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Abstract

Here we develop an order k version of the alpha-logarithmic series distribution of Kumar and Riyaz (South
African Statist. J., 2014) through its probability generating function and derive its probability mass function, mean
and variance. The parameters of the model are estimated by the method of maximum likelihood and the distribution
has been fitted to certain real life data sets. Certain test procedures are considered for testing the significance of the
additional parameters of the distribution. In addition, a simulation study is conducted for assessing the performance
of the likelihood estimators of each of the parameters of the model.
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1. Introduction

The logarithmic series distribution (LSD) was introduced as the limit of a zero-truncated negative binomial
distribution by Fisher et al. [4] to investigate the distribution of butterflies in the Malayan Peninsula. The
LSD has been used extensively by Williams [28, 29] for fitting ecological data on species of abundance with
long tails. An application of the LSD to an inventory control problem in steel industry appears in Williamson
and Bretherton [30]. Chatfield et a/. [2] utilized the LSD to represent the distribution of number of items of a
product purchased by a buyer in a specified time period. The LSD has been found application in several
practical situations such as the studies on sampling of quadrants for plant species, the distribution of animal
species, population growth, biology, economics, inventory models and marine sciences. For details see Jonson
et al. [6]. Due to practical suitability of the LSD in case of data with long tails, several generalized forms of it
have been proposed in the literature. For example see Jain and Gupta [5], Kempton [7], Tripathi and Gupta
[26, 27], Ong [20], Khang and Ong [8] and Kumar and Riyaz [14, 15].
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An important drawback of the LSD in certain practical situations is that it excludes the zero observation from
its support. To mitigate this drawback, Khatri [9] has considered a distribution namely “the logarithmic-with-
zeros distribution (LWZD)” through the following probability mass function (pmf), in which0 < @, € <1

o, x=0
S =1 (1-w)d* =123 (1.1)
—xln(l-6) * = 777

Some aspects of the LWZD are also detailed in Johnson et al. (6, pp. 355). Kumar and Riyaz [16] considered
a modified form of the LSD with a non-negative support, namely “the alpha- logarithmic series distribution

(ALSD)” through the following pmf in which A=[-In(l- 8 - )], @ > 0and a >0 such that 6+« <1.

—Aln(1- ), x=0
g(x)= x 1.2)
Al-ay L xo12 (
X

The probability generating function (pgf) of the ALSD (1.2) with pmf is the following.
G(@)=—-AIn(1-0t - ) (1.3)

Recently there has been renewed interest in the study of discrete distributions of order & in the literature. For
example see Kumar [10, 11], Kumar and Shibu [18] or Kumar and Nair [12, 13]. For a detailed account of
order k£ distributions and their applications see section 10.7 of Johnson et al. [6]. Philippou [22] introduced
and studied a negative binomial distribution of order &, which is also known as the type I waiting time
distribution of order & . As a limiting form of the left-truncated version of this negative binomial distribution
of order k , a logarithmic distribution of order & is proposed in the literature as given in page 461 of Johnson
et al. [6]. Panaretos and Xekalaki [21] obtained another logarithmic distribution of order £ as a limiting form
of the gamma-mixed Poisson distribution of order k. Kumar and Riyaz [17] introduced and studied an order
k version of the logarithmic series distribution, which they obtained as the limiting case of the zero-truncated
cluster negative binomial distribution. All these order £ versions of logarithmic distribution do not have non-
negative support. Through the present paper we consider an order £ version of the ALSD, which possess a
non-negative support and named it as “the alpha-logarithmic series distribution of order & ” or in short “ the
ALSD(k )”. In section 2 we present the definition of the ALSD( £ ) and derive its pmf, mean and variance. In
section 3 we estimate the parameters of the ALSD( & ) by the method of maximum likelihood and in section 4
we illustrate its usefulness with the help of certain real life data sets. In section 5 we consider the generalized
likelihood ratio test and Rao’s efficient score test for testing the significance of the additional parameters of
the model and in section 6, we carried out a simulation study for comparing the performance of the estimators
obtained by the method of maximum likelihood.
We need the following series representation in the sequel. For any real valued function O(r,s),

S 30(rs) =3 Y0(rs—7r), (1.4)

s=0r=0 5=0r=0

in which [a] denote the integer part of a and

u

, (1.5)
7!

