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Abstract

Interval set theory and soft set theory are mathematical tools for dealing with uncertainty information.
As a combination of interval set and soft set, recently, we introduced the new notion of interval soft
sets. In this paper we further research interval soft sets and its application. We investigate the tabular
representation of interval soft sets, introduce the new concepts of interval choice values, and apply the
theory of interval soft sets to solve a decision making problem by using two methods. We discuss some
operations of interval soft sets, and construct some lattice structures. Moreover, we introduce the notion
of soft equality in interval soft set theory, establish quotient algebra by soft equality relation, and discuss
the application of soft equality relations in preconditioning of decision making.
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1. Introduction

In order to describe and deal uncertainties, many
mathematical tools are developed, for example,
probability theory, fuzzy set theory, rough set theory
12,13,14 “interval sets theory 2! and soft set theo-
ry !9, This paper mainly related to the soft sets and
interval sets.

Molodtsov !9 introduced the concept of soft sets,
which can be seen as a new mathematical tool for
dealing with uncertainties. This so-called soft set
theory is free from the difficulties affecting existing
methods. Now, works on soft set theory are pro-
gressing rapidly. Maji, Ali and Sezgin et al. 1318
defined some operations on soft sets and made some
theoretical studies on the theory of soft sets. Jun
et al. >% introduced the notion of soft BCK/BCI-
algebras and discussed the applications of soft sets
in ideal theory of BCK/BCl-algebras. Feng et al. 3*
applied soft set theory to the study of semirings and

introduced the notions of rough soft sets and soft
rough sets. Qin et al. '® introduced the notion of
soft equality and established lattice structures and
soft quotient algebras of soft sets. For the applica-
tions of soft set theory, Maji et al. ? introduced the
notion of reduct-soft-set and described the applica-
tion of soft set theory to a decision making problem
using rough sets; Pei and Miao ' discussed the rela-
tionship between soft sets and information systems;
Chen et al. 2 presented a new definition of soft set
parametrization reduction, and compared this defi-
nition to the related concept of attributes reduction
in rough set theory.

For representing qualitative information, Yao 2°
proposed the notion of interval set, and the relation-
ship among interval sets, rough sets and fuzzy sets
are investigated in 2122324 As a generalization of
interval set, Zhang et al. 2 introduced lattice-valued
interval set and discussed its algebra operations. It is
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worth to show that interval set is not interval-valued
fuzzy set. An interval set is an interval in the power
set lattice based on a universal set and is a family of
subsets of the universal set. Interval-valued fuzzy set
can be regarded as a special lattice-valued interval
set. Interval sets provide a new means for represent-
ing partially known concepts or for approximating
undefinable concepts or complex concepts.

Every mathematical tool always has its limita-
tions, and the integration of a variety of tools often
can obtain the desired result of unexpected, there-
fore, the new theories by integrating different uncer-
tainty mathematical tools become a hot of academ-
ic research (for example, probabilistic soft sets 2,
fuzzy soft sets 7171 and rough soft sets *). recently,
we introduced the new notion of interval soft set by
combining interval set theory and soft set theory in
27 (It is differing from interval-valued fuzzy soft set
19

)

This paper is further study interval soft set the-
ory in detail. The paper is organized as follows: In
Section 2, we recall some notions and properties of
interval sets, soft sets and interval soft sets. In Sec-
tion 3, we discuss tabular representation of interval
soft sets, and apply the theory of interval soft sets to
solve a decision making problem by two methods.
In section 4, we investigate some operations of in-
terval soft sets and construct some lattice structures.
In section 5, we introduce the notion of soft equality
in interval soft set theory and establish quotient alge-
bra by soft equality relation. Moreover, we describe
the role of soft equality relations in preconditioning
of decision making.

2. Preliminaries

Let U be the universe set and E the set of all pos-
sible parameters under consideration with respect to
U. Usually, parameters are attributes, characteristic-
s, or properties of objects in U. Molodtsov defined
the notion of a soft set in the following way:

Definition 2.1!° A pair (F,A) is called a soft set
over U, where A C E and F is a mapping given by
F:A—P).

In other words, a soft set over U is a parameter-

ized family of subsets of U. For e € A, F(e) may be
considered as the set of e—approximate elements of
the soft set (F,A).

Example 2.2!° Suppose that there are six houses in
the universe U given by U = {hy,hy,h3,ha,hs,he}
and E = {ej,ez,e3,e4,es5} is the set of parameter-
s. Where e; stands for the parameter ‘expensive’,
ey stands for the parameter ‘beautiful’, e3 stands for
the parameter ‘wooden’, e4 stands for the parameter
‘cheap’ and es stands for the parameter ‘in the green
surroundings’.

