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Abstract

In this Paper, a new four-parameter distribution motivated mainly by dealing with series-parallel system is
introduced. Moments, conditional moments and moment generating function of the new distribution including are
presented. Estimation of its parameters is studied. characterization of the new model is introduced.
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1. Introduction

The quality of the procedures used in a statistical analysis depends heavily on the assumed probability model
or distributions. In view of it, extensive exertion has been used in the improvement of huge classes of
standard likelihood circulations alongside applicable measurable procedures. Sankaran (1970) introduced the
discrete Poisson Lindley distribution by compounding Poission and Lindley distributions. Ghitany et al.
(2008) investigated the properties of the zero-truncated Poisson-Lindley distribution. Bakouch et al. (2012)
extended. Lindley distribution by exponentiation. Zakerzadeh and Dolati (2010) introduced and analyzed a
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three-parameter generalization of the Lindley distribution, which was used by Mahmoudi and Zakerzadeh
(2010) to derive an extended version of the compound Poisson distribution. Shanker et al. (2013) introduced a
two-parameter Lindley distribution in which the one-parameter is a particular case, for modeling waiting and
survival time data. Ghitany et al. (2013) introduced a two-parameter power Lindley distribution (PL) and
discussed its properties. Nadarajah et al. (2011) proposed a generalized Lindley distribution (GL) and
provided a comprehensive account of its mathematical properties.

Nadarajah et al. (2013) introduced a two-parameter distribution which represent a general model by taking the
probability density function and the cumulative distribution function of failure times to be given by f(x) and
F(x), respectively. Its cdf is given by

exp(=A + AF(x)) —e™* (1)
et — &8+ Sexp(—A + AF (x))’

G(x) = T

forx > 0,4 > 0and 0 < § < 1. The corresponding probability density function is,

_A1-8601- e ™ f(x)exp(—A + AF (x))
- {1-e =68+ mexp(—=1+ AF (x))}?

(2)
gx)

Ghitany et al. (2013) introduced a new extension of the Lindley distribution called power Lindley distribution
by its probability density function pdf

92 'Bxﬁ—l
6+1

(3)
(1 + xﬁ)e‘exﬁ,x >0,6,8>0.

fl) =

The corresponding cumulative distribution function (cdf) is:

0+1+0xF
0+1

(4)

F(x)=1- e~ x>0,0,8> 0.

The rest of the article is organized as follows. In Section 2, introduces the proposed new model according to
geometric Poisson G-family. In Section 3, The Expansion for the pdf and the cdf Functions is derived.
Moments, conditional moments and moment generating function of the new distribution including are
presented in Section 4. In Section 5, we introduce Characterizations of the new model. In Section 6, we
introduce the method of likelihood estimation as point estimation Finally, we fit the distribution to real data
set to examine it.

2. Geometric Power Lindley Poisson Distribution

Using f{x) and F(x) as given in (3) and (4) in (1), we obtain

B
exp (_/1 (0 +11++00x ) e_gxb’) et

_ 0+1+6xP\ _,5\] (5)
—e1— — QT 6
1—e 6[1 exp( /1< 150 )e ")]

G(x) =

forx > 0,0 >0,4,8>0and 0 < § < 1. The corresponding probability density function is,
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10%2(1 — 8)BxP~1(1 — e ™M1 + xF)

gl = y
e -l A )
X exp <—9x5 -2 <%> e—eﬂf’) (6)

for x >0,06 >0,1,8>0and 0 <§ <1. We shall refer to the distribution given by (5) and (6) as the
geometric power Lindley Poisson (GPLP). The parameters, A,  and §, control the shape. The parameter, 6,

controls the scale. The failure rate function associated with (6) is given by

A0%2(1 = &PxPF1 (1 —eMH(A +xP)

(1+6) {1 —et-3§ [1 —exp <_’1 4 (W) e_BXBH}

h(x) =

0+1+ exﬁ’) e_9xﬁ>
1+0

(1-en (AT e))

Also, the reversed failure rate function

exp (—Bxﬁ -1 +A<

262(1 — 6)(1 — e (1 + )exp (—0x — 1 (LELHEE) e-0x)

