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Abstract

Histograms are an intuitively understandable tool for graphically presenting frequency data that is available for and
useful in modern data-analysis, this also makes comparing histograms an interesting field of research. The concept
of similarity and similarity measures have been gaining in importance, because similarity and similarity measures
can be used to replace the simpler distance measures in many data-analysis applications. In this paper we
concentrate on circular histograms that are well-suited for time or direction-stamped frequency data and especially
on the comparison of circular histograms by way of similarity. We focus on Lukasiewicz many-valued logic based
similarities and introduce a new similarity measure, the “modulo similarity” for circular problems. We prove that
modulo similarity is a similarity measure in the strict sense. We also present a new compatibility measure, the
“maximum pair assignment compatibility” that can be used in lossless sample-based comparison of histograms. We
demonstrate the usefulness of these two new concepts by numerically applying them to a comparison of circular
histograms and comparatively analyze the results with results from a comparison with a bin-based Lukasiewicz

many-valued logic based method for the comparison of histograms.

Keywords: Circular histograms, similarity, L.ukasiewicz logic, Similarity, Modulo similarity, Compatibility

1. Introduction

This paper concentrates on the problem of comparing
histograms and more specifically focuses on the
comparison of circular histograms. Histograms are a
well-known graphical representation of frequency data
that allows intuitive understanding of the data. “Circular
problems” are situations, where information is naturally
represented in a circular way, examples include,
temporal problems (clock-face) and directional
problems (compass-face). In cases, where direction or
time-stamped frequency information is available,
circular histograms can be used. The difference between
normal and circular problems is that where extremes of
a scale, e.g., histogram bins, in a normal situation are
the furthest apart from each other, in a circular problem
they are respectively next to each other.

Histograms are used
applications and their usage is likely to increase in the
future. One area of research related to histograms is the
comparison of histograms. Comparison of histograms is
by no means a trivial task, because when histograms are

being compared the type of histogram used, normal

in a wide variety of

(horizontal) or circular, must be taken into
consideration.
A common approach in the comparison of

histograms is to compute a distance between histograms
by using one of many different distance measures.' One
possible way to do this is to first transform the
histograms into a probability density functions (PDF)
and to then compare these. This PDF-based approach
was one of the first ones introduced for comparing
histograms, and is based on the assumption that a
histogram from measured values provides the basis for
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an empirical estimate of the PDF.? Bhattacharyya
distance (sometimes referred to as B-distance) is among
the first distance measures used for calculating the
distance between two statistical populations’; later on
also other distance measures have been applied to the
comparison of PDFs, e.g., the K-L distance* being one
of the first ones.

In what can be called “vector type of approaches”,
histograms are treated as fixed-dimensional vectors,
between which a distance is computed. The usually
applied distance measures include the Euclidean and the
Manhattan distances, or generalizations of these, like
the Minkowski distance, see Ref. 5 for a listing of
different types of distances and generalizations of
standard  Euclidean and Manhattan distances.
Intersectional approaches consider the overlapping /
non-overlapping parts of histograms as a basis for the
comparison, these methods also use distances, e.g.,
earth mover’s distance® and the idea is that the distance
is based on computing the minimal amount of work
required to transform one histogram into the other by
moving “distribution mass”.

Angular separation and correlation functions are
often applied in astrophysics, e.g., see Ref. 7, when
histograms are compared. Also, in laser scans histogram
correlation is sometimes used®. Chord distribution”" is
also one way of comparing histograms that is often
applied in literature. In this research we concentrate on a
Lukasiewicz many-value logic based approach for
comparing histograms, see Ref. 11, and leave other
approaches outside the focus of this paper.

Comparison of histograms can be done by using a
similarity measure instead of using a distance measure.
In this paper we further focus on using similarity in the
comparison of histograms. The notion of similarity is
essentially a generalization of the notion of equivalence,
more concretely one can say that a “similarity” relation
S, is a fuzzy relation, which is reflexive, symmetric, and
transitive.'” In the case that a relation fails to satisfy the
condition of transitivity and thus is not a similarity, it is
often referred to as a “compatibility”, or a “tolerance”
relation."® Searching through the literature, one can find
that several measures that are called “similarity
measures” are in reality only reflexive and symmetric,
see Refs. 14-16; the definition of a “similarity measure”
seems to be imprecise or fuzzy. In fact, several studies
(see, e.g., Refs 17-19) show that similarity measures do
not necessarily have to be transitive. Since the concept

of similarity is a generalization of the notion of
equivalence, we can even go as far as to say that first
similarity measures were introduced by researchers
working on many-valued logic. An excellent short
introduction into the history of many-valued logic is
given in Ref. 20.