In this case, to define a soft set means to point
out expensive houses, beautiful houses, and so on.
The soft set (F,E) may describe the ‘attractive-
ness of the houses’ which Mr.X is going to buy.
Suppose that F(e;) = {ha,hs}, F(ez) = {h1,hs},
F(€3) = {h3,h4,h5}, F(e4) = {h],h3,h5}, F(e5) =
{h1}. Then the soft set (F,E) is a parameterized
family {F(e;) : 1 <i< 5} of subsets of U and give
us a collection of approximate descriptions of an ob-
ject. F(e;) = {ha,hs} means ‘houses h, and hy’ are
‘expensive’.

In 1993, Yao % introduced the notion of interval
sets. Interval set is a new kind of sets, represented
by a pair of sets, namely, its lower and upper bound-
s. Interval sets are interpreted in a similar way that

interval numbers are introduced in interval analysis
1

Definition 2.3%° Let U be a finite set, called the uni-
verse or the reference set, and 2Y be its power set. A
subset of 2V of the form

o =[A,A)={A€2V |A CACA,}

is called an interval set, where it is assumed A; C A,,.
The set of all interval sets is denoted by 7(2Y).

Remark 1: (1) In fact, the condition ’finite set’ in
Definition 2.3 is not necessary, we assume that U is
a non-empty set in this paper. (2) Degenerate inter-
val sets of the form [A, A] are equivalent to ordinary
sets. Thus, interval sets may be considered as an ex-
tension of elementary sets.

Definition 2.4%0%* Let N, U and € be the usual set
intersection, union and complement defined on 2V,
respectively. We define the following operations on
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1(2Y): for arbitrary interval sets </ = [A;,A,] and
B = [B17Bu]’
FdNAB={ANB|Ac o ,Bc B},
Fd VB ={AUB|Ac o ,Bc B},
I\NB={A—B|Aec o ,Bec A},
= -[AL A = [AZ’AIC]'

In fact, M, L1, \ can be explicitly computed by us-
ing the following formulas:
o MAB=[ANB;,A,NB,],
o UAB =[A;UB;,A,UB,],
o\ B =|A—B,,A,—Bj].
Moreover, the order relation T (inclusion of in-
terval sets) on I(2V) be defined by:
o C %<:>Al CBjand A, CB,.
Based on this definition, for two interval sets .o/
and 4%,
of =P ifandonlyif &7 C HBand B L .
As a combination of interval set and soft set, re-
cently, we introduced the new notion of interval soft
sets 27,

Definition 2.5 Let U be an initial universe set, E
a set of parameters and A C E. If F is a mapping
of A into the set of all interval sets over U, that is,
F:A —1(2Y), then the pair (F,A) is called an inter-
val soft set over U.

Example 2.6 Let U be the set of houses under con-
sideration, suppose U = {hy,hy,h3,ha,hs,he}. E is
the set of parameters, each parameters is a word or a
sentence, suppose E = {e;(beautiful), e>(wooden),
e3(cheap), es(in the green surroundings),es(in good
repair) }. Putting

F(e1) = [{ha}, {ha, ha}],
F(e2) = [{m},{h1,h3}],
F(e3) = [{h3,ha},{h3,hs}],
F(es) = [{hs},{h1,h3,hs}],
F(es) = [{ha},{h1,h4,he}].

The

=
—

F,E) is an interval soft set over U.

Consider soft set (F,E), for every parameters e,
F(e) is a subset of universal set U, it can be regard-
ed as all of objects which have the feature ’e’. For
interval soft set (F,E), corresponding to every pa-
rameters e, F(e) is a subset of /(2Y), that is, F(e) is
a interval set, its lower bound (subset of U) can be
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regarded as all of objects which assuredly have the
feature ’¢’, its upper bound (subset of U) can be re-
garded as all of objects which relatively have the fea-
ture e’ . In example 2.6, F(e;) = [{ha},{ha,ha}],
we can regard that the house in {h,} is assuredly
"expensive’ (e1) and the house in {hy,hs} are rela-
tively ’expensive’ (ej). Obviously, compared to soft
sets, interval soft sets have more flexibility in the ex-
pression of uncertainty.

Remark 2: By Remark 1 (2), degenerate interval
sets of the form [A,A] are equivalent to set A. There-
fore, if (F,A) is a soft set, for all e € A, F(e) is e-
quivalent to [F(e),F(e)], then (F,A) is also a inter-
val soft set. That is, interval soft set is regarded a
generalization of soft set.

