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Abstract

With the rapid development of network technology, especially in the internet area, distributed computation and
parallel processing of data are urgently needed. This paper studies the combination operation of the lattice-valued
concept lattices to realize its distributed computation and parallel processing. The proposal of its corresponding
combination algorithm is mainly according to the conjunction properties of incomparable attribute values. Firstly,
we define a homotypic lattice-valued concept lattice and a combined concept lattice; secondly, we analyze some
relations between the lattice-valued formal concepts under two conditions and prove the isomorphism of the
combination theory; finally, we present the combination algorithm of multiple lattice-valued concept lattices and
analyze the algorithm complexity and employ an example to show the application of this combination algorithm.
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1. Introduction

Formal concept analysis (FCA) was proposed by Wille in
1982, and its ideological core is to construct the binary
relation between objects and attributes based on the
bivalent logic [1-3]. The basic setting is well-suited for
attributes which are crisp, i.e., each object of the domain
of applicability of the attribute either has (1) or does not
have (0) the attribute. However, in most cases, many
attributes are fuzzy rather than crisp. That is to say, it is a
matter of degree to which an object has a fuzzy attribute.

For instance, when asking whether a man with a height of

182 cm is tall, one probably gets an answer like “not
absolutely tall but almost tall”. If according to the fuzzy
logic, we can say that a man with a height of 182 cm is
tall to a degree, say, 0.8. So, the entries of a table
describing objects and attributes become degrees from
[0,1]. As a conceptual clustering method, concept lattices
and fuzzy concept lattices have been applied in many
fields, e.g., conceptual clustering method [4,5],
information retrieval and knowledge discovery [6].
However, there is another way to characterize such
fuzzy information. The way is based on the lattice

implication algebra considering the modifiers “almost,
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rather, very, absolutely, etc.” as its elements. A favorite
choice of L is the set of modifiers instead of values from
[0,1]. Doing so, the entries of a table describing objects
and attributes become the modifiers from L. Namely, one
can consider a table with modifiers from L a
lattice-valued context and the structures which result this
way are called the lattice-valued concept lattices and its
related theories have been studied in our previous work
[7-10]. The key point different from the general fuzzy
concept lattices is that the range of values achieved
directly by the lattice-valued concept lattice is not a unit
interval [0,1] but a complete lattice structure, on which
both incomparability and fuzzy information can be dealt
with very well.

Whether the classical and fuzzy concept lattices or

the lattice-valued concept lattices, the prerequisite for

their applications is to construct the appropriate structures.

In the practical construction process, it is inevitable to
perform the complex calculations, so that the high
requirements put forward for precision and real time.
Especially for a large scale formal context, the present
algorithms of constructing concept lattices can not
effectively decrease the time complexity. Under such
situation, more and more researchers tend to use parallel
and distributed store techniques to build the concept
lattice, whose idea is to firstly decompose the formal
context into many sub-contexts and construct the
corresponding sub-lattices, then obtain the final concept
lattice by combining these sub-lattices, i.e., the
decomposition and combination operations on concept
lattices. Through the decomposition operation, the formal
context can be transformed from the more complex into
relatively simpler, which can reduce the computation
steps and improve the speed of construction; and through
the combination operation, the finally complete concept
lattice can be easily obtained by combining these simpler
sub-lattices. As the core content about the combination
algorithms, many horizontal combination algorithms and
vertical combination algorithms of classical concept

lattices have emerged [11-13, which indeed improved the

construction efficiency.

However, the above on combination operations are
not involved to the fuzzy concept lattice, the major reason
is that, for quite a long time, people are used to
transforming the fuzzy concept lattice into the classical
concept lattice through the threshold values [14] designed
for solving fuzzy problems, which limits the development
of the fuzzy concept lattice. And due to the fact that the
lattice-valued concept lattice has mathematical properties,
it is inevitable to research the combination algorithms of
multiple lattice-valued concept lattices, which is an
effectively basic approach for researching the distributed
computation and parallel processing of the lattice-valued
concept lattice.