We focus on Lukasiewicz many-valued logic®'
based similarities and examine how these similarity
measures can be used in the comparison of histograms.
In this vein, we introduce a new similarity measure that
we call “modulo similarity” and that is based on
Lukasiewicz many-valued logic. We also introduce a
new compatibility measure that we call “maximum pair
assignment compatibility” (MPAC) that is useful in
determining the similarity of histograms in terms of
sample value similarity by considering the maximum
pair assignment between two samples. An observed
benefit of this sample value similarity based comparison
is that there is no information loss in the comparison
between samples of the same size. Both, modulo
similarity measure and the maximum pair assignment
compatibility measure are recent contributions and they
have not been previously analyzed in detail.

This paper continues as follows: in section 2, we
give a presentation of different histogram types and
present the concept of similarity between histograms.
We introduce the new modulo similarity measure for
circular problems and present its axiomatic properties.
Furthermore, we introduce the new maximum pair
assignment compatibility measure (MPAC) and study
also its axiomatic properties.

In section 3, a number of numerical illustrations are
presented to show the usability of the new concepts in
practice. In section 4, we show how the new methods
compare with a Lukasiewicz many-valued logic based
histogram comparison method that is based on bin
comparison. Futhermore, we illustrate how one can
overcome problems with histograms with different
sample sizes, and observe some benefits and
shortcomings of MPAC. Section 5 closes the paper with
discussion and conclusions.

2. Similarity of histograms

In order to share light on why modulo similarity is
useful and what are the reasons for which it should be
applied in the comparison of circular histograms we first
start with the definition of a histogram. We also go
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through the requirements for a lossless representation of
histograms, because it is relevant for the lossless
comparison of histograms MPAC. After this we move
onto presenting different types of histograms, and how
to define the similarity between histograms.

Definition 1. Let x be a feature having m different
values given in a set X = {xq, ..., x,}. Consider set of
elements A = {ay, ..., a,} where a; € X. The histogram
of the set A along with feature x is H(x,A) giving an
ordered m-dimensional list consisting of the number of
occurrences of the discrete values of x among a;.

Here we focus in the comparison of histograms of the
same measurement x, a situation relevant when
“standard” frequency data sets are being compared,
notation H(4) will be used. If H;(4),1<i<m,
denotes the number of elements of 4 that have values x;,
then (4) = {H,(A),H,(A4), ..., H,,(A)}, where

) = Zabyhere by =fo 0Ll O
Note: If P;(4) denotes the probability of samples in the
Jjth value, then P;(A) = %. This is also sometimes
used as a histogram measure, and is well suited for
similarity measure-type comparison, since P;(A4) €
[0,1]. We simply denote this type of variation as

HP;(A), formally:

1 lf a]- = X;
0, otherwise

HP,(A) = % where b;; = { @)

Definition 2. Lossless histogram representation:

Let x be a feature having m different values given in a
set X ={xy,..,xn} and consider set of elements
A={ay,..,an,} where a; € X. Histogram H(A) (or
HP(A), if using (2)) and number of bins equaling m
presents lossless histogram representation of A.

Example 1. Consider n=10, m=6  and
A={1,6,5,1,1,2,5,51,1},  H(A)={510,0231}, and
HP(4)={0.5,0.1,0,0,0.3,0.1}. If the ordering of the
elements in the set 4 is not considered, then H(4) is a
lossless representation of 4, meaning that 4 can be fully
reconstructed from H(A). Notice that if we introduce
requirement that m<6 this reconstruction cannot be
done anymore.

2.1. Different histogram types

Histograms can be divided into three different types, in
connection with computing histogram similarities:
1) nominal, 2) ordinal, and 3) circular.

In nominal histograms each variable has a “name”
that is, “make of a car” can take nominal values such as
“Volvo”, “Saab”, “Tesla”, and so forth. Nominal type
histograms can, e.g., consist of the frequency of each
make of car in a parking lot. In ordinal type histograms,
the variables are (can be) ordered, e.g., the number of
valves in a car can be quantified into 2 to 5 valves per
cylinder, or the weight of the vehicle from 1 to 10 tons
and these can be ordered.

