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Abstract

Based on the extension Hukuhara difference between interval numbers, a generalized form of cooperative fuzzy
games with a coalition structure and interval payoffs is proposed, which can be seen as an extension of crisp case.
The interval Owen value for this kind of fuzzy games is studied, and its explicit form is given. When the fuzzy
games are convex, the proposed interval Owen value is an interval population monotonic allocation function
(IPMAF), and belongs to the associated core. Furthermore, we discuss a special kind of fuzzy games with a
coalition structure and interval payoffs, and study the interval Owen value and the core of it. Some properties are

also examined, which are coincided with the crisp case.
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1. Introduction

The Shapley value (see [1]) is a well-known solution
concept in cooperative game theory. Some researchers
(see [2-6]) who have investigated the Shapley value
have focused their attention on fuzzy coalition and real-
valued characteristic function.

In some situations, players can only know imprecise
information regarding the real outcome of cooperation.
For this kind of games, Mares [7] and Vlach [8]
researched games with crisp coalitions and fuzzy
payoffs. Borkotokey [9] and Yu and Zhang [10] studied
games with fuzzy coalitions and fuzzy payoffs. Since
interval numbers can conveniently describe the lower
and upper bounds of the coalition values. Alparslan Gok
et al. [11, 12] and Branzei et al. [13] researched games
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with crisp coalitions and interval payoffs. Due to the
limitation of fuzzy set operations, the discussions in
[10-12] are all based on the Hukuhara difference (see
[14]) for fuzzy sets directly or indirectly.

In 1977, Owen [15] introduced games with a priori
unions which are known as the Owen coalition
structures where the probability of cooperation among
coalitions is considered. By extending the Shapley value
for traditional games, Owen [15] proposed the Owen
value for games with a coalition structure. The
axiomatic systems of the Owen value are considered in
[16-19]. Later, Owen [20] gave another payoff index for
games with a coalition structure, which is called the
Banzhaf-Owen value, and discussed its axiomatic
system. More  researches about  axiomatic
characterizations of the Banzhaf-Owen value can be
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seen in [21, 22]. Alonso-Meijide and Fiestras-Janeiro
[23] pointed the Banzhaf-Owen value dissatisfies
symmetry in quotient games, and gave another solution
concept for games with a coalition structure, which is
known as the symmetric Banzhaf value. But all above
researches are only introduced for crisp case.

In this paper, based on the extension Hukuhara
difference between interval numbers, we will research
cooperative fuzzy games with a coalition structure and
interval payoffs. As we will see, the extension Hukuhara
difference between interval numbers can be used to
more situations than the Hukuhara difference. Inspired
by Sprumont [24], we show the given interval Owen
value is an IPMAF when the fuzzy games are convex.

This paper is organized as follows: In the next
section, we recall some notations and basic definitions,
which will be used in the following. In section 3, an
axiomatic definition of the interval Owen value for
fuzzy games with a coalition structure and interval
payoffs is proposed, and the explicit form of the interval
Owen value is given. Meantime, some properties are
researched. In section 4, we pay an attention to discuss
the interval Owen value for a special kind of fuzzy
games with a coalition structure and interval payoffs,
which can be seen as an extension of fuzzy games
introduced by Tsurumi et al. [4].

2. Preliminaries

2.1. The Extension Hukuhara Difference between
Interval Numbers

LetR and R, be the sets of real numbers and positive
real numbers, respectively.

Definition 2.1 Let a=[a,a’] , if a~ <a" and
a“,a" eR, then a is said to be an interval number;
ifa” <a"anda ,a" eR,, thena is said to be a positive
interval number.

Let a=[a,a’] and b =[b",b"] be two interval
numbers. In order to ensure that a—b is an interval
number, the difference between @ and b is defined
asa-b=[a -b*,a"-b].

In generally, we can not have a—b +b =a . The
Hukuhara difference for fuzzy sets, proposed by Banks
and Jacobs [14], can well deal with this problem. When
it is applied to interval numbers, the Hukuhara
difference is defined by:

Definition 2.2 Leta andb be two interval numbers, if
there exists an interval number € such thata=b +¢ ,
then T is called the Hukuhara difference betweena and
b, denoted by a—, b=[a -b,a" -b'].

For example, leta =[2,5]andb =[4,6], since there
exists the interval numberC =[-2,—-1] such that [2,5] =

[4,6]+[-2,-1] . We get a—, b =[-2,-1], which is
obviously different toa —b =[-4,1].

Definition 2.3 Leta=[a,a’]andb =[b",b*] be two
interval numbers, a is said to be an “imaginary”
interval number ifa” >a*, and @a—, b is said to the
“imaginary” Hukuhara difference between @ and b if
a —-b >a"-b".