0+1+06x '

he(x) =
(1+6) [exp (—/1 (14-—9) e—BX) - e—fl] {1 —e*—6[1—exp(—Ae- B}

Figure 1 (a) and (b) provide some plots of the GPLP density curves for different values of the parameters
A,0,B and §.
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Fig. 1. Plots of the GPLP density function for some parameter values.(a) For 4=0.9, =2, =1 and § =0.1 (blue line), 1=2, 6=1 ,
B=0.7 and § =0.2 (red line), =18, 8=1 , £=0.8 and § =0.9 (orange line) 1=0.5, 6=1 , $=0.8 and § =0.1 (green line), 1=0.5, 6=1 ,
B=1.2 and § =0.5 (green yellow line), =4, =2 , =0.8 and § =0.5 (hot pink line) (b) For A=30, =1, f=1 and § =0.2 (blue
line), A=4, 6=1 , f=0.7 and § =0.3 (red line), A=10, =1 , f=0.7 and § =0.3 (orange line) 1=8, 6=1 , $=0.8 and & =0.9 (green
line), A=1.4, 6=1, f=1.2 and § =0.2 (green yellow line), =10, =2 , $=0.8 and § =0.5 (hot pink line).
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3. Expansion for the pdf and the cdf functions

In this section we give another expression for the pdf and the cdf functions using the Maclaurin and Binomial
expansions for simplifying the pdf and the cdf forms.

3.1. Expansion for the pdf function

We can rewrite (6) as,

262 (1—6)/3x6_1(1—e_l)(1+x6)exp<—9xﬁ—l<9+1:—zxﬁ)e_GX'B)

g(x) = nexp(-l(%)gg—exﬁ) 2 . (8)
(1+0)(1—e~2-8)2[1+4 1_:;_6
[

We have
— b — —b\ (_ i 9
1-27=> (D)2 <, (©)

i=0
and

R}
e :Z il ! (10)

Using (9), we can write (8) as

20%(1 = §)BxP1(1 — e MH (1 + xP)exp(—06xF) y

glx) = e
) -2 0 k 0+1+0xP o (11)
kZ(k )[m] exp <—/1(k+1) <T>e 6 ﬁ)_

=0

0+1+0xF

Applying (10) to (11) for the term exp (—A(k +1) ( "

) e_exﬁ), (11) can be written as:

20%(1 = §)BxP1(1 — e M (1 + xP)exp(—06xF)
A+ 0)(1—e’—5) %

[ee] _ . K ]
z (—kZ) ( ;)1 [1 _ e(fa - 6] Mk +1)) <1 + %) e—0ixF

gx) =

(12)

oxB J

Applying (9) to 12) for the term (1 + m) , (12) can be written as:
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J

021 -8)(1—e B ( 1)igi
RECEDIETES ‘”ijzo; )iy
[m]k V(k + 1) (1 + xF)xifxP1e=U+ 10", (13)

The pdf of GPLP distribution can then be represented as:
o J
.g(x) = Z z Ay (1 + xﬁ)xﬁ(i+1)—1e—(j+1)9xﬁ’
k,j=01i=0 (14)

Where Ay.; is a constant term given by:

) 62+i(1 - &) (1 — e M) (=1)/ 8% V1 (k + 1)1/3
) (1) 1+ 9)L+1(1 —e A — )k+2

3.2. Expansion for the cdf function

We can rewrite (5) as,

B
exp (—,1 (9 +1+ 6x ) _,,xﬁ)

1+6
B
nexp( (9 +11++99x ) _ex,;)
oA _
(1-e 6|1+ = 3

G(x) =

And applying the expansion in (9), the cdf function of the GPLP distribution can be written as:

6ox) = i (_1)7l'k [eXp (—(k + 1A (9+11+—+99xﬁ> e_exﬁ) —exp (—,‘{ — kA (%) e_axﬁ>]
k .
k=0

4. Statistical Properties

In this section, moments, conditional moments, Moment Generating Function of the GPLP distribution.