15tbin 12t bin

180

Fig. 1. An ordinal and a circular histogram of the same
frequency information. The first bin in the circular histogram
is at a 30°angle, next to the 12" bin at 360°/0° angle, while in
the ordinal histogram the 1% and the 12" bin are the furthest
apart.
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In the third, circular type histograms, the measured
(or observed) variables form a circle in the same way as
hours form a circle on a clock-face with arithmetic
modulo 12, or a compass with degrees arithmetic
modulo 360. Ordinal and circular histograms are
illustrated in Figure 1.

2.2. Similarity between samples from discrete
measurements

Given a set of samples, with each sample containing
measured discrete values of a variable, a histogram
represents the frequency of each discrete variable value
measured. Considering three different types of
measurements, nominal, ordinal, and circular (modulo),
we present three different similarities between two
measurements (samples) x,, x;, € X. We normalize the
sample values between unit intervals, by setting
Xgm = ;—“,xbm =;—b, where m denotes the largest
variable value, or “bin” value (e.g., m=360° in a
compass). This way we get the following three
similarities:

Nominal similarity:

1, if x,,, =%
Snom(xam' xbm) = {0 f OatrZET'Wl'IZZ (3)

Where, for the similarity of two nominal type sample
values, we either have a match, or we don’t, this is in
line with classical equivalence.

Ordinal similarity:

Sora Xams Xpm) = 1 — [Xam — Xpml 4)

Where the similarity of the element values is defined in
the same way as in the original Lukasiewicz similarity
[15, 16].
Modulo similarity:
Smocl (xam' xbm) =
{l_lxam_xbmlif |xa_xb|S% (5)
[Xem — Xpm| otherwise

Where, the values form a circle and the form must be
taken into consideration, when the similarity is
calculated.

2.3. Similarity in the Lukasiewicz structure and
axiomatic properties of modulo similarity

Since, in (4) and (5) we are using similarity based on

Lukasiewicz many-valued logic, let us first start by brief

review of axiomatic properties required for this
similarity. Also note that our first equation for similarity
(3) is same as the standard crisp equivalence relation.
To be a similarity measure in the strict sense, as
discussed above, a Lukasiewicz similarity measure®'
needs to satisfy the conditions of reflexivity,
symmetricity, and transitivity. Since Lukasiewicz
structure can be defined by residuated lattice, we first
start by introducing definitions for a lattice and a
residuated lattice, then we present the Lukasiewicz
structure and Lukasiewicz similarity. In definitions 3-6
we follow closely the work of Turunen, see Ref 20.

Definition 3. A lattice is partially ordered set in which
x Ay (infimum) and x V y(supremum) exists in L for all
elements x,y € L. A lattice is often denoted by (L, <,A
V).

Definition 4. 4 lattice is called residuated, if it contains
the greatest element 1, and binary operations © (called
multiplication) and — (called residuum) such that
following conditions hold

1. @® is associative, commutative, and isotone.

2. a@®1=aforall elements a € L and

3. for all elements a,b,c €L, a®b < bif and

onlyifa<b-c

Definition 5. Letting L be the real unit interval [0,1]
endowed with the usual order vrelation, we may
construct the following usual residuated lattice:
Lukasiewicz  structure:  a®b = max{a + b — 1,0},

a - b=min{1,1 —a + b}.

Definition 6. Let L be a residuated lattice and X is a
non empty set. L-valued binary relation S, defined in X
is a similarity if it fulfills the following conditions:

1. VxeX:S(x,x)=1
2. Vxl,xz,E X:S(xl,xz) =S(X2,X1)

3. Vxq,Xx5,%3,€ X:S(xq, %) OS (x5, x3) <
S(xlle)

Notice that in case we let L be the two element set
{0,1}, similarity coincides with the usual equivalence
relation, see nominal similarity eq. (3). In Lukasiewicz-
logic an equivalence relation (or similarity relation) is
defined  as 1 — max{x;, x,} + min{x;,x,}, or



ATLANTIS
PRESS

International Journal of Computational Intelligence Systems, Vol. 10 (2017) 1-12

equivalently as S(x;,x;) =1 — |x; — x,|, see Ref. 15
and also ordinal similarity eq. (4).

Next we provide theorem that the new modulo
similarity is reflexive, symmetric and transitive
(conditions 1, 2, and 3 in definition 6) and provide
proofs for these in the Appendix.

Theorem 1. Modulo S.,q satisfies reflexivity,
symmetricity and transitivity (see proofs in Appendix
A).