For example, a8 =[5,3] is an “imaginary” interval
number. Leta =[2,5] and b =[4,8] . Since there does
not exist an interval number€ such that a=b +¢ , we
can not use the Hukuhara difference. If we do not
consider the condition given in Definition 2.2, and adopt
the Hukuhara difference between@ andb . Then we get
a-—, b =[-2,-3] , which is a so-called “imaginary”
interval number. And the Hukuhara difference
between @ and b is said to the “imaginary” Hukuhara
difference

Definition 2.4 Leta=[a ,a']andb =[b™,b"] be two
interval numbers, then @ —,, b is called the extension

Hukuhara difference betweena@ andb , wherea —,, b =
[a-b7,a"-b"].

From Definition 2.4, we know when there exists an
interval number € such that a=b +¢C , then their
extension Hukuhara difference is equal to their
Hukuhara difference. Otherwise, the extension
Hukuhara difference betweena andb is equal to their
“imaginary” Hukuhara difference.

For convenience, in this paper, the sets of positive
interval numbers and positive imaginary interval
numbers are denoted by R, . Moreover, the difference
between interval numbers adopts the extension
Hukuhara difference. If there is no fear of confliction,
we still use@—, b to denote the extension Hukuhara
difference between the interval numbers in R, .

Definition 2.5 Leta andb be two interval numbers, we
write
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ifand only ifa” >b anda’ >b";
ifand only ifa” =b anda’ =b".

2.2. Some Basic Concepts on Crisp Games with a
Coalition Structure

Let N={1,2,...,n}be the set of players. The crisp
coalitions in N are denoted by S,,..., where Sp= {i| i€S,
s.t. ieN}, i.e., Sy is formed by the players belong to it.
The power set of all crisp subsets in N is denoted by
P(N). For any Sye P(N), the cardinality of Sy is denoted
by low case s. A functionV,:P(N) = R,, satisfying
V,(J) =0, is called a set function. By G,(N) , we
denote the set of all set functions in N.

A crisp coalition structure IT={B},B;,...,B)'} inN
is a partition of N, i.e., U, B, =Nand B,nB/ =@
for all i, je M={1,2,....m}with i#j. A crisp coalition
structure in N is denoted by (N,IT) . For any S e
P(N,II), Syis called a feasible coalition, where P(N,IT)
denotes the set of all feasible coalitions in (N,IT) .

Owen [15] gave the Owen value for crisp games
with a coalition structure as follows:

BNV, ID = D > ap B (V(S, wQ, i)

RcM\k 5, B i
—,(S,UQ,))  VieN, (1)
(m—r—1)! (b, —s—1)!
Wherea,;=r(m r=D ,,Btfk:s(bk > ),mandr
m! b,!

denote the cardinalities of M and R, respectively,
Q, =V, By and I = {B),B;,..., B'}.

2.3. Some Basic Concepts for Fuzzy Games with a
Coalition Structure and Interval Payoffs

The set of all fuzzy coalitions in N is denoted by L(N).
The fuzzy coalitions in L(N) are denoted by S,..., i.g.,
S={S(i)] ieN}, where S(i) indicates the membership
grade of i in S, i.e., the rate of the ith player in S. For
any Se L(N), the support is denoted by SuppS = {ie N |
S(i) > 0}, and the cardinality is denoted by |SuppS|. We
use the notation Sc T if and only if S(i) = T(i) or S(i) =
0 for all ieN. For all S, TeL(N), Sv T denotes the
union of fuzzy coalitions S and T, namely, i e
Supp(S v T) if and only if i € SuppS w SuppT and
(Sv T)(i)=S(i) v T(i); SAT denotes the intersection of
fuzzy coalitions S and T, namely, i e Supp(S A T) if and
only if i € SuppS N SuppT and (S A T)(i) = S(i) A T(i).

In the following, we will use S={S(i,), S(i,),...,S(in)}
to denote the fuzzy coalition Se L(N). Furthermore, the
braces will be omitted for singletons, e.g. by writing S,

Cooperative Fuzzy Games

Sv(A)T, U(i) instead of {S}, {S} v(A) {T},{U(i)} for
any {S}, {T},{U(i)} € L(N), where U is a fuzzy coalition
in N.

Similar to the definition of the coalition structure for
crisp case introduced by Owen [15], we give the
definition of the coalition structure for fuzzy coalitions
as follows:

Definition 2.6 LetU € L(N), I is said to be a coalition
structure onU , if T satisfies
(1 vy B =U,
(2) SuppB, NSuppB, = Vp,qe{l,2,...,m}st.
p+q,
where I’ ={B,,B,,...,B,} and 1 <m <|SuppU |, denoted
by (U,T).