3. Tabular representation of interval soft sets
and its application

Similar to soft sets, we can represent interval soft
sets in a tabular form. For interval soft set (F,E) in
Example 2.6, its tabular form as shown in Table 1.

Table 1. I-type tabular representation of an

interval soft set (F,E)

€l e es3 €4 es
hy 0,01 [1,1] [0,0]1 [O,1]1 [O,1]
hy [1,1] [0,0] [0,0] 1[0,0] I[O,0]
hy [0,0] [0,1] [1,11 [O,1]1 [O, 0]
hy 10,11 [0,0] [1,1] [0,0] [1,1]
hs [0,0] [0,0] [0,01 T[1,1] [O,0]
hs [0,0] [0,0] [0,0] [0,0] [O,1]

In Table 1 (call it I-type tabular representation),
we use an interval number ¢;; = [a;;,b;;] to denote
an attribute, where c;; are the entries in Table 1. For

F(ej) = [Al(j),AL(,j)], we define
if h; € Agj) then a;; = 1, otherwise a;; = 0;
if h; € AY) then b;; = 1, otherwise b;; = 0.
In fact, it has only three attribute value:
[0,0],[1,1] and [0, 1] in I-type tabular representation.

Therefore, we can use an simple form (call it II-type
tabular representation) as shown in Table 2.
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Table 2. II-type tabular representation of an

interval soft set (F,E)

€l ey ez e4 65
hy O 1 0O u u
h 1 0 0 0 O
hy 0 u 1 u 0
hy u 0 1 0 1
hs O O 0 1 O
he 0 0O 0O O u

In the above table, O stands for [0,0], 1 stands
for [1, 1], u” stands for [0, 1]. Obviously, an interval
soft set indeed is a simple information system (or in-
formation table, see '>1314) in which the attributes
take three values 0, 1 and "u”, it is differing from
soft set whose tabular representation has only two
attribute values.

In order to discuss the application of interval soft
sets, we define the notion of interval choice value.
For an object h; € U, its interval choice value is a
interval number v; given by

=Y b

J

vi= [0 = Y, v )
J

where a;;, b;; are defined in I-type tabular represen-
tation. For Table 1, the interval choice values are
shown in Table 3.

Table 3. An interval soft set (F,A) with

interval choice values (v)

el e e3 [} (4] 1%
hy [0,0] T[1,1] [O0,01 [O,1] [O,1] T[1,3]
h, [1,1] [0,0] [0,0] [0,0] T[O,0] [L,1]
hs [0,0] [O,1] ([L,11 [O,1] [0O,0] [1,3]
hg [0,1] [0,0] [1,1] [0,0] T[1,1] [2,3]
hs [0,0] [0,0] [O0,0] [1,1] [O,0] [1,1]
he [0,0] [0,0] [0,0] [0,0] T[O,1] [O,1]

Moreover, for II-type tabular representation of
interval soft sets, we define interval choice value of
object h; to be a formal interval number v; given by

i(l)’vi(Z)]7 Vi(l): Y < vi(Z): Y«

J, cij=1 J» cij=u

2)

vi=[v

where ¢;; are the entries in II-type tabular represen-
tation. For Table 2, the interval choice values are
shown in Table 4.

Table 4. An interval soft set (F,A) with

interval choice values (V)

el ey e3 e4 e;5 v
hy 0 1 0 wu u [1,2u]
hhb 1 0 0 0 0 [1,0u]
hy 0 u 1 u 0 [1,2u]
hy uw 0 1 0 1 [2,1u]
hs 0 0 0 1 0 [1,0u]
he 0 O O O wu [0, lu]

Now, we consider the application of interval soft
sets to decision making problems. Suppose that,
Mr.X is interested to buy a house on the basis of
his choice parameters ’beautiful’(e;), *'wooden’(e»),
"cheap’(e3), ’in the green surroundings’(es), ’in
good repair’(es), which constitute the set E =
{e1,e2,e3,e4,es5}. There are six houses under con-
sideration, that is, U = {hy,hy, h3,ha,hs,he}. Mr.X
already give the evaluation data of six houses in Ex-
ample 2.6 (interval soft set (F,E)). The problem
is to select the house which is most suitable with
the choice parameters of Mr.X (that is, the optimal
house for Mr.X). By interval choice value (v) of in-
terval soft set, we give the following algorithm:

1. input the house set U and parameters set £
(may be a subset of E);

2. input the interval soft set (F,E);

3. give I-type tabular representation of interval
soft set (F,E);

4. compute interval choice value v; ;

5. find k such that v,(:) = maxvlm
(2)

max{m‘vwzmaxvgl)} Vm .

and v}({z) =

Then Ay, is the choice object. If £ has more than
one value, then any one of them could be chosen by
Mr.X by using his option.