Because all three axioms hold, we conclude that modulo
similarity is a similarity measure in the sense defined by
Lukasiewicz®' and satisfies the conditions of reflexivity,
symmetricity, and transitivity.

2.4. Maximum pairwise assignment compatibility
(MPAC) measure and its axiomatic properties

The similarity between any two histograms can be given
in terms of sample value similarities. Given two
samples of n elements, A and B we approach this
problem by considering maximum similarity of pair
assignments between the two samples. The problem is
to determine the best one-to-one assignment between
the two samples, such that the mean of all similarities
between two individual elements in a pair is maximized.
Given m elements a; € A, and m elements b; € B, we
define the maximum pair assignment compatibility
(MPAC) as:

Definition 6. Given A={a,,..,a,} and B =
{b1, ...,bn} where a; € X,b; € X, and m different bins
representing all possible feature values in a set
X ={xq, ..., x,n}. Normalized values for A and B are

dan)" " {by,...bn}
An =750 Ba =T

, and maximum pair
assignment compatibility

SCAm B = 23 5 (202 (e b)) ()

where S and s are designated as S, and S,om, Sorq and
Sora, ANd Syoq and .4 respectively.

To get a better understanding from S(A4,,, B,,) we next
provide two theorems explaining its properties. Proofs
of the theorems are given in the Appendix.

Theorem 2. S(A4,,, By,) is non-negative.
Proof: see Appendix A.

Theorem 3. S(4,,, Ay,) is reflexive and symmetric.
Proof. sce Appendix A.

Two of the three conditions that are the strict
requirement for a similarity are fulfilled by the
maximum pairwise compatibility measure.

3. Numerical illustrations of comparing
histograms with the maximum pairwise
compatibility measure

Next we illustrate, with a numerical example, how
modulo similarity can be used with the maximum pair
assignment compatibility —measure to compare
histograms of the same dimension (same m and n).
Later we discuss what can be done, if these
requirements are not met (e.g. different n), which often
is the case in real world situations. We approach this
topic by way of two different types of “attitudes™: 1)
removal of samples from the larger set and by 2)
interpolation of samples from the smaller set.

3.1. Comparing samples of same dimensions

In next example we assume the problem studied to be
circular in nature and show how one can end up with
different results by applying nominal, ordinal, and
modular approaches. Consider the following three
samples of observations with the same dimensions m=8
and n=10:

A={1,1,1,1,2,3,7,7,7,8), B={1,2,2,2,2,3,7.7,7,8}, and
C={1,1,23,7,7,7.8,8,8}.

The corresponding histograms are:
H(A)={4,1,1,0,0,0.3,1}, H(B)={1,4,1,0,0,03,1}, and
H(C)={2,1,1,0,0,0,3,3}.

Applying the maximum pair assignment similarity to
these cases we get:
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H(A) H(B) H(C)

5 5 5
4 4 1
3 3 3
2 2 L || B
1 1 1
0 0 0

1 2 3 4 5 & 7 8 1 2 3 4 6 7 8 1 2 3 4 5 6 7 8

270

180

160

180

Fig. 2. Ordinal and circular histograms H(A), H(B), and H(C)

Figure 2 shows the ordinal and circular histograms for
the three sets of observations. And a summary of all the
results by maximum pair similarity assignment is visible
in Table 1.

Table 1. Maximum pair assignment
compatibilities for all the illustrated cases.

Pairs: Snom Sord Simod
AB 0.7 0.963 0.963
AC 0.8 0.825 0.975
B,C 0.7 0.838 0.938

If we look at the calculation of the maximum pairwise
compatibility between the histograms H(A) and H(C)
and visualize the process by looking at the pairs of the
observations “within” the histograms graphically, we
get Figure 3, where similarity of each pair of
observations is first calculated separately and then the
sum of the similarities is added up and normalized to
yield the maximum pairwise compatibility. It is easy to
see from Figure 3 that there is a clear difference
between the maximum  pairwise
compatibilities when using nominal, ordinal, and
modulo similarities for the “same data”. Usually we
want to find the best possible match with histograms
and higher similarity values are considered better. In
Figure 3, we can see that nominal or ordinal similarity
calculation gives low similarity values for samples

resulting

without an exact match (s(1,8)=0 with nominal and
(s(1,8)=0.125 with ordinal). It is however clear, that as
this is a circular problem the sample pair (1,8) are
adjacent and they should get high similarity (in the
modulo similarity case we get s(1,8)=0.875), a high
value). This demonstrates the advantage of using
modulo similarity in MPAC for circular problems.