For any (U,I'), the set of the feasible coalitions
in(U,T’) is denoted by L(U,T).

Example 2.1 Let N={1,2,3,4}, andU ={U(i)},_, be a

fuzzy coalition in L(N) such that U(i)>0 for any ieN.

I'={B,,B,}is a fuzzy coalition structure in U, where

B, = {U(1),U(2)}and B, = {U(3),U(4)}, then

LU, T)={ D ,{UD}({eN),{U1),U2)},{U@3), UA)},
{U(),U(2),U(3)},{U(1),U(2),U(4)},{U(1),
UB3),U#)},{U2),U(3),U#)},U}.

A functionV : L(U,T") — ]I_Q+ , satisfying V(&) = [0,0],
is called an interval set function. All interval set
functions on L(U,TI") are denoted by IG(U,I").

Example 2.2 In Example 2.1, if U(1)=0.3, U(2)=0.8,
U(3)=0.5 and U(4)=0.6, and the interval set functionV is
defined as follows:

V(2)=[0,01,¥ (U(1)=[2, 31,7 (UQ@)=[1.2], 7 (UB))»~
[2,4],V (U#)=[3,6], V (U(1),U(2))=[5,7], V (U(3),U(4))
= [9,12], Vv (U(1),U(2),U(3)) =[10,13], v (U(1),U(2),
U4))=[12, 15], v (U(1),U(3),U(4))=[13, 151,V (U)=[20,
22].

Then it is an interval set function belongs to 1G(U,T).

Definition 2.7 Let¥ € IG(U,T) , ifV®(R,) =V(v, ¢, B,)
for any R, c M, , then V® is said to be an interval
quotient game in (U,I'), whereI'={B,,B,,...,B,} and
M, =11,2,...,m}, denoted by (M,,V®).

Definition 2.8 LetvV e IG(U,T")and Te L(U,I'), if we
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have V(T AS)=V(S) for any Se LWU,I'), thenT is
called a carrier forvin L(U,I").

3. The Interval Owen Value for Fuzzy Games with
a Coalition Structure and Interval Payoffs

For a givenV € IG(U,I') . According to the work of
Owen [15], we define the function ¢: IG(U,T) — RS/

as follows:

pU VD)= > >

RycM\k ScBy ,ieSuppS
V((S\U(i)vQ)) VieSuppU, (2)
where g5 = (| SuppS | ~1)!(| SuppB, | —| SuppS |)!/| SuppB, |!

anfBs, (V(SVQ)—,

and o), =r!(m—r—1)!//m!, mandr respectively denote
the cardinalities of M, and R, ,Q=v, B.

If every player’s participation level is 1, and the
coalition values are real numbers, then Eq.(2)
degenerates to be Eq.(1). Furthermore, if there is only
one coalition inT", and every player’s participation level
is 1, then Eq.(2) degenerates to be the Shapley value
given by Alparslan Gok et al.[12].

Example 3.1 Let N ={1,2,34}, U ={U(i)},., with
U@i)=03 (ieN), andI'={B,,B,} , where B, ={U(1),
U2)} and B, ={U(3),U(4)} . The fuzzy -coalition
values are given by
VU (@) =[2,4], VUD),U(2)=VUB),U#) =[89],
VU®®,U()),Uk)=[15,18](, j, ke {1,2, 3,4}),
V(U)=1[25,30].

Since there does not exist interval number T such
that V(U (1))+C =vV(U(1),U(2)) , we can not use the
Hukuhara difference in this game. If we adopt the
extension Hukuhara difference between interval
numbers, by Eq.(2) we have ¢, (U,V,I') =[6.25,7.25]
(ieN ). Since this is a symmetry game and every
player can get more payoffs than that by himself, we
know this cooperative game can be formed.
Furthermore, it is not difficult to get the vector
(¢,(U,V,I)),.y is an imputation, and an element in the

core of this game.

Although the extension Hukuhara difference
between interval numbers can be used to situations than
the Hukuhara difference, there exist games with interval
numbers which can not use the extension Hukuhara
difference.

Example 3.2 In Example 3.1, if we take the values of
the fuzzy coalitions as listed in table 1.

Table 1 (The interval values of the fuzzy coalitions)

S v(S) S v(S)
Uy} [2,10]  {UD,UR),UB)} [28,30]
{U2)} [4.6] {UM,UE)LU@;  [28,30]
U3} [2,10]  {UM)U@),U@A}  [24,26]
{U@4)} [4,6] {U2),U3),UM);  [24,26]

{U(1),U2)} [16,18] U [38,40]

{U3),U4)} [16,18]

From Eq.(2), we have
p,U,V.I) =¢,U,V.T) =[9,8]
and
U, V,T)=p,U,v,I')=[10,12].
Since the payoffs of the players 2 and 4 are
“imaginary” interval numbers, which makes no sense.

