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Abstract

This paper considers the problem of non-fragile finite-time guaranteed cost fuzzy control for continuous-time
nonlinear systems. Firstly, the definition on finite-time stability (FTS) for continuous-time nonlinear systems is
provided and we give a novel and explicit interpretation for non-fragile finite-time guaranteed cost control.
Secondly, sufficient conditions for the existence of state feedback controller are derived in terms of linear matrix
inequities (LMIs), which guarantee the requirements of the provided performance criterion. The related
optimization problem is also offered to minimize the guaranteed cost performance bound. Finally, an illustrative
example is presented to show the validity of the proposed scheme.
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1. Introduction

Since there exist many cases where the state values are
restrained, we generally need to ensure that these state
values are allowable. In order to deal with these cases,
the concept of finite-time stability (FTS) (or short-time
stability) can be introduced into our eyeshot. As
illuminated in [1], a system is said to be finite-time
stable if, once we fix a time-interval, its state does not

exceed certain bound during this time-interval. Some
early results on FTS can be found in [2, 3]. More
recently the problem of finite-time control for both
continuous-time and discrete-time linear systems has
been investigated in [1, 4, 5] via linear matrix inequities
(LMIs) technique. In the existing results, FTS is mainly
associated with linear systems. How to solve the FTS
problem for nonlinear systems is still a difficult problem.
Recently, Takagi-Sugeno (T-S) fuzzy model proposed
in [6] is widely applied in various industrial control
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fields because of its simple structure with local
dynamics. The typical approach named as parallel
distributed compensation (PDC) [7] is also developed to
design the fuzzy controllers. Moreover, besides the
stabilization problem, the guaranteed cost fuzzy control
was extendedly investigated to stabilize the controlled
systems while providing an upper bound on a given
performance index by many scholars in the last decade,
such as [8~11].

A concept for non-fragile control is proposed for the
following problem: how to design a feedback control
that will be insensitive to some error in gains of
feedback control [12]. The states of a system are not
always measurable or have practical sense in many
control systems and applications. And all parameters in
the control have some variations due to additive
unknown noise and environmental influence. Recently,
some related results are also discussed by many scholars
[13-15]. However these results have not considered
finite-time control case.

In this paper, non-fragile controls are considered,
which contains some uncertainties in control gains. And
we propose a non-fragile finite-time guaranteed cost
fuzzy control scheme for continuous-time nonlinear
systems. Its objective is to find a suitable state feedback
controller such that the provided performance criterion
is satisfied. As far as we know, up to date, the non-
fragile finite-time guaranteed cost control for
continuous-time nonlinear has not been
considered in the existing results.

The remainder of this paper is organized as follows:
Basic problem formulation is introduced in Section 2.
The non-fragile finite-time guaranteed cost controller
via state feedback is designed in Section 3. Section 4
provides an illustrative example to demonstrate the
effectiveness of the proposed scheme. Finally,
concluding remarks are made in Section 5.

In the following sections, the identity matrices and
zero matrices are denoted by / and 0, respectively.
X" denotes the transpose of matrix X . R” denotes the
n-dimensional Euclidean space. R, denotes the positive
real number. The notation - always denotes the
symmetric block in one symmetric matrix. The standard
notation > (<) is used to denote the positive (negative)-
definite ordering of matrices. Inequality X >Y shows
that the matrix X —Y is positive definite. 4 (-) and

systems

Aun (-)  indicate the

eigenvalues of the matrix, respectively.

maximum and minimum

2. Problem formulation

Consider a general class of continuous-time nonlinear
systems which can be represented by the following T-S
fuzzy dynamic model.

Plant Rule i

IF 6,(¢)is N, -, and 6, (¢) is N,
THEN x(7) = Ax(t)+ Bu(t)
where i=1,2,---, 7, r is the number of fuzzy rules,
x(t)e R" is the state vector, u(¢)e R" is the control
input, 4,€ R”™ and B,e€ R”™ are known constant
matrices of the i—h subsystem, 6,(¢),6,(),---,0,(¢)

are the premise variables, N_ is the fuzzy set

i

(j=12,---, p). By using singleton fuzzifier, product

inference and center-average defuzzifer, the fuzzy
dynamic model is expressed by

i(f)= zh (O(0)[ Ax(r)+ Bau(r)]
where . 1 (0(1)) =1, (6()/ X, 1, (6(1))

1, (0()=T1",N,(6,(r)) and N,(6,(1)) is the

j=1 0

(M

grade of membership of 6, (7) in N, . It is assumed that
1,(6(1))20 and 3" 1,(6(¢))>0 for all t. Then, we
can see that 4,(6(¢))=0 and Y~ h(6(1))=1.