3.2. Comparing samples with a different number
of observations

The MPAC requires the sample sizes of the compared
histograms to be equal, this is why we study the
situation, where sample sizes are different and one must
“artificially” make them equal.

The situation with different sample size that is, a
different number of observations (sample values) can be
considered as a missing data problem. Here we can
address this problem by approaching it, e.g., in the
following two ways: randomly deleting samples from
the histogram with a larger number of samples, or by
interpolating more sample values into the histogram
with a smaller number of samples. In the first approach,
the comparison of histograms can be done, e.g., by
randomly selecting a min(n,, ng) amount of samples
and calculating the similarity of histograms for
histograms resulting from the smallest sample size. To
get comprehensive results the procedure can be repeated
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several times and the average from these results can be
used as (an indicator of) a compatibility score. An
important issue to remember is that m is defined before
the process.

When using an interpolation technique, one would
interpolate max(ny, ng) - min(n,, ng) sample values to
be added to the smaller set(s) with a lower number of
sample values. We use probabilities of HP(4) or HP(B)
in our interpolation. Next we shortly illustrate these
procedures numerically.

Consider the following three samples with m=8 and
ns=12, ng=15 nc=10:

A={1,1,1,1,2,3,4,4,7,7,7,8},
B={1,2,2,2,2,3,5,5,5,6,6,7,7,7,8},
C={1,1,23,7,7,7,8,88}.

Using random selection, ten sample values are selected
from sets A and B. Then similarities and the maximum
pairwise assignment compatibility (MPAC) measure
values are calculated between the sets (in the same
manner as in section 3.1). This procedure is then
repeated 100 times and the mean MPAC measure value

is computed for each pair of sets. The results of the
mean MPAC measure values reached with the
experiment are given in Table 2.

Table 2. Mean maximum pairwise assignment compatibility
measure values from 100 repetitions using random sampling,
when nominal, ordinal, and modulo similarities are used.

Pairs: Snom Sord Smod
AB 0.486 0.893 0.893
AC 0.693 0.822 0.891
B,C 0.494 0.861 0.871

For the example it seems that using nominal similarity
with the MPAC leads to clearly lower MPAC values.
Also the results between ordinal and modulo similarity
are quite similar — in the example, both find the pair
(A,B) as the closest match.

Snom(Am, Cm) = 0.8

Sora(Ams Cry) = 0.825

A C A C A C
1 1 1 1 1 1 1 1
1 1 1 1 ! 1 1 !
2 1 2 1 2

0.125 / 0.875 1 /
3 3
7 7
7 7
7 7
8 8

0.125 0.875

8 7 8 7 8

®4 4
8 8 8 8 8

1 1

S oa(Ams C) = 0.975

Fig. 3. Maximum pairwise compatibility between H(A) and H(C) with, a) nominal similarity b) ordinal similarity and c) modulo
similarity
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Table 3. Mean maximum pairwise assignment compatibility
measure values from 100 repetitions using the interpolation
method, when nominal, ordinal, and modulo similarities are
used.

Pairs: Snom Sord Smod
AB 0.533 0.890 0.899
AC 0.665 0.807 0.906
B,C 0.555 0.862 0.893

When interpolation is used, in this case three samples
are created for and added to the set A and respectively
five samples for the set C; this is done by using the
frequencies presented in HP(A) and HP(C) as
probabilities. In this way three sets of fifteen sample
values become available. After the interpolation the
maximum pairwise assignment compatibility is
calculated between the three sets. This process is
repeated 100 times and the mean similarities between
the sets computed. The results of the mean MPAC
values reached with the interpolation method are
presented in Table 3. One can see that with ordinal
similarity the pair (A,B) is considered to be the closest
match, but with modulo similarity the MPAC finds the
pair (A,C) the closest match. This result seems to
indicate that modulo similarity does not perform as
consistently as the nominal and ordinal similarity in
situations, where the original number of samples in the
to-be-compared histograms is not equal and when
random deletion and/or interpolation are used.

4. A bin-comparison based method in the
comparison of histograms

Here we present an alternative tukasiewicz many-
valued logic based histogram bin comparison-based
method for the comparison of histograms that is based
on the “Turunen similarity”. This is done to highlight
the benefits that can be obtained by using the MPAC
with circular problems, and to demonstrate the
difference between using a “sample comparison” based
similarity technique to a “bin-based” comparison
technique.