(—u)™ = %(b),.

for any b >0 and |u|<1.
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2. Definition and Properties
In this section first we present the definition of the ALSD( k£ ) and discuss some of its important properties.
Definition 2.1 A non-negative integer valued random variable Y is said to follow “the alpha- logarithmic
series distribution of order &£ ” or in short “ the ALSD( %k )” if its pgf is of the following form, in which
k k
A=[-In(1- X0, —a)]™, 0, >0 anda > Osuch that .0, +a <1.
Jj=1 J=l

H(t)=-Aln(l- ﬁe,zf —-a) (2.1)

Clearly, when k& = 1the pgf (2.1) reduces to the pgf of the ALSD of Kumar and Riyaz [16] and when a =0
the pgf (2.1) reduces to the pgf of the of the logarithmic series distribution of order £ studied by Kumar and
Riyaz [17]. The pgf of ALSD( % ) given in (2.1) can also be written as

k _ k .
(Zﬁjt1+a) 21‘7'1(1,1;2;29jtjJr()t)
=

H(=-" . (2.2)
X0, +a) F(1,1;2:30, +a)
J= J=1
where
2F1(a,b;c;z)=§Mi (2.3)

=0 (¢), 7!

is the Gauss hypergeometric function, in which (d), =d(d +1)---(d +r—1), for r 21 and (d), =1, for any
d € R =(—,) . For details regarding Gauss hypergeometric function see Mathai and Haubold [19] or Slater
[25].

Next we derive the pmf of the ALSD( & ) through the following theorem.

Theorem 2.1 The pmfq(y) = P(Y = y) of the ALSD( k ) with pgf (2.1) is the following.
-Aln(l-a), y=0
o1 92}’2 gli’k 2.4

AY(—a) " A2k =12,
7y nt vty

q(y) =

in which . denote the summation over all & -tuples(y,,y,,...,,)of non-negative integers in the set

Iy

k k
S, ={ 0500 04) ley,» = y}and n= Zly,» -1
J= J=

Proof. From (2.1) we have the following.

H(t) = iq(y)ry 2.5)
=—Aln(l- fejt-/' ~a). (2.6)
j=1
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Expand the logarithmic function in (2.6), to get

) (30,6 +a)"
Ht) =AY

n=1 n

k . 1
(20,7 +a)™
j=1

M8

=A
0 n+l

n

Q2.7)

n+1r
_Ai ’il n+1 (26 tj)
(n+1)

n=0r=0 r

by binomial theorem. Now, on splitting the inner summation of (2.7) we obtain

(n+l}
© n n+l
Ht) =AY Y (ze Y TAY S (2.8)

nOrO(l’l 1) j=1 no(n+1)

By applying (1.4) in the first term and since the second term is the logarithmic expansion of [-In(l — )], we
have the following from (2.8).

(n+r+1}
H{)=AY z—(ze t"Ya” = Aln(l - o). (2.9)

n=0r=0 (n+r+1) 2

Now, by applying the multinomial expansion in (2.9), we have

(n+r+1]
|

Hi) =AY S~ /s (n+ D! 616;2...0 a’t’ — Aln(1-a), (2.10)
n=0r=0 (n+r+1)7, »,!y,l.. p!

in which 6 = Z J¥; 2 denote the summation over all & tuples(y;,y,,..., ;) of non-negative integers in the
Jj=1 n

k
setJ, ={(y1,¥2,--» ;) X ¥; =n+1}. Onrearranging the terms, we have
j=1

I

© © | |
Hiy=A% 3 trabt a5 FDD grgn p2e _An(-a) (2.11)
n=0r=0 (n+D!(m+r+1) rly, !y, p!
which implies the following, in the light of the relation (1+v), = _ vt p)t and the definition of the Gauss
vl

hypergeometric function.

(n+1), a” (n+1)!