This paper presents a combination algorithm of
multiple lattice-valued concept lattices according to the
conjunction properties among attribute values derived
from the lattice implication algebra. In Section 2, an
overview of the classical concept lattice and the lattice
implication algebra is given. In Section 3, the related
works of the lattice-valued concept lattice are briefly
summarized. The definitions of homotypic lattice-valued
context and homotypic lattice-valued concept lattice are
proposed in Section 4. The combined context and the
combined concept lattice are defined. In order to merge
the needs for combining the multiple lattice-valued
concept lattices, we discuss the relationship between the
different formal concepts generated respectively from the
same and the different formal contexts in detail. In
addition, the important conclusion is obtained: the
lattice-valued concept lattice derived from the
combination of multiple formal sub-contexts is proved
isomorphic to the combination of multiple lattice-valued
sub-lattices derived from these formal sub-contexts.
Finally, the feasibility and effectiveness of this
and further

demonstrated through an example. Concluding remarks

combination algorithm are analyzed

are presented in Section 5.
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2. Concept lattice and lattice implication algebra

In this section, we briefly review the classical concept
lattices and the lattice implication algebra which are the

foundations of the lattice-valued concept lattice.

Definition 2.1 ( [15] ) A partial ordered set is a set in
which a binary relation< is defined, which satisfies the
following conditions: for any X, Y,z ,

(1) x<x,forany x (Reflexive),

(2) x<yandy<XximpliesXx=Yy (Antisymmetry ),

(3) x<yandy<zimpliesXx <z ( Transitivity ).
Definition 2.2 ([1] ) A formal context is defined as a set
structure (G,M,I) consisting of sets G and M and a

binary relation | € GxM . The elements of G and M are

called objects and attributes, respectively, and the
relationship glm is read: the object g has the attribute m.

For a set of objects Ac G, and a set of attributesBc M

A" is defined as the set of attributes common to the

objects in A, B"is defined as the set of objects that
posses all the attributes in B , that is,

A"={meM|gimvge A} B"={geG|gimVmeB}.
Definition 2.3 ( [1] ) A formal concept of the context
(G,M,1) is defined as a pair (A B) with AcG ,
BcM and A"=B,B"=A. The set A is called the
extent and B the intent of the concept(A, B) .

Example 2.1 A formal context and its Hasse diagram of
the concept lattice are depicted as Table 1 and Fig. 1,

Table 1. A formal context(G,M, 1)

a b c d e
1 1 1 (0] (0] 1
2 1 [0} 0 (0] 1
3 (o) 1 1 1 (0]
4 (0] (0] 1 (0] 1
(12349 }
{13,b} (34,c} {124¢}
{3,bcd } {4,ce} {12,2e |
\pabe }
{#,abcde }

Fig. 1 Hasse diagram of concept lattice

A combination algorithm of multiple lattice-valued concept lattice

Definition 2.4 ( [16,17] ) Let(L,A,v,0,1)be a bounded

lattice with an order-reversing involution'.| and O are
the greatest and the smallest element of L, respectively.
—>:LxL—>Lis a mapping. If for anyX,y,ze L, the

following conditions hold:

1) x=>((->2)=y->x—>12);

2) x>x=1;

(B) xoy=y ->x;

(4) x>y=y—>x=I1impliesx=Y;

(3 X=>y)=>y=(y->x)—>X;

6). Xvy)>z=X—>2)A(Yy—>12);

(7). XAy)>z=(X>12)v(y—>12).

Then (L,A,v,",—,0,1) is called a lattice implication
algebra.

Example 2.2 Let L;={0,a,b,c,d,l}be a partial ordered

set depicted as Fig.2, the operations A and v are defined
as:
Xvy=(X->Yy)>Y,
xXAy=((X'>y)->y').
and — is defined as Table 2, and ' is defined as:
I'=0,0'=1, a’'=c, ¢'=a,b’'=d, d'=b.
Then (L4, A,v,",—,0,1)is a lattice implication algebra.

0

Fig. 2 Hasse diagram of L¢={O,a,b,c,d,I}

Table 2. Implication operation of L, = {O,a,b,c,d, | }

RN o] a b c d |
0 | | | | | |
a c | b c b 1
b d a | b a |
c a a I I a |
d b | I b | |
| 6] a b c d |

BCK-algebra, MV-algebra, MTL-algebra, residuated
lattice, R, -algebra, and lattice implication algebra are all

related to logic. The following theorems are mainly
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devoted to the discussion of relations between lattice
implication algebra and the other algebras.
Theorem 2.1 Let (L,A,v,,—,0,1) be a lattice
implication algebra, if define x®y=(x — y’)l , then
(L,®,—)is a residuated lattice.