We analyze, by using numerical results from the two
alternative methods, how different and what kind of
differences exist between the selected methods and the
maximum pairwise compatibility measure. First, we
study the situation, where the compared histograms
have same dimensions and then a situation where the
dimensions are not the same — for both these cases we

analyze the effect of using different number (and size)
of bins. The idea is to create a benchmark for
understanding the “goodness” and the usability of the
MPAC and the Turunen similarity based method in
practical circumstances.

4.1. Bin-based comparison of histograms with the
same dimensions

We present a similarity measure that is usable for
similarity computation of two histograms that is based
on comparing bins, or in other words the number of
observations in each bin. The comparison is done by
comparing each bin to the corresponding bin on the
compared-to histogram. This is done by using
Lukasiewicz similarity that for the purposes of this
research is called “Turunen similarity”, in the following
way:

Definition 7. Given two histograms HP(A) and HP(B)
with m bins. Similarity of  histograms
S(HP(A), HP(B)) considering only m bins is:

m

1
S(HP(A), HP(B)) = EZ(l — |HP.(A) — HP,(B)])

(7
This similarity measure is substantially the same as the
similarity previously introduced by Turunen®, for the
analysis of the axiomatic properties of this similarity
measure we refer the interested reader to the original
article. We consider the same histograms as in the
previous illustration

H(4)={4,1,1,0,0,0,3,1}, H(B)={1,4,1,0,0,0,3,1}, and
H(C)={2,1,1,0,0,0,3,3}

and for these we have
HP(4)={0.4,0.1,0.1,0,0,0,0.3,0.1},
HP(B)={0.1,0.4,0.1,0,0,0,0.3,0.1}, and
HP(C)={0.2,0.1,0.1,0,0,0,0.3,0.3).

and the similarities computed with equation (7) are
reported in Table 4. Looking at Table 4 we can observe
that the similarity between histograms HP(A) and
HP(B) is equal to the similarity between HP(B) and
HP(C).

Table 4. Similarities of three histograms using equation (7)
for Turunen similarity

S(HP(A),HP(B)) S(HP(A),HP(C)) S(HP(B), HP(C))

0.925 0.95 0.925
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One issue that needs to be noted here is that instead of
pairwise sample comparison, the comparison is made
for the bins. This means that the number (and the size)
of bins matters.

Similarities of histograms with varying bin-size
1

0.95
09

0.85

=—&— S(HP(A)HP(B}))
=% S(HP(A) HP(C))
—— S(HP(B}HP(C))

Similarity value

0.694

0.75

3 3 4 5 5 7 8
Number of bins

Fig. 4. Similarities of histograms HP(A), HP(B) and HP(C)
when quantity of bins are compared.

This also means that there is information loss, if the
number of bins used is reduced. In Figure 4, one can see
how computed similarity values change, when the
number of bins used is changed.

It is visible that even though the most common
result for all studied quantities of bins is that histograms
HP(A) and HP(C) are most similar, the bin size does
affect the results. When only one bin was used the
histograms HP(B) and HP(C) were found to bemost
similar. When eight bins were used the similarity
between the histograms HP(A) and HP(B) and with
HP(B) and HP(C) “converged”. Furthermore, in the
comparisons that are made based on the bins modularity
is not taken into consideration in any way.

The obtained results suggest that the presented
method that concentrates (only) on the bin size in the
comparison of histograms is a more robust method than
the MPAC.

4.2. Comparing histograms with different sample
size (n)

In practice, one may encounter situations, where the
number of collected samples is not the same for
different sets (histograms). In such cases the need to
introduce a general definition for histogram
distributions with an arbitrary sample size arises. Let
N =ny, X ng, where n, and ng are the quantity of
samples in sets A and B. A common multiplier for these

would be N. Using a common multiplier we can derive
new histograms HP"(4) and HP"“(B), for comparison
purposes in the following way:

HPY(4) = "2 HP(A) ®)
HPY(B) = ’jV—AHP(A) 9)

After the derivation of the comparable histograms we
can apply equation (7) in the calculation of similarities
between histograms, where the number of samples are
different. Consider again the following three cases, with
m=8 and ns,=12, ng=15, and nc=10:
A={1,1,1,1,2,3,4,4,7,7,7,8},
B={1,2,2,2,2,3,5,5,5,6,6,7,7,7,8},and
C={1,123,7,7,7,8,88}.