4.1. Moments

The r"non-central moments or (moments about the origin) of the GPLP under using equation (6) is given by:
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[0

b = B0 = [ X7gGax,
0
oo © j
= f x" Z ZAk:i (1+xﬁ)xﬁ(i+1)—1e—(j+1)9xl3 dx,
0 k,j=0i=0
Then
© J MG+ 5+ 1) i+l 41
ur:zzAk:i 'B 1 1+(1f1)9:
G0 |G+ e @ EY
Cc . T c ; T
EX|X<x)= Z 2 [Gnexs +E+ DRI IC +F+ 2)
x) =
ﬁG( )k] e [(]+1)9](L+ +1) [0+1)9](1+ +2)
re xﬁ(i+1+1) re ﬁ(i+1+2)
E(XIX = X) - Bl1- G(X) Zk] OZ Ak:i L (l.+ +1) e (i+2 +2)
[(G+1)6] [G+1D)6]

where I, (n) = foa x" e *dx and TS(n) = f;o x" e *dx.
4.2. The Moment Generating Function

The moment generating function, M,.(t), can be easily obtained as:

[oe]

M, (t) = f e*g(x)dx,

0

[ee] [o'e) _]
M, (t) =j 2 Z (1+xﬁ)xﬁ(i+1)+r—le—(j+1)0xﬁdx’
0 j=01i=0

then, the moment generating function of the GPLP distribution is given by,

J

M, (t) = Z Z 90+1) (00 + 1) = ONG + 1) + TG +2),

=0

then, the moment generating function of the GPLP distribution is given by,
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o J
A..
M, (t) = il

T
I+5+2
B

){((j+1)9—t)l"(i+%+ 1)+F<i+%+2)}.

k,j=0i=0 [(]' + 1)9](

5. Characterization

To prove the main theorem, we need the following two Lemmas
Lemma 1.

Suppose that X is an absolutely continuous random variable with cdf F(x) with F(0) = 0 and F(x) > 0 for
all x > 0. We assume that the pdf of X as f(x) and f'(x) exists for all x > 0., For a continuous function
g(x) on 0 <x < oo with finite E(g(x)) .if E(g(x)|x < x) = hy(x)r(x),where hi(x) is a differential

function in x >0 and r(x) = %, then f(x) =cexp (— fox %du) and ¢ is determned by the

condition [ f(x)dx = 1.
Proof.

[ g f Wdu

M@ ="

and

X

[ storayde = e me

0

Differentiating the above expression, we obtain

—g(Of (%) = fOh'(x) + f(x¥)ha(x)

On simplification, we have

fG) _ g + ()
6" me

Integrating both sides of the above equation, we obtain

X

ﬂﬂzcwp_fﬂﬁiﬁgl
0

hi(x)

and ¢ is determned by the condition [ 000 f(x)dx = 1.
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Lemma 2.

Suppose that X is an absolutely continuous random variable with cdf F(x) with F(0) = 0 and F(x) > 0 for
all x > 0. We assume that the pdf of X as f(x) and f'(x) exists for all x > 0., For a continuous function
g(x) on 0 < x < oo with finite E(g(x)) .if E(g(x)|x = x) = h(x)r(x),where h(x) is a differential function

inx>0and ,r(x) = 1}: 1(;20’ then f(x) =cexp (— f %dx) and ¢ is determned by the condition
Jo fOodx =1.
Proof.

[ g f Wdu
76

h(x) =

and

[oe]

[ seor@an = s rew

X

Differentiating the above expression, we obtain

g f(x) = fOOR'(x) + f'()h(x)

On simplification, we have

fo) 9@ -k
1) R

Integrating both sides of the above equation, we obtain

(g — h' W)

f(x) =cexp —JWdu
0

and c is determned by the condition [ 000 f(x)dx = 1.

Theorem 1.
Suppose that X is an absolutely continuous random variable with cdf G (x) with G(0) = 0 and G(x) > 0 for
all x > 0. We assume that the pdf of X as g(x) and g'(x) exists for all x > 0.