Theorem 2.2 Let (L,A,v,,—,0,1) be a
implication algebra. If define x*y=y— x for any

lattice

x,yel,

then (L,* &) is a bounded commutative BCK-algebra
with e=0,0=1.

if (X)=xand (X—>Yy)>y=(y—>X)—>Xx , then

(L,A,Vv,",—,0,1) is a lattice implication algebra.

Theorem 2.3 Let (L,A,v,,—,0,1) be a

implication algebra, define operations*, + and -onL as

lattice

follows: forany X,y € L,
X' =x;
X+y=x"—>y;
X-y=(x->Yy),
then (L,+,-*,0,1)is an MV -algebra.
Theorem 2.4 Let (L,+,-,*0,l) be an MV -algebra,

define a binary operation — and a unary operation
'on L as follows: forany x,y e L,

X>y=X"+Yy;
X'=x",
then (L,A,v,",—,0,1)is a lattice implication algebra.
Theorem 2.5 Let (L,A,v,,—,0,1) be a lattice
x,yelL , if define
(Liv,A,®,—,0,1) is a

implication algebra, for any
X®y=(x—>Yy) , then

MTL-algebra.

Theorem 2.6 Let(L,v,A,®,—,0,1)is a MTL-algebra,
for any X € L define:

X'=x—>0,
if (xX)Y=xand (X—>y)—>y=(y—>X)—>x , then
(L,A,Vv,",—,0,1) is a lattice implication algebra.

Theorem 2.7 Let (L,A,v,,—,0,1) be a lattice
implication  algebra, for any x,yeL , if
X=>yVv((x=>y)>Xvy)=1 , then

(L,A,v,',—>,0,1) isaa R;-algebra.

Theorem 2.8 Let(L,v,A,®,—,0,1)is a R, -algebra, for
any x,yelL , if (Xx>y)>y=(y—>X)>x , then

(L,A,v,",—,0,1) is alattice implication algebra.

3. Lattice-valued concept lattice

Main theorem of L-concept lattice has two versions, the
first one deals with the ordinary partial order on formal
concepts. The second one deals with a fuzzy order on
formal concepts. The L-Fuzzy concept theory has

developed in [18,19], which selects L a support set of

some structure L :<L,---> as the scale of truth degrees.

This paper selects a lattice implication algebra as the
values range to construct the lattice-valued concept lattice.
Based on the logical foundation, we can deal with not
only the fuzziness and incomparability associated with
the object itself, but also the uncertainty involved within
the course of the object being processed as well. It is
totally different from the fuzzy concept lattice. Its
ideological core is to construct a lattice-valued fuzzy
relation between objects and attributes. In this section, the
definition of the lattice-valued concept lattice and its

properties are presented.

Definition 3.1 A four-tuple K = (G,M, L, ) is called a
lattice-valued formal context, where G =1{0,,9,,*-,0,}
is the set of objects, M ={m;,m,,---,m;} 1is the set of
attributes, L, is an n-ary lattice implication algebra, lisa
relation between G and M , i.e., [ :GxM — L, .

Similar to the definition of L-fuzzy set in [18], we
have the following instructions:

Let G be a non-empty set of object and
(Ly,Vv,A,',—>) an n-ary lattice implication algebra.

Denote the set of all the L, -fuzzy subsets onG as LS,
VAL A ey, A C A S AG)SAQ), for allgeG,

then (Lﬁ ,C) is a partial ordered set.

Let M be a non-empty set of attribute and
(Ly,V,A,',—>) an n-ary lattice implication algebra.

Denote the set of all the L, -fuzzy subsets on M as LY ,

VB,,B, e LM ,B, € B, < B,(M) < B,(m), forallme M,
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then (Ln'vI ,C) is a partial ordered set.

According to [20-22], we can give the following
theorem. The form of the two mappings in Theorem 3.1
is the same with the one in [20-22], but the operators are
derived from the lattice implication algebra, which is not

the same.

