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Abstract

In this paper, we establish some recurrence relations for marginal and joint moment generating functions of
generalized order statistics from a new class of Pareto distributions. For a particular case these results verify the
corresponding results of Athar ef al. (2012).
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1. Introduction

Generalized order statistics (GOS) have been introduced and extensively studied in Kamps (1995 a, b) as a
unified theoretical set-up which contains a variety of models of ordered random variables with different
interpretations. Examples of such models are: Ordinary order statistics, Sequential order statistics,
Progressive type II censored order statistics, Record values, k™ record values and Pfeifer’s records. There is
no natural interpretation of generalized order statistics in terms of observed random samples but these models
can be effectively applied in life testing and reliability analysis, medical and life time data, and models related
to software reliability analysis. The common approach makes it possible to define several distributional
properties at once. The structural similarities of these models are based on the similarity of their joint density
function.

2. A New Class of Pareto Distributions
Consider a family of distributions defined by the function
Y () ¥, (%)

00 =g y)

, LS X <00, (1)
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o" (¥
where ‘P(X) is some function of x such that ‘P(O) =0, ‘P(oo) =ooand W, (O) = l:(—(x))} <0,
x=0

n=1,2,....Expanding W¥(x) and ¥, (x) by using Maclaurin’s theorem, we get
2 2

‘I’(x):x‘I’I(O)+%‘P2(O)+ ... and \Pl(x):Tl(0)+xl112(0)+%\113(0)+ s )

Case i. When ¥, (0) #0.
After dividing the two expressions given in (2), we have

X X2
¥ x[w1(0)+2!\112(0)+3!\1’3(0)+...j
¥ (x) ’

‘P1(0)+X‘P2(0)+%‘P3(0)+ L

x(1+a1 X+a, X" +.. )
= > , where a, =
I+2a, x+3a,x" +...

an+1 (0)

S SIS
(1), "

S~

:x(1+a1 X+a, X" +.. .)(:0 (—1)8(2.211 x+3a, x> +... 5]

=x+ Y byx°, (3)
60=2

where by is the coefficient of x°in the product

(1+a1x+a2X2+...)(i (—1)5(2a1x+3a2x2+...)5j.

5=0

The procedure for computing b, will be explained in the illustrations considered in Section 5.

Case ii. When ¥ (0)=0,s=12,3,..,p—1and ¥ (0)# 0 . In this case,

2w 0+ (0 X—Z‘PZO ]
wzp[ O o) O ey 2
¥ ) ¥ (0)+2W, L (0)+. .
p
X ~~ o
== b, x° 4
p+; X (4)

(obtained by repeating the similar steps).
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Recurrence Relations for Marginal and Joint Moment Generating Functions

The cumulative distribution function (cdf) and the probability density function (pdf) of the random variable X
are connected by the relation,

. ¥ (x) . %(x+; bsxsjf(x), under A, 5
(X)_e\{, (X) (X)_ 1( x " ' (5)
: o =+> byx’ |f(x), under B,
P =2

where A ={%¥,(0)#0}and B={¥ (0)=0,s=1,2,3,..,p—1and ¥,(0)#0}.

The mathematical form of the cdf, as given in (5), plays an important role for deriving the recurrence relations
for single and product moments of GOS from the new class of Pareto distributions (1).

3. Generalized Order Statistics

Let {Xn,n > 1} be a sequence of absolutely continuous, independent and identically distributed random

variables  with cdf F(x)=P(X<x)and pdf fx). Assume k > 0, ne{ 23..},
n-1
71)6R“*1, M, zzmj ,suchthat y =k+n-r+M_ > 0 forall r e{l,2,...,n—1}.

j=r

Then X( r,n,m,k ), r=1,2,...,n, are called GOS if their joint pdf is given by

., M

n

- ~ - n-1 n-1 m
£X(Lni k), X(2.n k) . X(nn, ’k)(xl,sz-»Xn ):k(lillyjj(g(l_lr(xi)) ‘f(xi)j

x(1-F(x,))  f(x,), (6

where F' (0+) <x,<x, <... <x, <F'(I).

By choosing appropriate values of parameters, we get the distribution of a few very common statistics as
shown in Table 1, given below.