By the above algorithm, from Table 3, we get that
the optimal house for Mr.X is /4.

Similarly, for II-type tabular representation of in-
terval soft set and interval choice value v; , we can
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give a decision algorithm (it is omitted).

Moreover, we consider the problem using new
method. In fact, interval choice value v; is a for-
mal interval number. For convenience, we define a
new choice value y; by putting ’u” to a real number

o € [0, 1] (it can be regarded as reliability level).

Hi =Count({j|c;j=1})+Count({;j|c;j=u}) x a.

3)
where ¢;; are the entries in II-type tabular represen-
tation, Count(A) denote the cardinal number of set
A . For Table 2, the interval choice values are shown
in Table 5 (putting &c = 0.7).

Now, we give the following new algorithm:

1. input the house set U and parameters set £
(may be a subset of E);

2. input the interval soft set (F,E);

3. give II-type tabular representation of interval
soft set (F,E);

4. choice a real number a € [0,1], compute
choice value ; ;

5. find & such that y; = max y;.

Then Ay, is the choice object. If £ has more than
one value, then any one of them could be chosen by
Mr.X by using his option.

By the above algorithm, from Table 5, we get that
the optimal house for Mr.X is also /4.

Remark 3: For interval soft sets, we can also dis-
cuss the parameters reduction which are different
with attributes reduction in rough set theory (see 2).
The aim of attributes reduction is to keep classifica-
tion ability, however, the aim of parameters reduc-
tion is to keep the optimal objects. On parameters
reduction of interval soft sets, we will discuss in the
next paper.

4. The lattice structures of interval soft sets

Definition 4.1?” The extended intersection of two
interval soft sets (F,A) and (G,B) over a universe
U is the interval soft set (H,C) = (F,A) M, (G,B),
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where C =AUB, and forall e € C,

F(e) ifec A—B,
H(e) =< G(e) ifec B—A,
F(e)G(e) ifec ANB.

Definition 4.2>7 The extended union of two inter-
val soft sets (F,A) and (G,B) over a universe U is
the interval soft set (H,C) = (F,A) U, (G,B), where
C=AUB, and forall e € C,

Fle) ifecA—B,
H(e) =< G(e) ifec B—A,
F(e)UG(e) ifecANB.

Theorem 4.3*” Let (F,A),(G,B) and (H,C) be in-
terval soft sets over the same universe U. Then

(1) (FvA) Me (FaA) = (F7A);

@) (F,A)N (G,B) = (G,B), (F,A);

®3) ((F,A) Ne (G,B)) N (H,C) = (F,A) M.
((G,B)M (H,C));

4) (FA)U, (F,A) = (F,A);

) (F,A)U, (G,B) = (G,B) L, (F,A);

©) ((F,A) Ue (G,B)) Ue (H,C) = (F,A) L

((G,B)U, (H,C)).

Definition 4.4>7 The restricted intersection of two
interval soft sets (F,A) and (G,B) over a universe
U is the interval soft set (H,C) = (F,A) N, (G,B),
where C = ANB and for all e € C, H(e) = F(e) M
G(e).

Definition 4.5 27 The restricted union of two inter-
val soft sets (F,A) and (G,B) over a universe U is
the interval soft set (H,C) = (F,A) U, (G, B), where
C=ANB#@andforallecC,H(e)=F(e)UG(e).

Theorem 4.6>” Let (F,A),(G,B) and (H,C) be in-
terval soft sets over the same universe U. Then

(1) (F,A)N, (F,A) = (F,A);

(2) (F,A)N,(G,B)=(G,B)N,(F,A);

(
(3) E( 7A) r (GvB)) Fr (H,C) = (FaA) [y

F
(G,B)M. (H,C));
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@) (F,A)U, (FA) = (FA);
) (FaA) Uy (GvB) = (GvB) Uy (F7A);

(©) ((F,A)
((G,B)

U, (G,B)) U, (H,C) = (FA) U,
U

- (H,C)).

For interval sets, operations M and LI satisfy com-
mutativity, associativity, idempotent and absorption
(see 2%2%). Using these properties, we can get fol-
lowing results.