Theorem 3.1 Let K =(G,M,L,,I) be a lattice-valued

formal context, L, be an n-ary lattice implication

algebra, f ,hare two mappings between Lﬁ and Ln’vI
defined as,
f:18 LY
f(A)m) = A (A@) > T(g.m)
h:LM 18
h(B)(9)= A (B(m)—> [(g,m)
Then (f,h)is a Galois connection based on the lattice
implication algebra.
Proof. Foranyg € G,
Ach(B) = A(g)< A (B(M) — [(g,m))
< A(g) < B(m) - I(g,m)
= A(g) > (B(m) - I(g,m) =1
< B(m) - (A(@) — 1(g,m) =1
< B(m)< A(g) - I(g,m)
= BM)< A (A@) > T(g.m)
< Bc f(A).

So (f,h) is a Galois connection based on the lattice
implication algebra.

Definition 3.2 A lattice-valued formal concept of
K=(G,M,L,,l) is defined as a pair (A,B) with
Acl®, BelY and f(A)=B , h(B)=A . For any
ALA el® , B,,B, e LM , define
(ALB)<(A.,B,) = A cA(orB,cB)) and the set
L(K)={(A.B)|f(A)=B,h(B)=A} is called the

lattice-valued concept lattice.

Example 3.1 Let us consider the lattice-valued formal
context (G,M,Lﬁ,f) depicted in Table 3, where

G={0,,0,} .M ={m,m,,m;,m,}, the attribute values

A combination algorithm of multiple lattice-valued concept lattice

are some linguistic values, such as: best, better,
somewhat good, worst, worse, somewhat bad.

Table 3. A lattice-valued formal context (G, M, L, f)

| ml m2 m3 m4

0. somewhatbad worse somewhatgond better

9> worst better pest  somewhat good

For the linguistic values in Table 3, we denote:
| = best, O = worst, a = somewhat bad, b = better, ¢ =
somewhat good, d = worse. Then Table 3 can be written
as the following Table 4. And in these linguistic values,
there exist some incomparable values, so they can be
established into a lattice implication algebra L, whose

Hasse diagram is depicted in Fig 2:

Table 4. A lattice-valued formal context

i m, m, m, my
a, a d Cc
92 (0] b | c

Theorem 3.2 Let K=(G,M,L,, I) be a lattice-valued
formal context, and (f,h) the Galois connection, for
any A,A,,Acl®, B,,B,,Bell , there are the
following properties:
() AcA=T(A)Sf(A),

B, =B, =h(B,)ch(B));
(2) Acht(A), Bc th(B);
(3) f(A)=thf(A), g(B)=hfh(B);

Proof. (1) For any Al,AzeLﬁ, geG,meM
Ach
= A(9) < A(9)

= Ay (9) > T(g.m < A(9) > T(g.m)
= r(A@-Tem)< A (AQ) - ig.m)
= f(A)M) < f(A)m), forany meM
So, AcA=Tf(A)c f(A):;
B, = B, = h(B,) c h(B,) can be proved similarly.
(2) Forany Ae Lﬁ ,and Vg; €G,
hf (A)(9;)

= /\M(f(A)(mj)_) I~(gi’mi))

ij
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= A (/\G<A(gk)_>r(gkamj))_)r(gi’mi)j

m;eM \ gy e

= A v ((AGO = T(@em)) > T(gi.m))

m;eM g, <G
> A(Gi)
So, Achf(A);
B < fh(B) can be proved similarly.
(3) For any Ae Lf , firstly, by (1) and (2),
Achf(A)= fthf(A)c f(A), secondly, Vm; eM,
fhf (A)(m;)

= A (hf (A — T(gi.m)))

= A ( A (f(A)(mk)%r(giﬂmk))_)r(giamj))

g;eG\ m eM

= A v ((FAm) - T(gi,mo)) - T(gi.m)))

g;€G mceM
= f(A)(m;),
it follows that, f(A)c fhf(A).
So, f(A)= fhf(A);
h(B) = hfh(B) can be proved similarly.

4. A combination algorithm of multiple lattice-valued
concept lattices

Concept lattice provide a theoretical framework for the
design and discovery of concept hierarchies from
relational information systems and the structure of every
concept lattice is corresponding one by one with its
formal context, so the distributed treatment of concept
lattices certainly relates to some operations such as the

decomposition and combination of formal context.