We assume E(X™) exists for r > 1. then E(X"|X < x) = ho(x)7(x), where 7(x) = 2% and

G(x)
ho(x) = 523
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. T . T
F(j+1)9xB (1+E+1) F(j+1)9xB (l+E+2)

— o, J )
where A(x) = Zk.1=0 Zi=0 Api (i+%+1) (i+%+z)

B I(j+1)6] BlG+1)6]
B(x) = g(x)and Ay.; is given before

if and only if g(x) = 35— Xh_g Ags (1 + xF)xPEHD1g=G+10x"

Proof.
We have
X
9o = [ wrguydu
0
o J r (i+5+1) T (i+5+2)
_ 2 A (j+1)0xF B N (j+1)6xP B
- k:i RS T
gt [ BIG+ eI G+ Dol TFY
= A(x)
where I, (B) = f;o xPle*dx
_ A
Suppose that ho(x) = 90" then
) A
ho(x) = x" — 59 (%)
(9(0)

iz Y Ay (PUHD-1xBA+D-2 4 (2 BA+D-1),B+2)=2 _ (j 4 1)6BxB-1)e-U+DoxP

hy(x) = x™ — ho(x -
0 (%) o(®) Z;?j:oz:{:o Ay (xBU+D=1 4 xB(+2)-1)o=(+1)0xF

Thus

, 0 i i+1)— i+1)— i+2)— i+2)— . — —(i B
X7 — ho(x) B Zk,j:o Z{:()Ak:i (xﬁ(1+1) 1xﬁ(1+1) 2 + (xﬁ(l+2) 1)xﬁ(l+2) 2 _ (] + 1)9ﬁxﬁ l)e (j+1)0x
ho(x) Z}?j:o Z{:()Ak:i (xBU+D-1 4 xﬁ(i+z)—1)e—(j+1)exl3

Integrating both sides of the above equation we obtain

(x) =cex f S5m0 Bh—g Ay (RFEFD 1 PUXD=2 4 (xBUD-1)3 B2 _ (j 4 1)gRxP~1)e~U+DO dx
’ ’ Ym0 2o A (xBUFD1 4 xB+2)~1)o=(j+1)0xP

=cYkj=0 Zg:oAk:i (xPEFD-1 4 xﬁ(”z)_l)e_(j“)exﬁ, where c is a constant
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and
1 T
_=f z A (RBEHD=1 4 (BUHD-1)o=(+1)0x"
¢ 0 k,j=0i=0

Theorem 2.

Suppose that X is an absolutely continuous random variable with cdf G (x) with G(0) = 0 and G(x) > 0 for
all x > 0. We assume that the pdf of X as g(x) and g'(x) exists for all x > 0.

We assume E(X™) exists for r > 1.then E(X"|X = x) = hy (x)7(x), where 7(x) = -2 and b, (x) =

1-G(x)
A1 (x)
B(x)’
L o wi ré )exﬁ(i+%+1) re )exﬁ(i+%+2)
where Al(x) = ij:o Z{:O Ak:i e (i+5+1) == (i+5+2)
[G+16] F [G+1)e] F

B(x) = g(x) and Ay.; is given before

if and only if g(x) = ¥’ Z{:O A (1 + xP)xPU+D-1-(+1D0xP

Proof.
We have
90 () = [ woGudu
X
© re (i+%+1) TIf (i+2+2)
1 (+10xP (+1)6xF
S DY e ALt
- _ i T —
.3[1 G(x)] Kj=0 =0 [(] n 1)9](1+ﬁ.+1) [(] + 1)9](“.3_,.2)
= A, (x)

where I, (B) = f;o xBle~*dx

_ Aq(x)
Thus hy(x) = )
_ Aq(x)
Suppose that hy (x) = O th,
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r A 9@

hi(x) = —x
' CIENE

N im0 Do Ay (P EFDTIPED=2  (yFUHD-1), B(42)-2 _ (j 4 1)gRxF~1)e=U+D0xF
Y0 Zazg A (xBUFD=1 4 xB42)-1)o=(+1)0xF