Table 1
S.No.  Choice of parameters fori=1, 2,...,n GOS become
1 IZ;:IH “i+lm =m,=..=m,, =0 and Ordinary order statistics
2 v, =k,m=m,=..=m,_,=-1,keN  k"record values
3 Y. =(n—-1+Da,, o, >0 Sequential order statistics
4 y,=o—-1+1,a>0 Order statistics with non integer sample size
5 v.=B,,B,>0 Pfeifer’s record values
6 m.eN, , keN Progressively type-II right censored order

statistics
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The joint pdf of first » GOS is given by:

r—1

I;Il (1 - F(Xi))mi f(Xi)j

i

fX(l,n,rﬁ,k),X(Z,n,ﬁ‘l,k),..., X(r,n,m,k) ( X3 Xy X ): c 1[
X(I—F(Xr))k+n_r+Mr_] f(xr)’

where F'(0+) <x,<x, <... <x, <F ().
We now consider two cases:

Casel: m; =m, =...=m__, =m

n-1

Case IL: y; #¥; 1#3, 1,j=12,...,n—1.
For case I, the GOS will be denoted by X(r, n, m, k). The pdf of X(r, n, m, k) is given by

pEmmb) () = (: 5 (1-Fe0) 60 g (F0). xR,

and the joint pdf of X(r, n, m, k) and X(s, n, m, k), 1<r<s<n, isgiven by :

1

— CS_
C(r=D!(s—r=1)!

x[h,, (F(y))~h, (F)) ]
><(1—F(y))y"71 f(y), —o<x<y<oo,

fX( r,n,m, k), X(s,n,m,k) (

X y) ((1-F(0)" £0)) &' (F(x)

where

Cr—l: Hlyj’ Yj:k+(n_j)(m+1)ar:1a 25---5n >
j=
g,(x)=h, (x)=h,(0), x € (0,1) and

_ (1= x)™

, m#—1,
h (x)= m+1

—log(1-x), m=-1.
For case II, the GOS will be denoted by X( r,n,m,k ) . The pdf of X( r,n,m,k ) is given by
e (x)=c f(x) Y a(n)(1-F(x))", xeR,
o1

and the joint pdf of X(r, n,m, k) and X(s, l’l,ﬁ’l,k), 1<r<s<n, isgiven by

f“““ﬁ”“““““(x,y)csf{ﬁi a““[i:i%g} }{ﬁ:aiﬂ(PJKXD”}

i=r+l

fx)  f(y)
1-F(x) 1-F(y) ’

—0<X<y<00,
S
where ¢, = T1vy;, v, :k+n—J+Mj ,s=1,2,...,n.
j=1
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Further, it can be proved that

T

. -1 .
) ai(r)zj(g=1 (yj—yi) , 1<i<r<n

(i) ai(s)= 11 (yA—yi)il , T+1<1<s<n
i( !

#i) =r+1
i) a0 =(y,,—v)a(r+1)

(IV) Cr = Cr—lYH—l

© 2 am=0

S

(vi) D" al(s)=0.

i=r+l

The moments of order statistics have generated considerable interest in the recent years. Several recurrence
relations and identities satisfied by single as well as product moments of order statistics have been obtained
by various authors in the past. These relations help in reducing the quantum of computations involved. Joshi
(1978, 1982) established recurrence relations for exponential distribution with unit mean and were further
extended by Balakrishnan and Joshi (1984) for doubly truncated exponential distribution. For linear
exponential distribution, Balakrishnan and Malik(1986) derived the similar type of relations which were
extended to doubly truncated linear exponential distribution by Mohie El-Din et al. (1997) and Saran and
Pushkarna (1999). Nain (2010 a, b) obtained recurrence relations for moments of ordinary order statistics and
those of k™ record values from p™ order exponential and generalized Weibull distributions, respectively.

The recurrence relations for the moments of generalized order statistics based on non identically
distributed random variables were developed by Kamps (1995 a, b). Pawlas and Szynal (2001) obtained
recurrence relations for single and product moments of generalized order statistics from Pareto, generalized
Pareto and Burr distributions. Saran and Pandey (2004, 2009) obtained recurrence relations for single and
product moments of generalized order statistics from linear exponential and Burr distributions. Saran and
Pandey (2011) obtained recurrence relations for marginal and joint moment generating functions of dual
(lower) generalized order statistics from inverse Weibull distribution. The other similar work also appear in
Saran and Nain (2012 a, b, ¢).

In this paper, we have established recurrence relations for marginal and joint moment generating functions
(and hence for the single and product moments) of GOS from a new class of Pareto distributions. This
distribution has many applications in Economics and models related to income of an individual or of a firm.
The results so obtained are generalized versions of some of the recurrence relations obtained by Ather et al.
(2012).

Review of a few identities of Athar and Islam (2004)

Here we write a few identities, stated in the form of Lemmas 2.1, 2.3, 3.1 and 3.2, respectively, in Athar and

Islam (2004) for Borel measurable functions (D(X) and (D(X, y ) with support (a1, ) .