4.1 Theoretical foundation for the combination

operation

Definition 41 Let K, =(G,M,L,.l;) and
K, =(G,,M,,L,,I,) be lattice-valued formal contexts. If
G,=G,,M,; =M, , I, #1,. Then K, and K, are called
homotypic lattice-valued formal contexts and L(K;)

and L(K,)are called homotypic lattice-valued concept
lattices.

Definition 42 Let K =(G,M,L,,I),K, =(G,M,L,,1I,)

and K, =(G,M,L,,I,) be homotypic lattice-valued
formal contexts. If T = |~1 A fz, ie, VgeG, meM,

i(g,m)=0,(g,m)Al,(g,m) . Then K is called a
combined formal context of K, and K,, denoted as
K=K, AK,.

Definition 4.3 Let K =(G,M,L,, ) be a lattice-valued
formal context, and L(K) be the lattice-valued concept
lattice. VC; = (A, B;),C;j = (A}, Bj) e L(K),

(1) GCjis said to be more thanC;, denoted as C; > C;, if
A o A (or equivalent B; o B;);

(2) GCjis said to be incomparable with C;, denoted
asCj »Cj,if A =~ Aj(orequivalent B; ~B;).

Definition 4.4 Let (Lf,g) be a partial ordered set, for
any A, Aj € LS, Aj is called a covering object set of A,
denoted by A < A;, if A cA; andthereno A e LS
exists such that A = A, c A;.

Definition 4.5 Let (L?,/I ,C) be a partial ordered set, for
any B;,B; € M. B jis called a covering attribute set of
B, denoted by B;<Bj, if B;cBjand there no

B, € LM exists such that B; B, = B;.

Theorem 4.1 LetK :(G,M,Ln,f) be a lattice-valued
formal context, and L(K) the lattice-valued concept
lattice, VC = (A,B) € L(K),
(DIFIA <A, st (A, f(A))eL(K), then B=< f(A);
@I IA<A , st, (A f(A))eL(K) , then
A <h(T(A)).
Proof. (1) For any (AB),(A,f(A))eLK) ,
A<A=>AcA= (A T(A),ie, B T(A);
Suppose that 3B, e L’r\]/| , st, BeB,cf(A), by
Theorem 3.2 (1), we can get h( f(A )) ch(By)ch(B),
e, A c h(By) c A, this is in contradiction with A < A,
soB=< f(4).

(2) By the definition of Galois connection ( f,h) on

the formal context, we get

h(f(A))(9)
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= A (FAm - ig.m)

= A (Q/E\G(A(g)—) I~(g,m))—> f(g,m)j

meM
= el (A© > Te.m) > Tg.m)
A GICIAICRL)

N g\e/G(A‘(g)v(mQM f(g,m)))
> A(9)
That is to say, A <h(f(A)).
Suppose that JA e LS, st, A c A ch(f(A)),
by theorem 3.2 (D), we can get
f(h(f(A)))< f(A)< f(A), and further according

to theorem 3.2 (3), we can get

f(A)c f(A)cf(A), ie, f(A)=Ff(A), then
A=A, so, A=<h(f(A)).

Theorem 4.2 LetK =(G,M,L,,I) be a lattice-valued
formal context, and L(K) the lattice-valued concept
lattice, if V(A, f(A)) ¢ L(K), then 3 (A,B)eL(K)
and A <A,s.t,f(A)=B.

Proof. (A, f(A)) e L(K) = (h(f(A)). f(A))e LK)
by Theorem 4.1, and A <h(f(A)),so IA=h(f(A)),
st (A f(A))eL(K),ie, f(A)=B.

Definiton 4.6  Let K, =(G,M,L,.,I,) and

K, =(G,M,L,, fz) be lattice-valued homotypic formal
contexts, VC; = (A, B;) € LK) ,C; = (A}, Bj) e L(K;),
(1) C; is said to be homotypicly equal to C;, denoted as
Ci=Cj,if A=A

(2) C; is said to be homotypicly more thanC;, denoted
as G >Cj,if ADAj;

(3) G is said to be homotypicly coveringC;, denoted
as C; =Gy, if Aj<A;

(4) C; is said to be homotypicly incomparable withC;,
denotedas C; 2Cj,if AR A;

(5) C=(A,B)is said to be combined formal concept
of CjandC;, denoted as C=C; AC;, if A=AAA;,
B=BABj.