H() =AY 3 il '931 0% 6%t° — Aln(1- ) (2.12)
n=0 r=0 (1 + r. Jnyl y2 yk'
_Ai Sl-a) <"“>—9y1 052...0%t° — Aln(1-a), (2.13)
0 J, iyl y!
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in the light of (1.5). Now, on equating the coefficients of ¢ on the right hand side expressions of (2.5) and
(2.13) we get (2.4).

Next we obtain the mean and variance of the ALSD( & ) through following theorem.

k
Theorem 2.2 The mean and variance of the ALSD(k ) are the following, in which 6 =(1-X6, —a)'and
j=l

k
A=>7 0]. .
=

Mean= AdA

and
k
Variance = AS[X j(j —1)8, + 1 + ASA*].
=
Proof follows from the fact that
Mean= H" (1)

and

Variance= H® 1)+ HY ) -[H" ()]?,

where for r =1,2,...

H(")(t)=6l,r;1r(z)/t=1.

3. Maximum Likelihood Estimation

In this section we discuss the estimation of the parameters of the ALSD(k ) by the method of maximum
likelihood estimation.
Let a(y)be the observed frequency of y events and let z be the highest value of y observed. Then the

likelihood function L of the sample is the following, in which ¢(y) is the pmf of the ALSD(% ) as given in
(2.4).

L= T1g(n)]"" =[g(0)"” T[] (3.1)
Taking logarithm on both sides of (3.1), we have

InZ = a(0)In[¢(0)] + z (»)In[g(»)]

= a(0)In[g(0)]+ L a(MnA +Ing(y: 0,0, ..... 6. )] . (3.2)

y=1

where A is as given in (2.4) and

n! o 6> o
#1606, ,....0,a0)=% R R
o ' TA-a)™ oyl oyl !
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where Y. is as defined in (2.4). Let éj denote the maximum likelihood estimator of the parameter 6 ; for

J
¥y

j=1,2,...,k and @ denote the maximum likelihood estimator of the parameter a of the ALSD(k ). On
differentiating (3.2) partially with respect to the parameters &, for j=1,2, ...,k and a and equating to zero,

we get the following system of likelihood equations.

V. V. .
y y Jj-l Vj+l y
nt 66, O 07 O gf

TA-a)™ oyt oy =Dyt py!

—a(0)AS+3 —0 33
a(0) +yZ:1a(y)[ o6 0r by ct) ] (3.3)
and
nl(y+1) 67 62 6,
a (O CASTH Sa U@ bt (3.4)
-(l-a)ln(l1-a) y=1 0(v;6,,0,,...,0,,a)

Now, on solving the likelihood equations given in (3.3) and (3.4) by using mathematical softwares such as
MATLAB, MATHCAD, MATHEMATICA etc., we can obtain the maximum likelihood estimators of the
parameters of the ALSD( k). When the likelihood equations do not always have a solution, the maximum of
the likelihood function attained at the border of the domain of parameters. So, we obtained the second order
partial derivatives of In[g(y)] with respect to parameters 6;,for j=1,2,....k anda,and by using

MATHCAD software we observed that these equations give negative values for all 6, >0and « >0 such that

k

a+ Y0, <1. Thus, the density of the ALSD(k ) is log-concave and hence the maximum likelihood estimators
=l

of the parameters ¢; and @ are unique under these parametric restrictions (cf. Puig, 23). In practice, one can

estimate the parameters 9]. for j=1,2,...,k and a of the ALSD(k) for particular values of k, say
k=1,2,....

4. Applications

For numerical applications, here we consider two real life data sets of which the first data set is the observed
distribution of bacterial clumps per field in a milk film taken from Bliss and Fisher [1] and the second data set
is the experimental evidence concerning contagious distributions in ecology taken from Evans [3]. We have
fitted the LWZD, the ALSD and the ALSD( k) to these data sets and the results thus obtained along with the
corresponding values of the expected frequencies, Chi-square statistic, degrees of freedom (d.f.), P, Akaike
information criterion (AIC), Bayesian information criterion (BIC) and the second order Akaike information
criterion (AICc) for which the ALSD(k ) gives the better fit for each of these models are presented in the
Tables 1 and 2. Based on the values of Chi-square statistic, P, AIC, BIC and AICc from these tables we can
be observe that the ALSD( % ) gives a better fit to the first data set for k£ =3 and the second data set for £k =2,
compared to the existing models- the LWZD and the ALSD.
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Table 1. Observed frequencies and expected frequencies of the LWZD, the ALSD, and the ALSD(k ) by
the method of maximum likelihood for the first data set.