According to the conventional PDC concept, we
design the following fuzzy controller via state feedback:

Controller Rule i
IF 6, (¢)is N, ---,and 6, (1)
THEN u(t) = K,x(t)

is N,

ip

where i=1,2,---,7, r is the number of controller

rules, K, € R is the controller gain matrix. Thus, the
fuzzy controller can be expressed as follows:

u(r) =31 (0(0) Kx() @)

The closed-loop system (1) can be reconstructed
under the fuzzy controller (2) as follows:

i(f)= zh (O0()[4x(0)+Bu(e)]=4x(t) )
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where 4= EZh (6())h, (6(z)

i=1 j=1

)[4+BK,].

Next we will provide a novel concept on FTS for
continuous-time nonlinear systems. It is formalized
through the following definition. Similar description can

be found in [1].
Definition 1: The closed-loop continuous-time
nonlinear system (3) is said to be finite-time stable (FTS)

with respect to (¢, c,,T,R.) where 0<¢ <c, ,
TeR, and R. >0 if
x"(0)R-x(0)<c, = x" (1)R.x(t)Sc, Vite(0,T]
Remark 1: Asymptotic stability and FTS are
independent concepts each other as it was described in
[1]. In certain cases, asymptotic stability can be also
considered as an additional requirement while
restricting our attention on a finite-time interval.
Generally, matrices 4, and B, can be identified
through available data. If there exist the approximation
errors between the original nonlinear system and T-S
fuzzy model, we can utilize a robust stabilization
technique for dealing with the errors. In this paper, non-
fragile control for the practical implement is considered
as follows:

=X X (0

i=1 j=1

where AK, (j=1,2,-
Two types of perturbatlons are considered:
Type 1: Perturbations are independent on matrices
K. (j=12,---,r):
AK; =M F, ()N, )
Type 2: Perturbations are dependent on matrices
Kj(j=1,2,---,r):
AK, =M F,(t)N,K, 6)
In the above two types of perturbatlons matrices M,
and N, are known with appropriate dimension. Tlme-
varying matrices F; (f) are unknown continuous
functions and satisfying
Fl(1)F,(1)<I 120
Furthermore, for (4), we provide the following cost
function assoc1ated w1th the above definition:

J= j[x )+u” (1) Quu(t)]dt 7
where O, >0 and Q2 >0 are given weighting
matrices or given positive scalars. The following novel

)h(6( ))[A +B (K/.+AK,)]x(z) 4)

-,r) are perturbed matrices.

and explicit interpretation for non-fragile finite-time
guaranteed cost control is given by:

Finite-time fuzzy control

Definition 2: For (5), if there exists a fuzzy control law
(4) and a scalar E such that the closed-loop system is
finite-time stable and the value of the cost function (7)
satisfies J <Z, then = is said to be a guaranteed cost
bound and the designed control law (4) is said to be a
finite-time guaranteed cost fuzzy control law.

Lemma 1 [16]: Let U, V', W and M be real matrices
of appropriate dimensions with M satisfying M =M™,
then

M+UVW+WVTU" <0 forall V'V <I,

if and only if there exists a scalar £ >0 such that

M+e'UU" +eW™W <0 [ S

Sll 12 }
SIY; SZZ
S, =S and S,,=S. , then the following conditions
are equivalent:

(1) $<0

) S, <0,5, —S,S.S" <0
Lemma 3: For any given X,Ye R™ , the matrix
inequality X'Y+Y ' X<X"X+Y'Y always is
satisfied.

Lemma 2 [17]: For a given matrix with S =

3. Main results

In this section, the problem of non-fragile finite-time
guaranteed cost fuzzy control via state feedback is
studied according to (4). Some results are provided as
follows.