A combination algorithm of multiple lattice-valued concept lattice

Remark. By (1) and (2) of Definition 4.6, we will get the
conclusion:C; 2C;,if A D A;.

Definition 4.7 Let K=(G,M,L,,I) ,
Ki=@G,M,L,I) and K, =(G,M,L,, 1) be
lattice-valued homotypic formal contexts. L(K) ,

L(K,), L(K,)are the lattice-valued homotypic concept
lattices. L(K)is said to be a combined concept lattice of
L(K,) andL(K,), denoted by L(K)=L(K))AL(K,),
if VCelL(K) , 3C,eL(K,) and C,elL(K,), st,
C=C,AC,,andsatisfies C; ~C or C;=C, i=12.

Definition 48 Let K=(G,M,L,.I,) and

K, =(G,M,L,, I~2) be lattice-valued homotypic formal

contexts. K =(G,M,L,, I~) is the combined formal
context of K,andK,. Let L(K),L(K,),L(K,)be the
lattice-valued  homotypic  concept lattices and
L(K) = L(K)) A L(K,) , VC =(A,B) e L(K) ,
3C =(A.B)eL(K)) and C,=(A,By)el(K;) ,
s.t,C=C, AC,.

(1) Cis said to be the intent updating fuzzy concept of
C,andC,,ifC=C,orC=C,0orC =C, =C,;

(2) Cis said to be the newly added fuzzy concept of
C,andC,,ifC<C,andC <C,.

Theorem 43 Let K, =(G,M,L,,I,) and
K, =(G,M,L,.I,) be lattice-valued homotypic formal
contexts. L(K,),L(K,)are the lattice-valued homotypic

concept lattices. Then L(K,)AL(K,)=L(K, AK,).

Proof. Suppose that (f;,h,), (f,,h,)and (f,h) are the
on K, , K, and K,AK, ,
respectively. VC =(A,B) e L(K))AL(K,) ,
3C,=(A,B)eL(K)) , C,=(A,B)eL(K,) , st,
C=C,AC,, it follows that A=A AA, ,B=B AB,,
then AX A and AX A, , since (A,B)e L(K|)AL(K,),
we can get (A,B)¢L(K,) and (A,B)¢L(K,) . So
f,(A) =B, in the fuzzy context K, and f,(A) =B, in the
fuzzy context K, can be get by Theorem 4.2. In addition,
B(m) =(B, AB,)(m)

= (H,(A) A T, (A))(m)
(A(@) - Ty(g,m)) AQQG(A(g) - T,(g,m))

Galois  connections

AN
geG
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- Q/E\G(A(g) — (g, m)A |~2(g’m))

A GORIICR)

= f(A)(m)
Therefore, C =(A,B)eL(K, AK,).

Conversely, suppose that VC = (A,B) € L(K; AK,),
then we can get 3IC, =(A,B)eL(K,) ,
C,=(A,B))eL(K,) and satisfying C=<C, or
C=C,,CxC,orC=C,. It follows that, if C=<C, and
C=<C,,sinceC ¢ L(K,)andC ¢ L(K,), by Theorem 4.2,
we get f;(A)=B, in fuzzy contextK, and f,(A)=B, in
fuzzy context K, . In fuzzy context K, AK,, forme M,
B(m) = f (A)Ym)

= 2o (A@ > T(g.m)
= 2 (A@ > (T m AT g.m))

= 2o (A@ > Ti@m)a A (AQ) > Ty(g.m)
= f,(A(M) A f5(A)M)
= B, (m) A B, (M)
Therefore, B=B, AB,.
For C;=(A,B) =(h(fi(A), fi(A)),
C, =(A,By) = (h(f,(A)), f,(A)) and g € G,
(hl ( fl(A))/\ h, ( fz(A)))(g)

= A
meM

= A ( (A(g)vI](g,m>)AggG(A<g>vI}(g,m>)j

\%
meM \ geG

= A v ((A@viig.m)A(AQ)v I g.m))

meM g

= A v (A@V(Ti(g.m ATy (g.m))

meM geG

= A v (A@VI(g.m)

meM geG

_— [A (AQ) — f(g,m))»f(g,m))

meM \ geG

A (FAm) > T(g.m))

=h(f(A)(9)
=A(9)
Therefore, A= A A A, .