Corresponding derived comparable histograms are:
HP"(4)={0.33,0.083,0.083,0.17,0,0,0.25,0.083},
HP"(B)={0.07,0.27,0.07,0,0.2,0.13,0.2,0.07}, and
HP"(C)={0.2,0.1,0.1,0,0,0,0.3,0.3}.

The resulting similarities between the histograms with
m=38 are given in Table 5.

Table 5. Similarities of three histograms by using
normalization with a common multiplier
s (HPN (A),) s (HPN (A),) s (HPN (B),)
HPY(B) HPN(C) HPN(C)
0.9897 0.9925 0.9883

Testing the effect that changing the number of bins used
has on the results gives us the results that are visible in
Figure 5, where one can see that the number of bins
used (bin size) has a clear effect on the similarity
results.

Here we have shown how Lukasiewicz based
similarities can be applied in the comparison of the
histograms and examined how bin comparison-based
comparison of histograms can be constructed by using
the Lukasiewicz based Turunen similarity. To the best
of our knowledge this is the first time the presented
similarity is used for the comparison of histograms.

It was shown that the bin comparison-based
similarity is simpler to use than the MPAC in cases,
where histograms have different number of samples in
the sense that they do not require random sampling or
interpolation techniques to work. Shortcoming of the
bin comparison-based method is that it does not
specifically take into consideration the special
circumstances of circular problems.
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Varying bin-size and different n
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Fig. 5. Similarities of histograms HP™(A), HPY(B), and

HPN(C) when different quantity of bins are used.

5. Discussion and conclusions

In this paper we have presented a new similarity
measure, the “modulo similarity” and shown that it
satisfies the three required axioms of a “true” similarity
measure in the many-valued Lukasiewicz structure. We
have also introduced a new method for comparing
histograms based on pair-wise comparison of individual
histogram bin-values that we call “maximum pair
assignment compatibility” (MPAC) measure. The
MPAC is a method that is based on comparing the
individual samples from which the histograms are built,
this is different from a bin-based comparison of
histograms.

The MPAC method can utilize different types of
similarity measures in the comparison of histograms,
including using the new modulo similarity. We
illustrated the use of the maximum pair assignment
compatibility measure numerically by comparing
histograms by using nominal, ordinal, and modulo
similarities. When modulo similarity is used the MPAC
is able to take into consideration the special properties
of circular problems. It is clear that the presented new
methods are relevant, when time-stamped, or direction-
stamped information is used to form histograms.

An important advantage of the new method, over
bin-based comparison of histograms, is the fact that
more relevant information about the circular problems
can be taken into consideration, which causes the results
to be more realistic. Furthermore, the MPAC is a

lossless procedure that is, as the comparison is
performed based on the individual samples no
information is lost in the process.

There are also issues that limit the use of the MPAC,
or at least require solutions that may affect results. For
example, the requirement to have equal sample size in
the compared histograms may cause the need to
equalize the sample sizes; some methods for achieving
this were proposed and shortly illustrated.

We have also examined how a Lukasiewicz logic-
based similarity (Turunen similarity) can be applied to
comparing histograms. The method is based on
comparing the bins of the histogram and to the best of
our knowledge this is the first application of the method
to comparison of histograms. The results from the
Turunen similarity based method have been compared
to the results from the MPAC and the findings show that
bin-based comparison of histograms allows one to
“directly” include cases, where two histograms have a
unequal number of observations, however, the studied
method cannot take into consideration
problems.

So far, there has been little in terms of research of
comparison of histograms in general and the research on
circular histograms is scarce, even though it is quite
apparent that there are many applications, where
histograms are used and comparison of histograms is
needed, as the amount of time- and direction-stamped
data is all the time growing.

Future research into this topic will include, among
other things, comparison of histograms from samples of
fuzzy numbers and research into how the new methods
may be used together with the histogram ranking
method to compare the results from different parametric
MCDM decision-support methods.

circular
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1) x; — x| >%

m m
2)  xg — x| >;and [y — 23] >

3) Ixg — x5 >%

For 1) we have x; < x3 < x, and

S(x1,x)OS (2, x3) < S(xy1,%3)