No. per Observed

it frequency  LWZD  ALSD ALSD(k)
k=2 k=3 k=4
0 56 64.00 69.41 60.66 53.01 53.65
1 104 126.98  118.56 11401  103.07 94.14
2 80 57.78 69.85 70.37 85.05 74.66
3 62 35.05 61.64 64.56 60.25 57.02
4 42 23.92 32.52 40.52 43.45 50.92
5 27 17.41 18.56 21.06 30.14 23.58
6 9 13.20 11.01 9.03 8.01 15.45
7 9 10.30 8.16 8.01 7.75 12.65
8 5 8.20 5.17 5.03 5.04 7.75
9 3 6.64 3.69 2.01 3.12 491
10 3 36.52 1.43 4.74 1.11 5.27
Total 400 400 400 400 400 400
Ofﬂisg:rlzﬁzters zi 89116 =051 A@ =041  §=035  6=036

a=042 5 _025 §,=021 6,=018
a=019 ;=011  6;=0.09
a=015  §,=001

6=0.16
Chi-square value 88.89 13.79 6.59 2.13 10.45
df 8 7 6 4 4
P-value <0.0001  0.05 0.36 0.77 0.03
AIC 3942.50 335234 335434 334832 3350.32
BIC 395048 336032 3359.98  3350.78  3353.33
AlCe 3942.53 335237 335406 3348.42  3350.50
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Table 2. Observed frequencies and expected frequencies of the LWZD, the ALSD, and the
ALSD(k) by the method of maximum likelihood for the second data set.

Nﬁhﬁer g::sglii LWZD  ALSD ALSD(k)
k=2 k=3
0 12 15.00 1756 1038 6.0l
1 22 2695 3204 2135 2653
2 19 12.80 1444 2050  24.62
3 17 8.10 868  15.12 15.19
4 15 5.78 587 1440 12.80
5 6 439 424 801 7.01
6 5 3.48 318 5.05 4.05
7 2 2.83 245 320 1.42
8 2 20.67 1154 1.99 1.97
Total 100 100 100 100 100
oft}isgizfl;ers ? =0.95 ?: 055  6=062  6=052
©=015a=03"§ _035 4,-034
a=0.09  §,=001
4=0.11
Chi-square value 46.36 3740 1.42 7.99
d.f. 4 4 4 2
P-value <0.0001  <0.0001  0.84 0.02
AIC 889.98 83722 833.92  836.92
BIC 890.56  838.02 83491 83745
AICc 890.10 83734 83417 837.34

5. Testing of the Hypothesis

In this section we discuss the testing of the hypothesis H,, : 6, =6, = ---=6, =0, for any particular subset

{i\,0,..., I,,} of the set{1,2,..., k}, by using generalized likelihood ratio test and Rao’s efficient score test.

5.1. Generalized Likelihood Ratio Test
In case of generalized likelihood ratio test, the test statistic is

—2InA=2(,-1,), (5.1)

where /| = 1nL(é;x), in which é is the maximum likelihood estimator of 8 =(6,,6,,...,6,; ) with no

restrictions and /, =1In L(é*;x) , in which é* is the maximum likelihood estimator of @ under H, . The log-
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likelihood function InZ = In L(8, x) is as defined in (3.2) and the test statistic given in (5.1) is asymptotically

distributed as chi-square with m degrees of freedom (for details see Rao, 24).
For testing the significance of the additional parameters of the ALSD( % ) for £ =3 in case of first data set
we consider the following three tests:

Test1: H{":0, =0 against H" :0, #0
Test2: H{” :0, =0 against H® :6, # 0
Test3: HS):0, =0, =0against H :0, 20,0, #0.