Theorem 1: If there exist a scalar ¢ 20 and &€ >0, the
symmetric positive definite matrix Qe R™ and
matrices (Wj, M;, N j) with the appropriate dimensions
for 1<i, j<r such that the conditions (8-1)~(9) are
satisfied, the continuous-time nonlinear system (4) with
perturbations (5) is FTS with respect to (c,,¢,, T, R.)
TeR, , R->0 and has the
guaranteed cost bound = . Moreover, the controller gain
matrix K, = WJ,Q’] .

where 0<¢ <c, ,

t <I
{ FUF, E) (120,1<j<r) (8-1)
FI ()M 0, ()M, (1) F (1) <21
v, 0 W BM, eNOY W ey (NOY e(NO)
o -0' 0 0 0 0 0 0 0
W, 0o -o' o0 0 0 0 0 0
BMY 0 0 —el 0 0 0 0 0
eNO, 0 0 0 - 0 0 0 0o <0 Isisr
W, 0o 0 0 0 -el 0 0 0
eNO 0 0 0 0 0 -l 0 0
NO 0 0 0 0 0 0 -el 0
leNO 0 0 0 0 0 0 0 -l (8-2)
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Q, O W W BM, eNOQ BM eNQO W' W &N
0 -0 0 0 0 0 0 0 0 0 0
W, 0o -0 o 0 0 0 0 0 0 0
W, 0o 0 -0' o0 0 0 0 0 0 0
BM)Y 0 0 0 -el 0 0 0 0 0 0
BM)Y 0 0 0 0 —el 0 0 0 0 0
eNO) 0 0 0 0 0 —el 0 0 0 0
BMY 0 0 0 0 0 0 —el 0 0 0
eNQ) 0 0 0 0 0 0 0 -l 0 0
W, 0 0 0 0 0 0 0 0 -l 0
W, 0 0 0 0 0 0 0 0 0 -
eNQ) 0 0 0 0 0 0 0 0 0 0
eNO) 0 0 0 0 0 0 0 0 0 0
NO 0 0 0 0 0 0 0 0 0 0
eNQ) 0 0 0 0 0 0 0 0 0 0
lev,0) 0 0 0 0 0 0 0 0 0 0
@ el ©
2in Q) A (0)

where 7, = 047 + 40+ W B" + BW, -0,
= ~ T ~ o~ T ~ ~
G =0(4+BK) +{4+BK)O+Q 4 +BK] +{4+BK)0-200
and Q — REJ/ZQREI/Z .
described by:

The guaranteed cost bound is

E = e (Qil )Clear
PROOF: Let ¥ (x(¢))=x" ()0 'x(¢) and assume the
time derivative of V(x(t)) along the solution of system
(4) to satisfy the following condition for all Vze (0, 7]

V(x(2))<ar(x(1)) (10)
Dividing both sides of (10) by ¥ (x(¢)) and
integrating from 0 to 7, with 7€ (O, T ] , We obtain
In V(x(t)) <ot

V(x(0)

From (11), we can obtain the following
inequality:

X" () RPOTRPx(1) <x”

(11)

(0)REQ™ R x(0)
(12)

Now we have
¥ (1) REQTREx (1) 2 2y, (Q7) 2" (1) Rex(r) - (13)
x"(0)REQ™ R x(0) € Ay (©7') 6" (0) Rex(0)
<A (27

(14)
Combining (12)~(14), we have

eNO) (NOY WO (NO eNO)
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 <0 (l<isj<r) (8—3)
0 0 0 0 0
0 0 0 0 0
—el 0 0 0 0
0 -l 0 0 0
0 0 —el 0 0
0 0 0 —el 0
0 0 0 0 -l

. A (Q’ )c,e
An (O7)
Ac,
= Z' ) ot 1
max (Q) e Amm (Q)
Ac,

Ain (Q)
Consider x” (1)R.x(t)<c, for all 1€ (0,T] in
Definition 1. The condition (9) in Theorem 1 is

obtained. From condition (8-1), condition (8-2),
Lemma 1 and Lemma 2, we have

< e (Q) €

Vi =(4+B (K +AK)) 0" +07 (4,+B,(K, +AK,))
0™ +0,+(K, +AK,)" O, (K, +AK,) <0 (1<i<r)

From condition (8-1),condition (8-3), Lemma 1
and Lemma 2, we have

Q =(4+B(K +4)| 0 +0'(4+B(K +4K )
H4+B(K+AK)) 0'+0" (4 +B (K +AK)| 200"

2K +AK) QK +AK)HK, +4K ) Q(K +AK ) <0 (1<i<j<r)

J J

Denoting AV 0V (x(t))—aV (x(r))  and

utilizing Lemma 2, we can obtain the following

result:
= ;2( h(6(7) )[(4+B(K K )| Q‘+Q‘(4+3(K,+N<,))—o@‘}x(t)
<S040 ) S oty 0 90
fZZh( ) (B (1) @+ K +4K) @ (K +4K) (1)

From the above derivation, we can obtain that if
v, <0 and Q, <0 hold, then AV <0 for any
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nonzero x(¢), ie., (10) is true. After integrating
actions from 0 to 7 , the following result is
obtained:

-1 ol r

A (Q )c]e < JO AV (x(1))dt<—J
Moreover, J <A__ (Q‘l)cle” can be obtained
by considering definition 1. It is easy to see that the
guaranteed cost
J<E=A_, (Q’] )clear.