In order to avoid the above situation, in this paper,
for any V e IG(U,I') we always mean every player’s

payoff obtained by Eq.(2) is an interval number.

Definition 3.1 LetV € IG(U,T"), a function f : IG(U,T")
— RV js said to be an interval Owen value forV, if

it satisfies the following axioms:
Axiom 1: IfT is a carrier in U forV € IG(U,T"), then

VM= Y fU.7.D0);

icSuppT
Axiom 2: Let B, eI" and i, j € SuppB, , if we have
v(T vU (i) =v(T vU(j)) for any T e LU,T") withi, j ¢
SuppT , then f;(U,v,I') = f,(U,v,I).
Axiom 3: Let k,seM,={1,2,...,m} , if we have
VE(R,Uk)=V?(R,Uk) for any R, = M,\{k,s}, then
> U, D= Y f,U,VD);

ieSuppBy jeSuppBg

Axiom 4: LetV,We IG(U,T") and all o, SR, we have
fU,av+pw,D)=afU,v,)+fU,WI).

Theorem 3.1 Let VelGU,T') , the function
¢:1G(U,T) - R defined by Eq.(2), is the unique
interval Owen value forVin L(U,T).
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Proof. From the properties of the extension Hukuhara
difference between interval numbers, we have

a-,b+b=a
and

(A-pja=ia-, pa
foralla,b e R, and all 4, SR, .

According to the proof of the Owen value in crisp

case, we can easily get the existence. In the following,

we shall show the uniqueness.
For any VelGU,I') , we first show V can be

expressed by
V= Y o, A3)
@=Tel(U,I)
where ¢ = > (D" (X (CDETIMY(S vV Q)
R =Ry AcS
T=Sv 4 B such that ScB, for same keM, ,

1 T<W
R, € M, \{k} andu, (W) = o
0 otherwise
For anyC € L(U,TI"), without loss of generality, suppose

C=Dv,g B, whereD c B,andE, = M,.
( 2 cu)©)

@#Tel(U,I)

= > cu(©)

@#Tel(U,I)

= > ¢
@#TelL(U,IN,TcC
Z (-Dy " (Z (—D"e AT (S v Q)

@#Tel(U,I',TcC R cR, AcS
= 3 T EEAE X DTS v Q)
RycEy R cRy ScD AcS
[SuppD|
a DA GUOINDINC I
RycEy RcRy ScD t=[SuppS|
SupeD SuppD | - | SuppS
Since z (_I)S\SuppS\ [' upp | | Upp |J:0f0r any
t=|Supp$S| t_ | Supps |
Sc D, weget
(2 &u)©)
P#TelL(U,T)
=Y 3 Di"¥(0DvQ)
RycEy RcRy
r r—
-y Z(—DLP[ pJV(DVQ),
RycE, t=p t— p

where r and p denote the cardinalities of Ry and P,,
respectively.

r r_
SinceZ(—l)tH’p (t E] =0forany R, c E;, we get
t=p -

Cooperative Fuzzy Games

[ > cTuTj(C):V(cy
@#TelL(U,IN)

Thus, Eq.(3) holds.
From Axiom 4, we only need to prove the uniqueness of
Eq.(2) onu; foranyT € L(U,I').
Let

M, ={j e M, : SuppB; NSuppT = T}
and

SuppB; = SuppB; NSuppT .
Define the unanimity game on (M,u? ) as follows:

uTB(Ro)={1 M(:’ <R ,
0 M,zR,
where R, = M, .
Let f be a solution on (U,u,,I’) that satisfies the

above axioms. From Axiom 1, we have f,(U,u;,I")=0
for any i ¢ SuppT . Furthermore, from Axiomsland 3,

we obtain
0 kegM,
> fU,u,N)=1 ¢ s
ieSuppBy | M ' | k € MO
0

where| M, | denotes the cardinality of M, .

By Axiom 2, we obtain

0 i & SuppT
fi (U’UT7F): % iesuppB;( .
| M, || SuppB, |

On the other hand, by Eq.(2) we have ¢, (U,u;,I)=0
for any i¢ SuppT . If i eSuppT , then there exists
k € M, such thati € SuppB, = SuppB, NSuppT , and

U Qv S VU () -t Qv S)=1
if and only if

Q=vV, B,

where M, \k c R, =M, \k and SuppB, \i = SuppS <
SuppB, \i .
Ifi € SuppB, , we get

_ E 2 r ps
¢i (U,UT,F)— amﬁBk
Mo\kcRycMy\k  SuppBy \ic
SuppD cSuppB \i

|
| M, || SuppB, |

Namely, ¢ and f coincide onu,. O

Definition 3.2 LetV e IG(U,I"), Vs said to be convex
if
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V(SVT)+V(SAT)2V(T)+V(S)
forallS,T e L(U,I").