In case of the second data set we consider the null hypothesis as H 51) : 60, =0 against alternative hypothesis

H 1(1) : 0, # Ofor testing the significance of the additional parameter 6, of the ALSD(% ) for £ =2. We have

computed the values of lnL(é;x), lnL(é* ;x)and the test statistic given in (5.1) in all the above situations
and presented in Table 3.

Table 3. Computed values of In L(é ;x), In L(é ; x) and the generalized likelihood ratio test statistic.

InL (é* 3 X) In L(g; *) ;rtZ:itstic o Szﬁlllescz?;lziced value)
Data set 1 Test 1 -1676.71 -1674.17 6.84 1 3.84
Test 2 -1677.01 -1674.17 5.68 1 3.84
Test 3 -1678.25 -1674.17 8.16 2 5.99
Data set 2 -420.26 -417.46 4.56 1 3.84

From table 3, it can be observed that the calculated value of the test statistic is greater than the tabled value in
all the above situation and hence one can conclude that of the additional parameters ¢, and 6, are significant

in case first data set and the additional parameter 6, is significant in case of second data set, at 5% level of
significance.

5.2 Rao’s Efficient Score Test

Here the test statistic is
S=M'¢"'M, (5.2)

in which

Jn 00, " n 00, " dn 060, n oa

and ¢ is the Fisher information matrix. The test statistic S given in (5.2) follows chi-square distribution with
m degrees of freedom (for details see Rao, 24).

For testing the significance of the additional parameters of the ALSD( % ) for £ =3 in case of the first data set
we consider the following three tests:

M,_(L@logL 1 dlogL 1 OlogL L@logLJ
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Test1: H{":0, =0 against H" :0, #0

Test2: H{” :0, =0 against H® :6, #0

Test3: HS:0, =0, =0againstH> :0, 20,0, #0.

For testing of the significance of the additional parameter 8, of the ALSD( % ) for £ =2 in case of the second
data set we consider the null hypothesis as H 31) : 60, =0 against the alternative hypothesis H fl) 10, #0. We
have computed the values of S for the ALSD(% ) in Test 1 as Sj, in Test 2 as S, in Test 3 as S3 of the

ALSD( k) in the case of first data set and §, as in the case of second data set and presented them in Table 4.
The computational details of §; for i =1, 2,3 and 4 are given in Appendix A.

Table 4. Computed values of Rao’s efficient score test statistic.

Test statistic d.f Chi-square value
(tabled value)
Data set 1 S, 4.11 1 3.84
S, 4.12 1 3.84
Sy 29.41 2 5.991
Data set 2 S, 11.62 1 3.84

From table 4, it can be observed that the calculated value of the test statistic is greater than the tabled value in
all the above situations and hence one can conclude that the additional parameters ¢, and 6, are significant in

case first data set and the additional parameter 6, is significant in case of the second data set, at 5% level of
significance.

6. Simulation

It is quite difficult to assess the theoretical performance of the estimators of different parameters of the
ALSD( k) obtained by the method of maximum likelihood. So in this section we have attempted a simulation
study for comparing the performance of the estimators. We have simulated three data sets of sample sizes
150, 300 and 600 in case of both the over-dispersed and under-dispersed situations of the ALSD(% ) for
k=2,3 and 4, by using Markov Chain Monte Carlo (MCMC) simulation procedure, and considered 200

replications in each case. The initial value of the parameters assumed for simulating the data sets according to
the nature of dispersion and the computed the values of bias and standard errors in case of each estimators are
summarized in Tables 5, 6 and 7. From these tables it can be observed that both the bias and standard errors
of the estimators of the parameters are in decreasing order as the sample size increases.
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Table 5. Bias and standard error (within parenthesis) of the estimators of the
parameters 6, ,0,and « of the ALSD(k) for k =2 corresponding to the
parameter set: for (i) 6, = 0.4505, 6, =0.3504, « =0.1542 (over-dispersion) and
(i) 6, = 0.3501, 6, =0.0541, a =0.1014 (under-dispersion).