On the other hand, if C,=C and C,=C ,
then A= A = A, . It is obvious that C=C,; AC, . Hence
C=(AB)e L(K)AL(K,).

(fi(Am = Tig.m)a A (T(AmM) > T(g,m)

Klz(GlﬂMlaLnsrl) B
KZ :(GZSMZaLnarZ)a"'o Km :(GmaMmaLnarm)(mzz)

Corollary 4.1 Let

be lattice-valued homotypic formal contexts. L(K,),
L(K;,), -+, L(K,,) are the lattice-valued homotypic
concept lattices. Then

LK) A LK) A ALK, ) =LK AKy A AK )

4.2 Algorithm description and analysis

The basic idea of this combination algorithm is to

construct the formal concepts of every simple

lattice-valued concept lattice and combine them

according to the combination operation definition.
Algorithm: A combination algorithm of lattice-valued
concept lattice
Calculate the formal concepts Cj =(A;,B;) of K;,
i=12-,m;j=12- LK) LK) is the number
of formal concepts of L(K;) .
Input: the formal concepts of K, K, ==+, K, (m2=2).
Output: the formal concepts of K; A K, A=A K 2K
Begin

while (K, , K, ,=:, K, #® ) do

fori«1tomdo

for j 1 to|[L(K;)| do

Cij =Cj
forp<—1tomdo
if p#£ithen
for q <1 to||L(Kp)|| do
if Cpq =Cjthen
Cij =Cjj ACyq
endif;
ifCj < Cpq then
Cij =Cjj ACpq
endif;
endfor;
else
endfor;
else
endfor;
endfor;
endfor;

end;
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The time complexity of creating concept lattices is
the major factor in analyzing the complexity of the
algorithm, and computing the formal concepts plays the
key role in the whole process of constructing concept
lattices. Suppose the lattice-valued formal
context K =(G,M,L,,I), where G ={01,9,.,9,} >
M ={m,m,,---,m;}, r, s and n are the positive
integers, the time complexity of computing the formal
concepts is O(2rxn®).

Ifwelet M ={m;,m,,---,mg}
= {mp“‘smsl}U{msl+1""»msl+sz}
UeeUdmggoeamg o)

where s=5§+8)+--+S;, §,5,",S

>

p are also the

positive integers, and the combination algorithm is
executed on them, then the time complexity of
calculating the formal concepts is

O(2r><(nSl +n* +---+ns")) Because of

S
§1,8,,8, <S, we can get N% +N% +--4n" <<n®,

then O(2r><(nSl +n* +---+ns"))<< O(2rxn®), that is

to say, the complexity of this algorithm is significantly
decreased.

Example 4.1 Let us consider the lattice-valued concept
lattice K = (G, M, Lg, B depicted in Table 4, which can be
looked as the combined formal context of
K, =(G,M, L. 1)) and K, =(G,M, L, 1,) depicted in
Table 5 and Table 6:

Table 5. A lattice-valued formal context K, =(G,M, L, fl)

I m] mz m3 m4
9 a d | |
92 (e} b | |

Table 6. A lattice-valued formal context K, =(G,M, L, I~2)

i m, m, m; m,
g | | c b
92 | | | c

About Table 4, Table 5 and Table 6, we can get the
following relations:

G:GI:GQ:{gl,gz},

A combination algorithm of multiple lattice-valued concept lattice

M =M, =M, ={m,m,,my,m,},

f(m,g)=1,(mg)=1,(mg), so K, K, and K, are

lattice-valued

homotypic

formal  contexts and

K =K, AK, . Hence, the formal concepts of Table 4 can
be computed by Table 5 and Table 6.
The formal concepts of Table 5 and the Hasse

diagram of L(K,) are as Fig 3, in which,

C :({I,I},{O,d,l,l})
{a,a},{c,b,1,1})
fa,b},{d,b,1,1})
{d,b},{d,1,1,1})
{a,c},{a,b,1,1})
Cio = ({d,c},{a,1,1,1})
Cp, =({d,d}, {b.1,1,1})
Cy =({d,0},{1,1,1,1})