=—x"+ h;(x)
Thus

X"+ hy (x) ~ Y20 Z{:[)Ak:i (B D-1xBl+D-2 4 (xﬁ(i+2)—1)x/3(i+2)—2 —G+ 1)9ﬁxﬁ—1)e—(j+1)ex5
hy(x) Z]c:j:oz:{:gAk:i (xBU+D-1 4 x,b’(i+2)—1)e—(j+1)9xﬁ

Integrating both sides of the above equation we obtain

. ZI?j:O Z{:[)Ak:i (xﬁ(i+1)—1xﬁ(i+1)—2 + (xﬁ(i+z)—1)x/3(i+2)—2 _ (f + 1)gﬁxﬁ—1)e—(i+1)ex6 ;
g\x) =cexp © N4 (BT oy B(i4+2)-1)o—(j+1)0xF ¥
Zk j=0 leo jei ( )

=CYkj=0 Zg:oAk:i (xPEFD-1 4 xﬁ(”z)_l)e_(j“)exﬁ, where c is a constant

and

0 j
l:J Z A (xPE+D-1 +xﬁ(i+z)—1)e—(j+1)exﬁ_
¢ 0 k,j=0i=0

6. Estimation of the Parameters

In this section we introduce the method of likelihood to estimate the parameters. The maximum likelihood
estimators (MLEs) for the parameters of the geometric power Lindley Poisson distribution GPLP(4, 6, §, ) is
discussed in this section. Consider the random sample X4,X,,...,X, of size n from GPLP (4,6,6,5) with

probability density function in (6), then the likelihood function can be expressed as follows

B
_ 0+1+0x;
167 (1 = 8)"(1 — e~y Br Ty xf T Ty (1 + xf) exp <—9 T xf - Az, (—1 = >e‘9"i>

B 2
0+1+0x;
(1 + e)n ?:1 {1 - e_l -6 [1 — exp (—A <Texl> e—9xf>]}

Hence, the log-likelihood function, £, becomes:

(15)
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=nlnA+2nnf +nln(1 —8) +nln(1 — e ™+ nInp+Y™, (B — Dinx;

0+1+0x; B
— B _ —Bxi
nln(l+0)+§(1+x) HEx AE( 170 )e
251 1—e?t—5|1 NCEELL Ay
. n e exp 110 e
=1 (16)

Therefore, the MLEs of 4, 8, § and 8 must satisfy the following equations:

oL Z”:0+1+9x oxf
o 1+ )¢

i=1

B B
_ 0+ 1+ 0x; B 0+1+0x;\ _,.8
e A”(T@‘%’CP(—@% ”(Te‘)e 9"‘)

—2 ' (17)

‘ B
= RN PRI G (I B v g
1—e 6[1 exp( A( 150 e

n n

oL Zn 2 B
— = B B —0x;
— == Z (1+6)22[(2+6)xl+(1+9)xl e

i=1

8
(et 1+
1+0

2266 exp (—Bx )e‘exiﬁ) [(2 + H)xl.ﬁ +(1+ G)xl.ﬁz]

_Zl (18)

0+1+0x
2|1 -2 — — —
1+6)?|1—e 6[1 exp( A( 1509 ]

B
0+1+06x; B
n 1—exp <—A (Tgxl> e—Bxi>

aL_ —-n +ZZ
om (1-9) 6 +1+06x° A\
—ofi-en(-(T ) )

i=11 _
1-e" T+0

19)

and

c oxF — 0
_,8 :% ZlnxL +(1—9)Z Binx, — ( 1L+6 )exp(—@xf fo Inx;)
0+ 1+ 0x; B\ [(Ox; — 0
n T exp (—/’l (Texl) e 9% )( chl+ g >exp(—9xiﬁ fo Inx;) (20)
-2

. B
ot s o (a (OO ot
1—e 6(1—exp|—1 1509 e
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The maximum likelihood estimator 9 = (i, 9,5, B) of 9 = (4,6,6,[) is obtained by solving the nonlinear
system of equations (17) through (20). It is usually more convenient to use nonlinear optimization algorithms
such as quasi-Newton algorithm to numerically maximize the log-likelihood function.
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