Parameter set | Sample size Maximum likelihood estimation
g 0 a

150 0.0704 0.0943 0.0671

6] (0.1082) | (0.1068) (0.1149)
300 0.0514 0.0663 0.0548

(0.0995) | (0.0894) (0.0917)
600 0.0403 0.0399 0.0421

(0.0894) | (0.0819) (0.0843)

150 0.0696 0.0439 0.0527

(i1) (0.1578) | (0.1230) (0.1549)
300 0.0507 0.0331 0.0343

(0.1334) | (0.1109) (0.1196)
600 0.0373 0.0226 0.0123

(0.1221) | (0.1068) (0.1091)

Table 6. Bias and standard errors (within parenthesis) of the estimators of the parameters
6,, 05, Oyanda of the ALSD(k ) for k=3 corresponding to the parameter set: (i)
6, =0.3608, 6, =0.2691, 65 =0.1451, o = 0.1614 (over-dispersion) and (ii) ; = 0.7208,
6, =0.0591, 6; =0.0301, @ = 0.0528 (under-dispersion).

Parameter set Sample size Maximum likelihood estimation
6, 6, 65 a

150 0.0717 0.0522 0.0686 0.1053
(0.1187) | (0.1386) | (0.1273) | (0.1183)

(1) 300 0.0609 0.0460 0.0499 0.0873
(0.1077) | (0.1058) | (0.1105) | (0.0975)

600 0.0487 0.0389 0.0289 0.0713
(0.0985) | (0.0917) | (0.0959) | (0.0854)

150 0.1077 0.0489 0.0210 0.0443
(0.1183) | (0.1005) | (0.1068) | (0.1039)

(i) 300 0.0868 0.0376 0.0199 0.0416
(0.1077) | (0.0935) | (0.0877) | (0.0819)

600 0.0667 0.0332 0.0149 0.0174
(0.0970) | (0.0872) | (0.0748) | (0.0755)
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Table 7. Bias and standard errors (within parenthesis) of the estimators of the parameters 6, , 6,,
03, O,and « of the ALSD (k) for k =4 corresponding to the parameters set: (i) 6, = 0.4123,
6, =0.2304, 6; =0.1532, 6, =0.1005, o = 0.0989 (over-dispersion) and (ii)) 6, =0.7825,
6, =0.0451, 63 =0.0326, 6, =0.0578, o = 0.0785 (under-dispersion).

Parameter Sample Maximum likelihood estimation:
set size ) 6, 6 6, a
150 0.1011 0.0708 0.0934 0.0544 0.0781
)] (0.1025) | (0.1034) | (0.1010) | (0.0872) | (0.0794)

300 | 0.0561 0.0503 | 0.0571 | 0.0384 | 0.0527
(0.0970) | (0.0906) | (0.0854) | (0.0806) | (0.0663)
600 | 0.0322 | 0.0397 | 0.0268 | 0.0104 | 0.0428
(0.0877) | (0.0806) | (0.0768) | (0.0728) | (0.0608)
150 | 0.1168 | 0.0416 |0.0235 | 0.0481 | 0.0662
(ii) (0.0854) | (0.0787) | (0.0755) | (0.0721) | (0.0707)
300 | 0.0874 | 0.0349 | 0.0197 | 0.0311 | 0.0439
(0.0731) | (0.0686) | (0.0678) | (0.0648) | (0.0624)

600 | 0.0474 | 0.0249 | 0.0029 | 0.0122 | 0.0223
(0.0629) | (0.0529) | (0.0532) | (0.0583) | (0.566)

Appendix. A

We have computed the values of the Rao’s efficient score test statistic corresponding to the tests described in
section 5.2 as follows:

0.09 008 -0.18 001 /77
0.08 0.8 -028 0.03 ||7g

S, =(0.77 1.78 526 7.76) =411
~0.18 —028 051 -0.07]||526
001 003 —007 003 |[\7.76
0.07 -0.05 -0.07 0.057/ 006
0.05  0.09 003 -0.08|| 406
S, =(0.06 426 9.26 11.26) 26 | =412
~0.07 003 0.12 -0.09|] 9.26
0.05 -0.08 —0.09 013 |\11.26
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