Theorem 4.7 Let (F,A) and (G,B) be interval soft
sets over the same universe U. Then

() (F,A)U, (G,B))N,(F,A) = (F,A);
(2 ((F,A)N,(G,B)) L. (F,A) = (F,A).

Proof. (1) Suppose that (F,A) L, (G,B) = (H,AUB)
and ((F,A)U, (G,B))N,(F,A) = (K,(AUB)NA) =
(K,A). Foralle € A,

(a)if e € B, then K(e) = H(e)MF(e) = (F(e)U
Gle))MF(e) = F(e):

(b) if e ¢ B, then K(e) = H(e) M F(e) = F(e) M
F(e) =F(e);

Therefore, ((F,A) LU, (G,B)) M, (F,A) = (F,A).

(2) Suppose that (F,A) M, (G,B) = (H,ANB)
and ((F,A) 11, (G,B)) U (F,A) = (K, (AN B)UA) =
(K,A). Foralle € A,

(a)if e € B, then K(e) = H(e) UF (e) = (F(e)M
G(e))UF(e) =F(e);

(b) if e ¢ B, then e ¢ ANB. By Definition 4.2,
K(e) =F(e).

Therefore, ((F,A)M,(G,B))U, (F,A) = (F,A). O

The above theorem shows that the absorption law
with respect to operations L, and M, holds. Similar-
ly, we can get that the absorption law with respect
to operations LI, and M, holds as following theorem
(the proof is omitted).

Theorem 4.8 Let (F,A) and (G,B) be interval soft
sets over the same universe U. Then

() (F,A)U,(G,B))MN, (F,A) = (F,A);

(2 ((F,A)1(G,B)) U, (F,A) = (F,A). o

In follows, the set of all interval soft sets over
the universe U and the parameter set E is denote by
IS(U,E):

IS(U,E)={(F,A)|ACE,F:A—12Y)}. 4

Theorem 4.9 Let U be an universe set and E a set of
parameters. Then

(1) (IS(U,E),U,,,) is a distributive lattice.

(2) Denote by <; the order relation in lattice
(IS(U,E),U,,N,). For all (F,A),(G,B) €
IS(U,E), (F,A) <; (G,B) <= A C B and
F(e)CEG(e)foralle € E.

Proof. (1) From Theorem 4.3, 4.6 and 4.7, we get
that (IS(U,E),U,,,) is a lattice. We show that the
following distributive law holds:

(F,A) U, ((G,B) N, (H,C)) =
(G.B))1, ((FA)L, (H,C)).
where (F,A),(G,B),(H,C) € IS(U,E). Suppose
that

(FvA) Le ((G’B) [y (ch)) = (KvAU (BOC)),

((F,A) U (G,B)) M, ((F,A) L (H,C)) = (L,AU
(BNC)).

Forany e € AU(BNC),

(a)if e ¢ A, then e € Band e € C. Thus, K(e) =
G(e)MH(e) = L(e).

(b) if e € A,e ¢ B,e ¢ C, then K(e) = F(e) =
F(e)MF(e)=L(e).

(c)if ec Aje € Bie ¢ C, then K(e) = F(e) =
(F(e)UG(e))F(e)=L(e).

(d)if ec A,e ¢ B,e € C, then K(e) = F(e) =
F(e)M(F(e)UH(e)) = L(e).

(e) if e € Aje € B,e € C, then K(e) = F(e) U
(G(e)MH(e)) = (F(e) L G(e)) M (F(e) UH(e)) =
L(e).

Therefore, the distributive law holds, this means
that (IS(U,E),LU,,,) is a distributive lattice.

(2) Assume that (F,A) <; (G,B). Then (F,A) L,
(G,B) = (G,B). By the definition of Ll,, we have
AUB = B,(Ve € E)F(e) UG(e) = G(e). Hence,
ACBand F(e) C G(e) foralle € E.

Conversely, assume that A C B and F(e) C G(e)
for all e € E. By the definition of Ll,, we get that
(F,A) U, (G,B) = (G,B), it follows that (F,A) <;
(G,B). O

(F,A) U,
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Theorem 4.10 Let U be an universe set and E a set
of parameters. Then

(F,A) U ((G,B) M. (H,C)) =
(G.B)) N, ((F.A) L, (H,C)),
where (F,A),(G,B),(H,C) € IS(U,E).

(F,A) U,

Proof. Suppose that
(F,A)U,((G,B)N, (H,C)) = (K,AN(BU
((F,A)U, (G,B)) N ((F,A) U, (H,C)) =
(BUC)).
For any e € AN (BUC), we have e € A and e €
(BUC).