Definition 3.3 LetV € IG(U,T), the vector X =(X)
is said to be an IPMAF forVin L(U,I), if
) > %(S)=V(S) VSelU,D),

ieSuppS
2) X (S)<X(T) VieSuppS' VS, T €LU,T)
st.ScT,
whereS'c B, (ke M;),S=S"v,; B andR, =M, \ik}.

ieSuppU

Theorem 3.2 LetVelGU,I'), if Vis convex, then
(gol (] ,V,F)) is an IPMAF forvin L(U,I").

ieSuppU

Proof. From Theorem 3.1, we only need to show the
second condition in Definition 3.3. For all S,T € LU,I"),

without loss of generality, suppose S =S'v

T=T'

rsRJ

RS B, and

B, ,where S'c T'c B, andR <R =M, \k}.
From the convexity ofV e IG(U,I") , we have

V(T) =y V(T AU (i) 2 V(S) -, V(S\U(D)
for anyi € SuppS'.

Case (1). When RS =R/ and|SuppS'|+1=| SuppT '], for
any W < S'we have

W
KcThs'
where
w _ (|SuppW [=1)!(| SuppS'| — | SuppW |)!
Bs = ,
| SuppS'|!
and
AU = (I SuppW v K) [ =D!(| SuppT ' | = | Supp(W v K) |)!
| SuppT '|!
From Eq.(2), we get
@ (S,V,FS)

=2 2

HOQROS W cSieSuppW

V(WU (®[)vQ))
> OY al AWKy,

HycR; WS ieSuppW

V((VV\U(i))vaQ))
=> > oY B (YW VK v Q)—,

H“gRﬁ WgS',isSuppW KcThs!

V(WU (@) vK vQ))

aly i (TW v Q) —,

IA

=D aw > 2 AW VKvQ) -,

HycRS WCSLieSuppW KSTAS'

V(W \U(i)vKvQ))
=2 ey 2 A(EWvQ-,

V((W\U(i))VQ))
= (T.V.T7),

where a:O“ =a 2 =hi(r* —=h)Y/(r* +1!,Q=v,, B, r°and

h respectively denote the cardinalities of R} and H,, ,
I's and I'; respectively denote the restriction ofI"on S
andT .
From recursion method, we have

e (S V,I5) < (T,V,I)
foranyS'cT'c B, andR; = R] .
Case (2). If|SuppS'|= SuppT'|and r® +1=r" , where
r" denotes the cardinality of R; .
For any H, < R}, we obtain

0 =D new O
where a:OT“UR‘ =(h+p)!(r" =h—p)!/(r" +1)!. p denotes
the cardinality of P, .

From Eq.(2), we have
¢i (S,V,F )

=22

OCRD W S ieSuppW

<22

HﬂgRg W S 'ieSuppW

V(W \U(i))vaQ'))

aft B (TW v Q) =, V(W \U () v Q)
afy B (TW v Qv Q) -,

=2 2 2 ey A(TWVQvQ)—,
HoCRo .WCS W P(\CR(\ \Ro
V(W \U(i)vQvQY)
Z z aHoUP{) z ﬁ':'NV(V(WVQVQ‘)_H
Ho=RS RycRg \R; WS%;;’W
V(W \U (i) vQvQ)
=2 ay Y BUVDvVQ -, V(D\U()vQ)
HocR) W;T ,ieSuppW
=T, V,I7),

whereQ'=v,_, B,

From recursion method, we have
goi (S’v3rs) S §0i(T,V,FT)
foranyS'=T'c B, andR;  R; .

By cases (1) and (2), the conclusion is obtained. O
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Definition 3.4 LetV € IG(U,TI"), the core IC(U,V,I") of
V is defined by
ICU.V.D) = {X = K icsupu | 2, % =V(U),
ieSuppU

D> % =V(S),VSeLU,I)}.

ieSuppS

Theorem 3.3 LetVelG(U,I'), if Vis convex, then
((pi (Uovar)) € IC(U,V,F) .

ieSuppU

Proof. From Theorem 3.1, we get

D> 9U,V,I)=VU).

ieSuppU
By the convexity of Vand Theorem 3.2, we have

V(S)= Y a(S.V.)< D oW,V

ieSuppS ieSuppS
foranySe L(U,I').

Namely, (¢, (U,V,I)) elCU,V,.T). o

ieSuppU

If there is only one coalition inT", and the coalition
values are real numbers, then IPMAF degenerates to be
fuzzy population monotonic allocation function
introduced by Tsurumi et al. [4].