X X X X
omax{[2-2l+1-[2-2-10}<1-
m m m
X1 _ X3
m
X X X X X X
(z)max{—l——2 -Z2-=2 ,O}Sl— =-=
m m m m m
X X X X X X
Now, max{—l——z——z——3,0}=—1——2
m m m m m m
Xy X3 d < <
2 — = duetox; < x5 < x,, 50 We get
X X X X X X
max{ L2 |23 ,O}Sl— 2=
m m m m m m
X X X X X X
o [ _x 2 Xl g _|2_2
m m m m m m
X X X X X X
o |F_ X2 2 _ Xl |7 X o q
m m m m m
. X
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since we know that x; < x3 < x, , we get

X2 X1 X2 X3 X3 X1
@————(——— +=-=<1
m m m m m m

2 m m
o — - <
m(xa x) <1

and (x5 —x,) <0< 1m

In the case |[x; — x| = ? and [x; —x5| = ? we have

two possible cases: x; < x, < x3 and x; < x3 < x,. In
case x; < x, < x3, we have
S(x1, %) OS (2, X3) < S(xq,%3)

X X X X X X
<:>max{—1——2 +1-[2-= —1,0}S =22
m m
X X X X X X
@}max{—l——2 -2-=2 ,O}S ==
m m m m m m
X1 _ X2 X2

Case

X . . .
——3| < 0 is not possible, since
m m

[, — x| = % and |x; — x3| = % This leads to having

m

X1 X2 X2 X3 < X1 X3
m m m ml~— Im m
x x x x x x
m m m m m m
X1, x , (% x Xy X
@max{—l,—z}—mm{—l,—z}—(max{—z,—3}—
m m m m m m

min {x—z,x—3}) — (max {x—l,x—3} —min {ﬁ,x—ﬂ) <0
m m m m m m
2y

Since x, < x3,x, —x3 < 0, and we get 0< Om

In the case that we have x; < x3 < x,, we get
S(x1, %) OS (x2, x3) < S(x4,%3)

X X: X: X X X:
<:>max{—1——2 +1-[2-= —1,0}S =22
m m
X X X X X X
@}max{—l——2 -2-=2 ,O}S ==
m m m m m m
X X X X . X X
Case |[Z=—22—|2-=2{<0 gives 0<[2-23
m m m m
. . . . X X: X: X
which is obviously valid. In case |= — 2| — [2 - 2| >
m m m
0, we have
X1 X2 X2 X3 X1 X3
m m m m m m
X . X X X X
@max{—i,—z}—mln{—l,—z}—(max{—z,—3}—
m m m m m
X X: X B X X:
mln{—z, 3})—(max{ L —3}—mm{—1,—3}) <0
m m m
X X X X
el _A_%,m_ R, kg
m m m m m
©0<0m

m
In the last case we have |x; — x3| = — and now
x; < X, < x3, which gives us

S(x1,x2)OS (2, x3) < 5(x1,%3)
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@max{l— ool I Sl e —1,0}S
X1 X3
m m

X X X X X X
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m m m m m
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X X ..
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m m
. X X X X:
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S Y B S PR LR
m m m m m m
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m m m m m
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m

m

0
<0

X x 1 . . . .
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m m

m
|x1 —x3| Z;and X1 < X < X3
Since there are no other cases this concludes the proofm

Proof of theorem 2. Since s(ai,bj) >0 also sum
ti=15(ay, b;) = 0 and therefore S(4,,, Byp) has non-
negativity.

Proof of theorem 3.

Reflexivity. For A, = B,, we have also a; = b; and

since s(a;,a;) = 1 also in this case s(ai,bj) =1Vi,j.
max

This leads to A A (Zgjzls(ai,aj)) =n and
S(Apm, Ap) = g =1m

Symmetricity.  Since s(ai, bj) = s(bj, ai) also
Z’gjzl s(a;, by) = ZZj:l s(bj, a;) and hence

S(Am' Bm) = S(Bm' Am) u



	1. Introduction
	2. Similarity of histograms
	2.1. Different histogram types
	2.2. Similarity between samples from discrete measurements
	2.3. Similarity in the Łukasiewicz structure and axiomatic properties of modulo similarity
	2.4. Maximum pairwise assignment compatibility (MPAC) measure and its axiomatic properties

	3. Numerical illustrations of comparing histograms with the maximum pairwise compatibility measure
	3.1. Comparing samples of same dimensions
	3.2. Comparing samples with a different number of observations

	4. A bin-comparison based method in the comparison of histograms
	4.1. Bin-based comparison of histograms with the same dimensions
	4.2. Comparing histograms with different sample size (n)

	5. Discussion and conclusions
	References


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