0)),
(L,AN

( ga) if e¢ Bye ¢ C, then K(¢) = F(e) UH(e) =
L(e).

(b) if e € B,e ¢ C, then K(e) = F(e) UG(e) =
L(e).

(c) if e € B,e € C, then K(e) = F(e) U (G(e) M
H(e)) = (F(e)UG(e)) 1 (F(e) UH(e)) = Le).

Therefore, (F,A) U, ((G,B) M, (H,C)) =
(F.A)L, (G.B) M. ((FA) L (H.C)). O

By Theorem 4.3, 4.6, 4.8 and 4.10, we can get
another lattice structure of interval soft sets.

Theorem 4.11 Let U be an universe set and E a set
of parameters. Then

(1) (IS(U,E),U,,,) is a distributive lattice.

(2) Denote by <, the order relation in lattice
(IS(U,E),U,,M,).  For all (F,A),(G,B) €
IS(U,E), (F,A) <2 (G,B) <= B C A and
F(e) C G(e) forall e € B.

Proof. It is similar to Theorem 4.9. O

5. Soft equality relation and quotient algebras

Definition 5.1 Let (F,A), (G, B) be two interval soft
sets over the universe U and the parameter set E.
(F,A) is called I-type soft equal to (G,B) denoted
by (F,A) ~; (G,B), if for all e € AUB,

e € ANB implies F(e) = G(e);
e € A—Bimplies F (e) = (2, D];
e € B—A implies G(e) = [@, D).

On Interval Soft Sets with Applications

Example 5.2 LetU = {hl,hz,h3,h4,h5,h6} and E =
{61,62,63,64,65}. Putting A = {61,62763,64},3 =
{e1,e2,e3},C = {e1,e2,e3,e5} and

F(e1) =G(e1) = H(e1) = [{ha}, {h2, ha}],
(e2) = G(e2) = H(ez) = [{m },{h1,13}],
F(e3) = G(e3) = H(e3) = [{h3,ha},{h3,ha}],
F(e4) = [2,9],
H(E) U,U].

Then (F,A) ~; (G,B). Obviously, (F,A) ~; (H,C)

(F,A) =~
and (G,B) =~ (H,C) are not true.

Theorem 5.3 =~; is an equivalence relation on
IS(U,E).

Proof. It is easy to verify that ~ is reflexive and
symmetric.

Suppose that (F,A) =
(H,C). Foralle e AUC,

Case l: e€ ANC. If ec B, thene € ANB and
e € BNC, it follows that F(e) = G(e) = H(e); if
e ¢ B, thene € A— B and e € C — B, it follows that
F(e)=[2,2]=H(e).

Case 2: e € A—C. It follows that e € A and
e¢C. Ifec B,thenec ANB and e € B—C, so
F(e) =G(e) = [@,9]; if e ¢ B, then e € A — B, so
F(e) =[2,2].

Case 3: e € C—A. It follows that e € C and
e¢ A IfecB,thenec BNCand e € B—A, so
H(e) = G(e) = [2,9]; if e ¢ B, then e € C — B, so
H(e) = [2,2].

This means that ~ is transitive. Therefore, =~
is an equivalence relation on IS(U,E). O

(G,B) and (G,B) =~

Theorem 5.4 =~ is a congruence relation with re-
spect to operations L, and M,. That is, if (F,A) ~
(G,B) and (H,C) =~ (L,D), then

(1) (F,A)Ue
2 (F,A)N,

(H,C) =~ (G,B) U, (L,D).

(H,C) =~ (G,B)N,(L,D).

Proof. (1) Suppose that (F,A)Ll, (H,C) = (M,AU
C),(G,B)U, (L,D) = (N,BUD). Forall e € (AU
C)U(BUD),

Case l: e€ (AUC)N(BUD). Thatis, e € (AUC)
and e € (BUD). Without loss of generality, we sup-
pose thate € A and e € D.
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IfeecBandeeC,thenee ANBandec CND. It
follows that F(e) = G(e),H(e) = L(e), thus M(e) =
F(e)UH(e) =G(e)UL(e) =N(e).

Ife¢Bandec C,thenec A—Bandec CND.
It follows that F(e) = [&,2],H(e) = L(e), thus
M(e) =F(e)UH(e)=H(e) =L(e) =N(e).

If ec Band e ¢ C, then e € ANB and e €
D —C. Tt follows that F(e) = G(e),L(e) = [@, 2],
thus M(e) = F(e) = G(e) = G(e) UL(e) = N(e).