Furthermore, if there is only one coalition inI", and
the coalition values are real numbers, then the core

IC(U,T’) degenerates to be the core of fuzzy games

presented by Yu and Zhang [25].

4. A Special Kind of Fuzzy Games with a Coalition
Structure and Interval Payoffs

In this section, we shall discuss a special kind of fuzzy
games with a coalition structure and interval payoffs,
which can be seen as an extension of fuzzy games
presented by Tsurumi et al. [4]. Similar to Tsurumi et al.
[4], we give the fuzzy coalition value as follows:

q0)

Ve (8)= 2% (S )(h —h_), @)

1=1
where S is a fuzzy coalition as usual. QS)={U(i)|U(i) >0,
i € SuppS} and [S], ={i €SuppS |U(i) > h} . q(S) denote
s the cardinality of Q(S), and the elements in Q(S) are
written in the increasing order as 0=h, <h <...<h, .
V, is the associated game of V e IG(U,T") defined on
[U], foranyle{l,2,...qU)}.

From Eq.(4), we know it is equivalent to

Cooperative Fuzzy Games

q08)
Ve (S) =2 (% (S],) = % (ST, Mh .
1=1
Let 1IG. (U,I') be the set of this kind of fuzzy games
on (U, I') with interval payoffs.

Similar to Definition 3.1, we give the following
definition for the interval Owen value in IG. (U,I').

Definition 4.1 LetV. €lG.(U,I), a function f : IG,(U,T’)
— R/ s said to be an interval Owen value forV, , if

it satisfies the following axioms:
Axiom 1: IfT is a carrier for V. in U, then

VC(T) = Z fi(U»vc»F)§

ieSuppT

Axiom 2: Let B, e I"andi, j €[B,], , wherel €{1,2,..,qU)}.
If we haveV; (S, Ui) =V, (S,U j) for any S, e L([U], ,T")
withi, j ¢ S, then

fi((U1,.%.0) = f;(V],.%.0);

J
Axiom 3: Letl € {1,2,...,qU)}, M ={jeM, |[B/}, @}
and all k,seM with k=s . If V. "(R,Uk)=
Voh(R,Us) forallR, < M \ {k,s}, then
Y (U], %D =Y f(U],.%.D;

ie[By Iy jelB Iy
Axiom 4: Letw,,V. € IG.(U,TI"), then

fU, v, +W.,[)=fU,v.,,H+ fU,w.,I,
where ([U];,,I) is a coalition structure in [U], w.r.t.
(U.T), and L([U], .T) denotes the set of all feasible
coalitions in ([U];, ,I') .V is the associated game of V, €

Vo
IG; (U,T") defined in[U ], for anyl e {1,2,....,qU)}.

Theorem 4.1 Let V, € 1G.(U,T’) , the function ¢° :

IG, (U,T) — R defined by

qu)
o’ (U, V..T) = ¢ (U],.V,,I)(h —h_) VieSuppU ,

1=1
(&)

where

AU, %D= > Y a fe,

RocMM \k i€S),So[By Iy

(\70 (So U Qo ) “H

Y ((S, UQ)\D)) ar;m =ri(m, —r—l)!/mhI! , ﬁ[i;»k]hl =
(s=D'([BIy [=9)!/I[BJy I' » Q= U, [B], and

Mg ={jeMy[[Bj}, =@} . my and |[B], |
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respectively denote the cardinalities of M and [B, ], ,

and V, is the associated game of V, . Then ¢° is the

unique interval Owen value forV. in L(U,I").

From Eq.(4) and Definition 2.6, we know
{[B; 1} }cm, is @ coalition structure in[U]; , and the set

of all feasible coalitions in([U],,I") is different w.r.t.
the different! € {1,2,...,qU)}.

If there is only one coalition inI", and the coalition
values are real numbers, then Eq.(5) degenerates to be
the Shapley value proposed by Tsurumi et al.[4].

Proof. Axiom 1. From Theorem 4 in [4], we know T is a
carrier in U for V¢ if and only if [T], is a carrier in
[U],, forV,, where I=1,2,..., q(U).