(1) E(co(X(r, n, m, k)))—E(m(X(r—l, n, m, k)))

_ C., T ﬁm(x)
(r-n!J ox

(F())" £(x) g.," (F(x))dx (13)
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(ii) E (oo(X(r, n, m, k))) -E ((o(X(r-l, n, m, k)))

_ S T a“’(x){i ai(r)(l—F(x))y‘}dx

Ve ox i=1

(iii) E(o(X(r, n, m, k), X(s, n, m, k)))—E(o(X(r, n, m, k), X(s-1, n, m, k)))

s-2 T T 00(xX,y),= \m .
) (r—=D!(s—r-1)! I j éy )(F(X)) f(x) g (F(x))

x [, (E(y))-h, (Fx)] " (F(y)" dydx

(iv) E(o(X(r, n, i, k), X(s, n, m, k)))-E(o(X(r, n, @, k), X(s-1, n, i, k)))

C

® 0 g , i _ . s ) - Yi
e ] ] o(x y){z a,(r) (F(x)) }%{Z ai(s)(%J }dydx,

oy

i=1 i=r+l

where F(x)=1-F(x).

Notations

The following symbols and notations will be used in the paper:
0 A={¥,(0)#0}
(if) B={¥ (0)=0,s=123,..,p—1and ¥ (0)= 0}
Forn=1,2,3,..,1<r<s<n,k>land u,ve{ 0,1,2,..}, we denote by
(iii) (n) =n(n-1)(n-2)...(n-r+1)
(iv) (TR :E(X( r, n, m, k ))u
v) R = E[{X( r,n,m k)P {X(s, n,mk )}J
o) e =E(X(r o0, k)’
(vi)) R e = E[{X( r,n, i, k)P {X(s,n, M, k )}}
(viii) M, . (D)= E(e"‘< ro o, m, ">) and M, , ; ()= E(e"‘< rn, i, k>)
o
P
O M=o M, (0] and M2, o (0=,

(Xl) Mr,s:mm, k (tl ) tz) = E(CIIX( r.mm. k )+t2X( smm. k ))

(1X) M::n,m, k(t) =

[M,, . ®]and M2, 0)=pt,

(Xll) Mr,s:mﬁ"ﬂ, k (tl ) tz) = E(CIIX( r.m. .k )+t2X( s k ))
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Recurrence Relations for Marginal and Joint Moment Generating Functions

u. v au+v u,v u, v
(Xlll) Mr,’s:n,m, k (tl > t2) = u v [ML s:n, m, k (tl ’ t2):| and Mr;s:n,m7 k (0’ O) = “’r,’s:n,m, k
at1 atZ
. u, v au+V u, v u, v
(XIV) Mr, s:n,m, k (tl H t2) = atu atv [Mr, s:n,m, k (tl H t2)] and Mr, s:n,m, k (09 0) = Mr, s:n,m, k
1 2

4. Recurrence Relations for Moment Generating Functions

In this section, we shall derive recurrence relations for marginal and joint moment generating functions of
generalized order statistics from the new class of Pareto distributions given in (1).

Casel: m, =m, =...=m,__, =m.

n-1
Theorem 1. Fix a positive integer k. Forne N, meZ and 1<r<n,

et_(Ml:n, m, k(t) + Z b6 M?:n,m, k(t)Ja under A7
Y 5=2

T

Mr:n,m, k(t) _Mr—l:n,m, k(t) = (17)

o0

M! t ,
t r:n, m, k( ) + Z b5 M?n m k(t) , undel’ B
0y, p 8=2 h

Proof. Using (8), the moment generating function of X( r, n, m, k ) from the new class of Pareto distributions
(1) is given by

rin,m, k ( ])'
tx

Substituting (D(X) =¢€ in(13) and using (5) for case A, we have

e (Fx)" f(x) g5 (F(x)) dx. (18)

QR =8

tCr—l ° - ;-1
M. t)—M . ty=—— | " (F(x))"
r.n,m,k() rfl'n,m,k() eyr(r_1)| !: ( ( ))

x£x+ i b, XSJf(X) g:n" (F(x))dx, (19)

which after simplification leads to case A of (17). Likewise, the case B of (17) can be easily established. ]