Ife¢Bande¢ C,thenec A—Bandec D—C.
It follows that F(e) = [@,2],L(e) = |2, 2], thus
M(e)=F(e)=[2,0] =L(e) =N(e).

Case 2: e€ (AUC)— (BUD). Thatis, e €
(AUC),e¢ Band e ¢ D.

IfecAandecC,thenec A—Bandec C—D.
It follows that F(e) = H(e) = [&, 2], thus M(e) =
F(e)UH(e) =[2,2].

Ifec Aande ¢ C, then e € A— B. It follows that
F(e) =[2,2], thus M(e) = F(e) = [, 2].

If e ¢ Aand e € C, then e € C — D. It follows that
H(e) = [@,2], thus M(e) = H(e) = [, 2)].

Case 3: e€ (BUD)—(AUC). We can get
N(e) = [@, D] (the proof is similar to Case 2).

Therefore, (F,A) L, (H,C) =1 (G,B) U, (L,D).

(2) Suppose that (F,A) M, (H,C) = (S,AN
C),(G,B)N, (L,D) = (T,BND). Forall e € (AN
C)U(BND),

Case l: e (ANC)N(BND). Thatis, e € (ANB)
and e € CND. It follows that F(e) = G(e),H(e) =
L(e), thus S(e) =F(e)MH(e) =G(e)ML(e) =T (e).

Case2: e€ (ANC)— (BND). Thatis,e € A,e €
Cande ¢ (BND). It follows that e ¢ Bor e ¢ D).

If e ¢ B, then e € A— B and hence F (e) = [, D).
It follows that S(e) = F(e)MH(e) = [@, D].

If e ¢ D, then e € C—D and hence H(e) = [&, 2.
It follows that S(e) = F(e)MH(e) = (2, 9].

Case 3: e (BND)—(ANC). We can get
T (e) = [@, 2] (the proof is similar to Case 2).

Therefore, (F,A) N, (H,C) ~; (G,B) N, (L,D).
]

Let (F,A)~, = {(G,B) | (G,B) ~; (F,A)} be
the congruence class and IS(U,E)/ == {(F,A)~, |
(F,A) € IS(U,E)}. We define operations U; and M,
on IS(U,E)/ = as follows:

(FaA)%1 Uy (G?B)ﬁl = ((F7A) Le (G>B))%1' (5)

(FﬂA)M My (G7B)%1 = ((FvA) r (G’B))%l' 6)

By Theorem 5.4 we know that these operations are
well defined. We call (IS(U,E)/ ~1,U;,M; ) the soft
quotient algebra with respect to /| over the universe
U and the parameter set £. By Theorem 4.9 and
applying the related results in universal algebra (see
26). we can get following theorem (the proof is omit-
ted).

Theorem 5.5 The soft quotient algebra
(IS(U,E)/ ~1,U;,mM) is a distributive lattice. [

The above soft equality relation and soft quo-
tient algebra are based on the operations LI, and I1,..
Similarly, we can establish another quotient algebra
structures based on the operations LI, and ,. We list
related concepts and results in the end of this section
and omit the proofs.

Definition 5.6 Let (F,A), (G, B) be two interval soft
sets over the universe U and the parameter set E.
(F,A) is called II-type soft equal to (G,B) denoted
by (F,A) ~;, (G,B), if foralle € AUB,

e € ANB implies F(e) = G(e);

e € A—Bimplies F(e) = [U,U];

e € B—A implies G(e) = [U,U].

For Example 5.2, we have (G,B) ~, (H,C).

Theorem 5.7 ~, is an equivalence relation on
IS(U,E).

Theorem 5.8 ~, is a congruence relation with re-
spect to operations L, and M,. That is, if (F,A) ~;
(G,B) and (H,C) =, (L,D), then

(1) (FaA) Uy (H7C) ) (G7B) Ly (LaD)
(2) (F,A)N,(H,C) =, (G,B)MN, (L,D).

Let (FA)~, = {(G,B) | (G,B) ~» (F.A)} be
the congruence class and IS(U,E)/ ~,= {(F,A)~, |

(F,A) € IS(U,E)}. We define operations U, and M
on IS(U,E)/ =, as follows:

(FaA)Nz U (G’B)ﬁz ((FaA) Uy (G’B))NZ' (7)

(F>A)%2 M2 (GaB)zz

((F,A)Me (G,B))x,- (8)
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We call (IS(U,E)/ ~2,U,,M,) the II-type soft quo-
tient algebra with respect to ~, over the universe U
and the parameter set E.