Forany S, c[B,], , let

VOQO (So) = \70(80 U Qo) “H vo(Qo) .
From Eq.(5), we get
PR A CARY

ieSuppT

= 2 o U.T.D)

ieSuppU
qu)

=> 2 > an B (WS-

ieSuppU I=1 ROQM(:\‘ \k 1€S0,80 <[ By Iy

VoQ0 (So \i))(hl - hl—l)

qu)
= arrn" Z Z :B[Bk]h (VoQO(So)_H
=1 R,C (;‘\k ieSuppU ieS,,S, <[ By Iy
W, (S, \D))(hy —h )
qu)
= Z arrnr‘vOQO([Bk]h, )h =h_)
1=l Ry cMM K
qu)
=2 > a (BB, UQ)— %(B],))
1=l Ryc u“\k

( O[B]h‘ (Ro U k) “H V(J[B]hl (Ro))

( (. I—l)
q(U)_[B]
" (Mohl )(h| _hl—l)

¥

VWUl =h_)

qu)

\70([T]h, )h =h_)
1=1
= VC (T) >
where V""" is an interval quotient game on M w.r.t.
(V1.1

From Eq.(5), we have
(NN D LD IS WA

RycM \k i€S).,S) <[ By Iy
><(VO(S() UQO)_HVO((SO UQO)\i))(hI - hl—l)
Thus, Axiom 2 holds;
By Eq.(5), we get
Y. (V],.%.0)

ie[By Iy

=X > Y an By, (WS, UQ) -,

ie[Bc Iy R CMW \k _ €Sy,
0= Soc[By Iy

vo((so UQO)\I))(hI _hl—l)
= > an (%(BJ, UQ) = % Q)N —h)

RycM! \k

= Y o @ RUK— G RO - )
RycM M \k

= > an & (RUS)— B (R —hy )
RycMM \s

= Z ¢J([U]h|9v()’r)>
JelBg Ty

Thus, Axiom 3 holds.

From Eq.(5), one can easily get Axiom 4;
(Uniqueness) From Theorem 3.1, we know Ve

IG,([U],,I') can be uniquely expressed by
V= D Gl
D#Tyel (U ]hl ,IN)

for anyl € {1,2,...,q(U)}, where
¢, = 2 DR CDRTV(A VQ,)),

PRy AcSy
T, =S, Us, [B], and S, <[B,], for some ke M, ,
1 T, cW,

d M \{k
0 othervvlsean R k.

Uy, W) = {
From Eq.(4) and Axiom 4, we only need to prove the
uniqueness of Eq.(5) on game cgus for any
S, € L([U];,,T) . Similar to Theorem 3.1, we have

0 otherwise

(U I Cs,Us, 1) = Cs,

I E———— G[B]v»kth"
M, [I[B.], | ‘
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where M ={jeM :[B;], NS, #@} and [B;], =
[Bj]hlﬂSO. O

Theorem 4.2 Let V. €lG.(U,I') , the function
¢° 1 1G, (U,T) — R¥™Y!  defined by

qu)

¢ U0 =Y (4(IV], %D = 41, . % Dh
=1

Vi € SuppU , (6)

where

4, %D= D D> an B,

RQQM(I;' \k 1€ <[ By ]"
v (S, UQ)\D) , ap,
4.1. Then ¢° is equivalent to ¢° .

(\70 (So U Qo) “H

and ,B[ifk s given in Theorem

Proof. From Eq.(6), we have

MCRAY

zﬁ)(m[u Iy %, D)=y #(UT, %, D)

= (41U, %1~ 4 (U], %, D)h +
(4 U1, % D)~ 4 (U], .7, 1)) h, +
44U, Yo Dy,

=(4(V1,.%.Dh -, 4 (U],.%,.Dh )+
(4(U1,,.%.Dh, =, 4 (U], .%,Dh, )+
4 (U, %o Dy,

= 4,1V, %, D)0 =hy) + 4([U],, . %, D)(h, ~h,)
o4 4 (U 5% DNy, = Moy )

LICH)

=2 4(V],.%.D(h =h_)
=1

=p°(U,V.T). a]

Definition 4.2 Let V. €lIG.(U,I’) , the
X ={X }icsuppu 18 said to be an IPMAF forV, in L(U,T),
if X satisfies

q(S)
D > %(8)=2%(S])Mh -h) vSeLU,I),

ieSuppS
2) %(S)<X(T), VieSuppS' VS,TelLU,I)
st.ScT,

whereS'c B, (keM;),S=S'v

vector

B,andRc M \k.

geR

Cooperative Fuzzy Games

Theorem 4.3 Let V. €IG.(U,T") , if the associated
game V, €lG ([U],.I) of V is then

(¢ L. %))

convex,

y is an IPMAF forV, in L(U,T").

ieSupp

Proof. From Theorem 4.1, we know the first condition
holds. In the following, we shall show the second
condition. FromS c T, we know [S], <[T], for any

le{l,2,...,q(T)}.
By Theorem 3.2, we have
L([S],, Vo, 1) < ([T], .V, 1)
for anyi €[S ', and anyl €{1,2,...,q(T)} .