The proof is completed.
Remark 2: If the conditions (8-1)~(9) in Theorem
1 is true for ¢ =0, then it can be easily seen that
Lyaponuv asymptotic stability (LAS) for the
continuous-time nonlinear system (4) will be
guaranteed.

Consequently, the result about the feasible probl
em of LMIs is provided as follows.
Corollary 1: If there exist a scalar o >0 and
£>0, the symmetric positive definite matrix
Qe R™ and matrices (Wj, M, Nj) with the
appropriate dimensions for 1<i, j<r such that
the conditions (8-1)~(8-3) and (15) are satisfied,
the continuous-time nonlinear system (4) with
perturbations (5) is FTS with respect to
(¢,¢,,T,R.) where 0<¢, <c,, TER,, R. >0
and has the guaranteed cost bound =. Moreover,

function satisfies

Finite-time fuzzy control

C,
LeI<Q<I
)

(15)

where W, = 047 + 4Q+W B +BW,-aQ,
Q=0 A+BK) H{A+BK ) O+0| A +BK) +{4+BK)0-200
and 0 =R:"OR:".
PROOF: Since the (8-1)~(8-3)in
Theorem 1 has already been described via LMI, so
we only need a LMI displacement for the condition
(9) in Theorem 1. Utilizing the result in [2], if the
LMI %e”’l <0<I holds, the condition (9) in
Theorem 1 will be true. The proof is completed.
Theorem 2: If there exist a scalar o >0 and
>0, the symmetric positive definite matrix
Qe R™ and matrices (Wj, M, Nj) with the
appropriate dimensions for 1<, j<r such that

conditions

the conditions (16-1)~(17) are satisfied, the
continuous-time nonlinear system (4) with
perturbations (6) is FTS with respect to

(¢,¢,,T,R.) where 0<¢ <c,, TER,, R. >0
and has the guaranteed cost bound Z. Moreover,
the controller gain matrix K, = WJ,Q’] .

{Fww)sz

(120,1</<r)
FL () MK, (1)K M, (1) F (1) <21

the controller gain matrix K, = WjQ’l . (16-1)
W, 0w BM, eNW) W' eWwW) (NW) eWm)
o -0 o0 0 0 0 0 0 0
W, 0 —Q{l 0 0 0 0 0 0 (16_2)
BM) 0 0 —&f 0 0 0 0 0
e(NW,) 0 0 0 -l 0 0 0 0 [<01<i<r
W, 0 0 0 0 —el 0 0 0
e(NW) 0 0 0 0 0 —el 0 0
(NW) 0 0 0 0 0 0 -l 0
leNw) 0 0 0 0 0 0 0 -el |
Q, 0 W W BM, eWNWw) BM eNF) W' W eNW) eNF) (NW) (NW)Y eNW) enNw) |
O - 0o 0o 0 0 0 0 0 0 0 0 0 0 0 0
W, 0 -0 0 0 0 0 0 0 0 0 0 0 0 0 0
w, 0 0 -o' o 0 0 0 0 0 0 0 0 0 0 0
BMY 0 0 0 el 0 0 0 0 0 0 0 0 0 0 0
ENW) 0O 0 0 0 el 0 0 0 0 0 0 0 0 0 0
@MY 0 0 0 0 0 el 0 0 0 0 0 0 0 0 0
ENW) 0 0 0 0 0 0 <l 0 0 0 0 0 0 0 0 o
<0 I<i<j<r
W, 0 0 0 0 0 0 0 -el 0 0 0 0 0 0 0
w, 0 0 o0 0 0 0 0 0 -el 0 0 0 0 0 0
ENW) 0 0 0 0 0 0 0 0 0 -l 0 0 0 0 0 (16-3)
eNW) 0 0 0 0 0 0 0 0 0 0 -l 0 0 0 0
NW) 0 0 0 0 0 0 0 0 0 0 0 el 0 0 0
NWw) 0 0 0 0 0 0 0 0 0 0 0 0 -l 0 0
eNW) O 0 0 0 0 0 0 0 0 0 0 0 0 el 0
le¥w) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -l
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(17)