Theorem 5.9 The II-type soft quotient algebra
(IS(U,E)/ ~,,U,,My) is a distributive lattice. [

Finally, we discuss the application of soft equal-
ity relations to preconditioning of decision making.

Example 5.10 Let U be the set of houses under con-
sideration, suppose U = {hy,hy,h3,hs,hs,he}. E; is
the set of parameters, each parameters is a word or a
sentence, suppose E; = {e;(beautiful), e;(wooden),
e3(cheap), e4(in the green surroundings), e5(in good
repair), eg(expensive) }. Putting

{ha},{h2, ha}],

{m}{h1, b3}l

{h3,ha}, {h3,ha}],

{hs},{h,h3,hs}],

{h4} {1, ha, he ],
, 2.

Then (G,E)) is an interval soft set over U. Com-
pared with interval soft set (F, E) in Example 2.6, we
know that (G,E;) =, (F,E). Since G(es) = |2, 2],
this means that all of houses under consideration are
not expensive, therefore, e is not considered in the
decision problem to select houses.

G(e)) =
G(e2) =
G(es) =
(e4) =
(es) =
(

es

G
G
Gles) =

By the above example, we give the following de-
cision method by using soft set (G,E):

Step 1: from (G, E)), delete the parameters (at-
tributes) whose valued are always [0, 0] in the I-type
tabular representation of (G,E)), obtain a new in-
terval soft set (F,E) such that (G,E;) =~ (F,E) and
E C Ey;

Step 2: for interval soft set (F,E), apply the al-
gorithms in Section 3.

This means that the soft equality relation = is ap-
plied to preconditioning of decision making.

Similarly, the soft equality relation ~; can be ap-
plied to preconditioning of decision making, there-
fore, the above decision method can be extended to
following general method by using soft set (H, E,):

On Interval Soft Sets with Applications

Step 1: from (H,E,), delete the parameters (at-
tributes) whose valued are always [1, 1] in the I-type
tabular representation of (H, E,), obtain a new inter-
val soft set (G, E;) such that (H,E,) ~ (G,E;) and
E| C Ey;

Step 2: from (G,E)), delete the parameters (at-
tributes) whose valued are always [0, 0] in the I-type
tabular representation of (G, E| ), obtain another new
interval soft set (F,E) such that (G,E;) ~; (F,E)
and E C Eq;

Step 3: for interval soft set (F,E), apply the al-
gorithms in Section 3.

Example 5.11 Let U be the set of houses under con-
sideration, suppose U = {hy,ha,h3,ha,hs,he}. E is
the set of parameters, each parameters is a word or a
sentence, suppose E» = {ej(beautiful), ex(wooden),
es(cheap), e4(in the green surroundings), es(in good
repair), eg(expensive), e7(modern) }. Putting

H(ey) = [{m},{h2,ha}],

[
H(e2) = [{m},{h1,h3}],
H(es) = [{h3,ha},{h3, ha}],
H(es) = [{hs},{h,h3,hs}],
H(es) = [{ha},{h1,ha,he}],
H(es) = [2, 2],
H(e7) =[U,U].

Then (H,E») is an interval soft set over U. Com-
pared with interval soft set (G,E;) in Example 5.10,
we know that (H,E;) ~, (G,E;). Since G(e7) =
[U, U], this means that all of houses under consider-
ation are modern, therefore, e7 is not considered in
the decision problem to select houses, we can apply
the above general decision method by using soft set
(H,E,) (from Step 1 to Step 3).

6. Summary

Interval sets provide a new means for representing
partially known concepts or for approximating unde-
finable concepts or complex concepts. The soft set
theory is also a new mathematical tool for dealing
with uncertainties that is free form the difficulties
that have troubled the usual theoretical approaches.
In order to better play the role of these two math-
ematical tools, we proposed a new concept of in-
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terval soft set. The paper illustrate the tabular rep-
resentation of interval soft sets, apply the interval
soft sets to solve a decision making problem, and
show that interval soft sets have more flexibility in
the expression of uncertainty compared to soft sets.
As a basic theoretical research of interval soft sets,
we investigate some operations of interval soft sets
and construct some lattice structures. Moreover, we
introduce the notion of soft equality (I-type and II-
type)in interval soft set theory and establish quotient
algebra by soft equality relation. Finally, by some
examples, we discuss the preconditioning method of
decision making by using soft equality relations. In
future, we will study the interval soft sets combining
with fuzzy sets, rough sets and (intuitionistic) fuzzy
rough sets (see 28).
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