Thus,
as)

(pic (S,VC,F) = z (pi ([S]hI ’v(]’r)(hl - hl—l)

q)

= Z @ ([S], .V, D(hy —h)

q(™)

= z ([T Vo, T)(h —h))

= (T.%.I)
for anyi e SuppS'. ©

From Definition 3.4, we know the core IC(U,V.,I')
of V. € IG. (U,T’) can be expressed by

IC(U’VC’F):{XZ{Z}iESuppU | Z YI =

ieSuppU
qu)
2 %(UIDM k), > %>
1=1 ieSuppS
q(S)

VN (SI)(h =h_),vS e L(U,T)}.

1=1

Theorem 4.4 Let V. €1G.(U,T") , if the associated
gameV, € I1G,([U], ,I') of V; is convex, then

(¢f(U.%.D)) elCU,v.,I).

ieSuppU

Proof. From Theorems 4.1 and 4.3, one can easily get
the conclusion. O

Theorem 4.5 Let V. €IG.(U,I') , if the associated
game V, €lGy([U],,I) of V. is convex, then
ICU,V.,I")# <, and can be expressed by

au)

C<u,vc,r)={7={mi€swu Y %=

ieSuppU 1=1
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Z Vi[U]m (hl _hH)»W = {Vi[U]h }ie[U],,l

iUy

eC(U],,%,1), V1 = {1,2,...qU)}, (7)

where C([U], ,V,,I") denotes the core of v, in L([U],,,I) .

Proof. From Theorem 4.3 in [25], it is not difficult to
get the conclusion. O

If there is only one coalition inI", and the coalition
values are real numbers, then Eq.(7) degenerates to be
the core given by Yu and Zhang [25].

Example 4.1 There are 5 companies that cooperate to
develop a new product. Namely, the set of players
N ={1, 2, 3, 4, 5}. Since there exist many uncertainty
factors in the process of development. The players only
know the possible payoffs of the coalitions formed by
applying all their resources as given in Table 2. In order
to reduce risk, the players are not willing to put all their
resources into this cooperation, but partial participation.
Further- more, since their capabilities are different, not
all coalitions can be formed. If the players’ participation
levels in fuzzy coalition U are given by U(1)=0.3,
U@2)=0.6,UB3)=U4)=0.8andU(5)=09.

All the formed coalitions have the coalition structure
I'={B,B,}, where B, ={U(1),U(2)} and B, ={U(3),
U@4),U(s);.

Then this is a fuzzy game with a coalition structure
and interval payoffs. If the fuzzy coalition values and
that of their associated crisp coalitions have the

relationship as given in Eq.(4). Then, this is fuzzy game
inlG,(U.,I).

Table 2 (The interval values of the crisp coalitions)

So Vo (Sy) So Vo (Sy)
{1} [1,2] {1,2,4} [15,16]
{2} [1,3] {1,2,5} [12,15]
{3} [2,3] {2,3,4} [12,15]
{4} [2,3] {2,3,5} [13,15]
{5} [1,4] {2,4,5} [13,15]

{1,2} [7,8] {3.4,5} [16,18]
{2,3} [4,6] {1,3,4,5} [20,22]
{2,4} [4,6] {2,3,4,5} [23,25]
{2,5} [5,7] {1,2,3,4} [22,25]
{34} [5,8] {1,2,3,5} [26,28]
{3,5} [4,7] {1,2,4,5} [26,28]
{4,5} [4,7] {1,2,3,4,5} [36,40]
{1,2,3} [15,16]

From Eq.(5), we have

o° (U,V,,T)=[1.8,1.95],

@S (U,V,,I)=[3.45,4.05],

S (U,V.,T) = ¢ (U,V,,I") =[5.305,5.625],

@S (U,V.,I)=[5.13,6.25].

According to Table 2, we know the associated game
V, is convex, so (@C (0] ,\70,1")) is an IPMAF for

i={1,2,..,5}
V. inL(U,T"), and an element in the core.

Since the players 3 and 4 are symmetric in this game,
they get the same interval payoffs. Furthermore, the
Hukuhara difference between interval numbers can not
be used in this example, since there does not exist
interval number C such thatV,(5) +C =V, (2,5).

5. Conclusion

Based on the extension Hukuhara difference between
interval numbers, we have researched the interval Owen
value for fuzzy games with a coalition structure and
interval payoffs, which extends the researching scope of
game theory. Meantime, some properties of the given
interval Owen value are studied. In order to better
understand this kind of fuzzy games, we further discuss
a special kind of fuzzy games with a coalition structure
and interval payoffs, which can be seen as an extension
of fuzzy games given by Tsurumi et al. [4]. However,
we only study the interval Owen value for this kind of
fuzzy games, and it will be interesting to discuss other
payoff indices on it

As a special kind of fuzzy numbers, the researching
for fuzzy games with coalition structure and interval
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payoffs provides reference to fuzzy games with a
coalition structure and fuzzy payoffs.
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