to the reciprocity
condition of 2-tuple linguistic preference relation.
Therefore, we only need to consider the cases in
which the indices i, j, k take different values. The
following six cases are considered:

Case 1: i < j < k. In this case, (i) reduces to (ii),
and therefore (i) is true.

Case 2: i <k < j. In this case, we have p;; =
A (A (pi) + A~ (pxj) — g/2), which is equivalent
to A~!(pij) = A~ (pu) + A~ (prj) — g/2. Using the
reciprocity property, we have A~ (p;;) = A~ (pu) +
g— A" (pj) — g/2. ie. A(pu) = A7 (pi) +
A (pj) —g/2.

Case 3: j < i <k We have pj =
A(A Y (pji)+ A (pi) — g/2), which is equivalen-
tto A (pp) = A (pji) + A (pa) — g/2. Us-
ing the reciprocity property, we have A~ (py) =
g — A (pij) + A (pi) — g/2, ie, AN (pu) =
AN (pij) +A7 (pj) —8/2.

Case 41 j < k < i We have pj;; =
A (A (pjx) + A (pri) — g/2), which is equivalen-
tto A~ (pji) = A (pj) + A~ (pri) — g/2. Using
the reciprocity property, we have g —A~!(p;;) =
AN pp) + g — A (pa) — g/2, ie, A (pa) =
A~ (pij) + A (pj) —8/2.

Case 5: k< i< j. We have pi; =
A (A (pri) + A (pij) — g/2), which is equivalen-
tto A (prj) = A~ (pri) + A7 (pij) — g/2. Using
the reciprocity property, we have g — A~!(py;) =
g — A (pa) + A (pij) — g/2, ie, AN (pu) =
AN (pij) +A7 (pj) —8/2.

Case 6: k< j < i We have p =
A (A (prj) + A (pji) — g/2), which is equivalen-
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tto A (pri) = A~ (prj) + A (pji) — g/2. Using
the reciprocity property, we have g —A~!(py) =
g—A(pp)+e—A"(pij) —g/2, e, A (pi) =
AN (pij) + A" (pjp) — 8/2.

Considering the above six cases, we have (i)
holds. This completes the proof of Lemma 1. O

Proof of Theorem 1

Proof.

(1) As ci(1) = A(1x A (gu) +0 x A7 (1))
(

ik cik(0) = A(0x A (gp) + 1 x A~ (1y)) =
tit, I,k € N, we have C(1) = C(O) =T,

(2) Ifi <k, thency (o) =
Since A7'(I;) < ATN(I}), then clk(oc) >
A (oA () + (1 - a)A 1( ) =l cin(@) <
A(aA (1) + (1 — o)A (1})) = L. Similar-
ly, we can prove ¢y (@) € [lk, [7] when i > k.

(3) Ifi <k,

A~ (ea(@) +A7" (cu(a)) = aA_l(sz) +(1-
o)A () + A () + (1 — a)A Noi) =
aA (L) +(1 —a)A*l(Z,;)JraA (I;)+(1—
)AL = a (AN +AT( )) (1 -
a) (A7 () +AT () =g+ (1-a)g =g
Similarly, A™'(cx(a)) + A7 (cui(@))

g, when i > k. And c¢i(a) =
A(aA (gi) + (1—a)A™ (1)) = g/2,i €N.
Thus we can obtain that C() is a reciprocal 2-
tuple linguistic preference relation, Vo € [0, 1].
This completes the proof of Theorem 1.

O

Proof of Theorem 2

Proof. By Eqgs. (5) and (6), we have A~ (gy) =
A Y (qij) + A ) — g/2 AN (tw) = A (1) +
A7'(tj) — g/2, then

cie(e) = A (@A™ (i) + (1 — o)A ()

=A(a (A (gy) +A7 (gp) —8/2) + (1 - a).

(Ail(lij) +A71(tjk) —g/Z))

= A (oA (gij) + (1— a)A™ (1) + @A™ (gj0)
+(1—a)A (1) — g/2)
=A (A (cij(a) + A (cju(a) —g/2), i, j.k EN.

1( D)+ (1 —a)ATN(1).

By the definition of additive consistent 2-tuple
linguistic preference relation, C(a) (o € [0,1]) is
additive consistent, which completes the proof of
Theorem 2. ad
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