<
A’min (Q) A’max (Q)

where 7, = 04" + AQ+W, B + BW,-aQ ,

— ~ T ~ ~ T

Q,=0(4+BK,) +(4+BK,)0+0(4,+BK,)

+(4,+B K,)0-2a0
and Q = R."*OR:"*. The guaranteed cost bound is
described by:

E’ = /’l’max (Qil )Clear
Corollary 2: If there exist a scalar o >0 and
>0, the symmetric positive definite matrix
Qe R™ and matrices (Wj, M, Nj) with the
appropriate dimensions for 1<i, j<r such that
the conditions (16-1) ~(16-3)and (18) are satisfied,
the continuous-time nonlinear system (4) with
perturbations (6) is FTS with respect to
(¢,,¢,,T,R.) where 0<¢ <c,, TER,, R.>0
and has the guaranteed cost bound =. Moreover,
the controller gain matrix K, =W,0™".
Sty < o<1

)

where 7, = 047 + 40+ W, B" + BW, -0,

(18)

Q,=0(4+BK,) +(4+BK,)0+0(4, +BK,)
+(4,+B,K,) 0200
and Q= RE]/ZQREI/Z .
The proof of Theorem 2 and Corollary 2 are
similar to Theorem 1 and Corollary 1, respectively.
The following optimization problems can be
presented:
Problem 1: min = s.t. the conditions (8-1)~(8-3)
and (15) are satisfied.
Problem 2: minZ s.t. the conditions (16-1) ~
(16-3)and (18) are satisfied.

4. An illuminated example

In this section, we will design a finite-time guaranteed
cost fuzzy controller for the following continuous-time
non linear system as in [18].
Lorenz Equation with Input Term:

X%, (1) =—ax, (¢t)+ax, (t)+u(1)

%, (1) = ex, (1) =x, (1) =, () x, (1)

& (1) = x (1) x, (1) = bx; (1)

where a, b and ¢ are constants, u(¢) is the control
input. Assume that x, (¢)e[-d,d] and d >0, Then,
the following fuzzy model will exactly represents the
nonlinear equation under x, (7)€ [-d, d].
Rule 1: TF x, (¢) is M, (x,(r)), THEN x() = Ax()+ Bu(t)

Rule 2: IF x, (¢) is M, (x, (1)), THEN x(¢) = A,x(¢)+ Bu(t)

where x(0)=[x () %) x(0)] :
—-a a 0 —-a a 0 1

A4=|c -1 —d|, 4,=|c -1 d|, B=|0],
0 d -b 0 —-d -b 0

o ]<r>>=§[1+x‘f,’)], e <t>>=§[1—"‘7")].

In this paper, a=10, b=8/3, ¢=28 and d=30.
Moreover, O, and (, in the cost  function (7) are
given as Q, =diag[l,1,1] and Q, =1.

Case 1: Setting ¢, =1, ¢,=5, R.=1, =08,
T=10 M, =M, =[1 0]

> s s

e=0.1

S I O R O s

AK, =M F,(t)N,(j=1,2) . The minimum of the

guaranteed cost bound and the controller gain matrices

are obtained as follows:
= =296.609078

K =[-25.0072 -10.4628 0.5061]
K, =[25.0126 -10.4651 -0.6125]

When the
x(0)=[1 0 0], the response of state x is showed in
Fig. 1.

initial condition is chosen as

Fig. 1 Response of state x in case 1
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Case 2: Setting ¢, =1, ¢,=5, R.=1, =03,
€=01, T=10, M=M,=[1 0], N =N, =1,
sin (7
r=r ="
0
AK, =M F, (t)NjKj (j=12). The minimum of the
guaranteed cost bound and the controller gain matrices

are obtained as follows:
= =645.5513

K, =[-31.6569 -13.4660 0.4271]
K, =[-31.6569 -13.4660 0.4271]
When the

x(0)=[1 0 0], the response of state x is showed in
Fig. 2.

and

initial condition is chosen as

1.2

s x, |

0.8 4

04f ! ]

0.2 L L L L L
0 1 2 3 4 5 6

t(s)

Fig. 2 Response of state x in case 2

5. Conclusions

In this study, a non-fragile finite-time guaranteed cost
fuzzy control scheme for continuous-time nonlinear
systems has been investigated. The whole closed-loop
system satisfies the requirements of the provided
performance criterion. An illustrative example is given
to illustrate the effectiveness of the proposed scheme.
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