C,
C,
Co
Cy

(
(
(
(

C =({a,|},{O,b,I,I})
C, =({1,b},{d,d,1,1})
Cs =(ib,b},4d,a,1,1})
C, =({l.c},{a,d,1,1})
Cy =({b,c},{a,a,1,1})
C,, =({a,d},{b,b,1,1})
Cj =({a,O},{I,b,I,I})

Fig. 3 Hasse diagram of L(K))

The formal concepts of Table 6 and the Hasse

diagram of L(K,) are as Fig 4:

Cs
Cis Cig
Gy Cp
Co Cy
Cn

Fig. 4 Hasse diagram of L(K,)

Cis =({1,1},{1,1,c,c})
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Cy :({C,I},{I,I,I,C}) Clgz({l,b},{l,l,c,b})
Cio =({b,b},{1,1,b,b}) Cyo = ({c,b},{1,1,1,b})
C21 :({b,C},{l,l,b,l}) 022:({C,C},{|,|,|,|})

For convenient computation, we combine the Fig. 3

with Fig. 4 as Fig. 5 according to the relations of formal
concepts derived from the lattice-valued homotypic fuzzy

contexts:

Cy
Fig. 5 Hasse diagram of the combination of L(K;) and L(K,)
Through Fig. 5, we can compute the intent updating
formal concepts and the newly added formal concepts
according to the Definition 4.8. The formal concepts and
its Hasse diagram of L(K) are shown in Fig. 6:

Fig. 6 Hasse diagram of L(K)=L(K)) A L(K,)
Co =Cy ACis =({1,1},10,d,c,c})

C =C, ACjs =({a,1},{0,b,c,c})
C, =C;s ACy =({b,1},{0,d,b,c})
Cy =Cy; AC, =({c,1},10,d,1,c})
C, =C, ACjs =({d,1},{O,b,b,c})
Cs =C, AC; =({0,1},{0,b,1,c})
Cs =C, ACis =({a.a},{c,b,c.c)
C, =C, ACis =({d,a},{c,b,b,c}
Cs =C, ACy;, =({0,a},{c,b, 1,¢}
Cy =Cy ACis =({1,b},{d,d,c,b}
Cio =C4 ACi5 =({a,b}, {d,b,c,b})
C; =Cs5 ACo =({b,b},{d,a,b,b})
Cj» =Cyy ACs =({c,b},{d,a,1,b})
Cj3 =C4 ACyo =({d,b},{d, 1,b,b})
Cyy =Cs ACy =({0,b},{d, 1,1,b})
Cis=C, ACis =({l.c},{a,d,c,b}
Cys =Cs ACj5 =({a,c}, {a,b,c,b}
Cj; =Cy ACy, =(ib,c},{a,a,b, 1}
Cis =Cy ACy =({c,Ch, {a,a, 1,1}

(

(

(

)
)
)
)

)
)
)
)

Cio =Ciy ACy =({d,C}, {a, 1,b, 1}
ézo =CjonCyp
éZl =C ACyg
ézz =CunCy
623 =Ci nCy

)
{O,c}.{a,1,1,1})
{a,d},{b,b,c,b})
(1d.d}, {b.1,b,b})
(10.d}.{b.1,1,b}
Cpy =Cj3 ACs =({a,0},{1,b,c,b}
Crs =Ciy ACy, ({d,0},{1,1,b,1}
ézé:C14/\C22:({an},{|»|»|a|}

)
)

)
)
5. Conclusions

For realizing the distributed computation and parallel
processing of the lattice-valued fuzzy concept lattice, it is
inevitable to research its combination algorithms. As the
one of combination algorithms, this paper proposed a
conjunction algorithm of multiple lattice-valued fuzzy
concept lattices, which not only provides an effective
method for constructing lattice-valued fuzzy concept

lattice but also makes an important progress toward

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

890



practical applications in decision-making. Concretely, we
defined the homotypic lattice-valued fuzzy concept lattice
and the conjunction fuzzy concept lattice as the
preconditions and analyzed some relations between fuzzy
concepts; successively, we gave some theorems to prove
the isomorphism of conjunction theory and presented the
conjunction algorithm of the lattice-valued fuzzy concept
lattice. Obviously, before combining these simple
lattice-valued fuzzy concept lattices, we should provide
an appropriate decomposition method of the complex one,

which will be our future research work.
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