Remark 1. After differentiating both sides of (17), with respect to t, u times and putting t = 0, we shall derive
the recurrence relation among moments of generalized order statistics from the new class of Pareto
distributions given in (1) as:
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GYr —u (G,Yr“:l:n,m, k +uZ:: bﬁ M;Hna,;}l, kj’ under A’
Mr n, m, k (20)
p u S ! u+6-1
—F1 0 , +u b, . , under B.
pe 'Yr —u [ Yr“rfl.n,m, k 5; S ur.n,m, k}
Theorem 2. Fix a positive integer k. For ne N, me Z and 1<r<s<n,
Mr,s:n, m, k(tl’ t2) - Mr,sflzn, m, k (tl ’ t2)
oy (M?; i (Ut )+Z bM>? k(tl,tz)], under A,
=1 1)
t Mx(')sl n, m (t ’t ) .
e;g( pk 1 Z ersnmk(tl’tZ) ’under B
Proof. Using (9), the expression for joint moment generating function of X(r, n, m, k) and
X(s,n, m, k) is:
_ tlx+t2y
Mr,s:mm,k(tl’t2) ( _1)' (S r— 1)'£ !- S F(X)) f(X) g (F(X))
s—r—1 /— =1
x[h, (F(y))~h, (F0)]" " (F)" f(y)dydx. (22)
Substituting co(x, y) 1%*2Y i1 (15) and using (5) for case A, we have
_ t1x+t2y
Mr,s:n,m, k(tl’tZ) Mr,s—l:n,m, k(tl’tZ) (r 1)'(5 r— 1)' ;[ ;l: S F(X)) f(X) g (F(X))
s—1—1 /— s
x[h, (F(y))=h, (Fx)] " (F(y))" dydx (23)
= Ehel j j ey Y b,y |(Feo)" £x) g5 (F(x))
Oy, (r—=DIs—r-D! ¢ 1 5=2
s—r—1 /— s—1
x[h, (F(y))=h, (F) ] (F(y)" f(y)dydx, (24)

which on further simplification takes the form as stated in (21) under case A. By following similar lines, the
case B of (21) can easily be established. O

Remark 2. After differentiating both sides of (21), with respect to t,, u times and with respect to t,, v times

and then putting t, =t, = 0, we shall derive the recurrence relation for product moments of generalized order
statistics as:
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o0
u,v u, v+0-1
(eysur,slzn,m, k + VZ b5 ur,s:n,m, kJ, under A,
6=2

u,v e ys -V
H’r,,s:n,m, kK = (25)
p u, v S 'u, v+0-1
—| Oy, +v) byu- ' |, under B.
peYS_V[ 'Ysur,sfl.n,m,k 3;2 8Mr,s. S ,k]
CaselIl: vy, #vy,;i#j, 1,j=12,..,n-1.
Theorem 3. Fix a positive integer k. For ne N, me Z and 1<r<n,
t 0
O_(Mi‘:n,rh, k(t) + z b5 Mf:n,ﬁl, k(t)J’ under A’
Yr 8=2
Mr:n,rﬁ, k(t)_Mr—lzn,rﬁ, k(t) = 1 (26)
t Mr:n,ﬁl, k(t) > ' S
+>° byMP, o (D) |, under B.
0v, p 5=2
Proof. On using (11), the moment generating function of X( r,n,m,k )is given by
M., . .(D=c,, j e™ > a,(n)(1-F(x))" f(x)dx. 27)
o i=1
Substituting (D(X) =¢" in (14) and from (5) for case A, we have
tCT*I R tx - vi—l
Mr:n,rﬁ, k(t)_Mr—ltn,ﬁl, k(t) = e,y .[ © Z ai(r)(l_F(X))
r i=1
{x +>° by xs}f(x)dx, (28)
5=2
which on further simplification gives (26) for case A. The case B of (26) can similarly be established. O

Remark 3. After differentiating both sides of (26), with respect to t, u times and then putting t = 0, we shall
derive the recurrence relation for moments as

Oy . .  +u wz b, u*°2 |, under A,
) GYr_u ( ,Yrur—l.n,m,k = Sl‘lr‘n,m,kj
Mr:n,rﬁ, k = (29)
p u S ' u+d-1
—10 .. +u b, u'"" |, under B.
pe 'Yr —u { 'Yr“rfl.n,m, k 522 S ur.n,m, kJ

Theorem 4. Forn= 1,2,3,..., 1<r<s<nand k>1

Mr,s:n,ﬁl, k(tl’ t2) - Mr,s—l:n, m, k (tl b t2)
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2| M”! t,t,)+ » byM®® t,,t,) |, under A,
r,s:n,m, k\"1 ,s:n,m, k\71
s 6=2

= (30)

MO] t,t 0
t, L rsnmk(l ) z b, Mrsnmk(tlﬁtZ)}ﬂunder B.
s p

Proof. From (12), the joint moment generating function of X( r,n,m,k )and X( s,n,m,k ) is given by

et ] e [§ sy 52

o) [jges o

in (16) and using (5) for case A, we have

X+t y

Substituting o(x,y)=¢

Mrs n, m, k(tl’t ) Mrs 1:n,m, k(tl’t ) e .[ j et]thy{ r ai(r)(F(X))yi}%

it -

On further simplification, (32) leads to the recurrence relation as stated in (30) for case A.
By repeating similar steps, the case B of (30) can easily be established. O

Remark 4. After differentiating both sides of (30), with respect to t,, u times and with respect to t,, v times

and putting t, =t, =0, we shall derive the recurrence relation for the product moments as

0y —v [GY Hrs 1:n,f, k+VZ b, M;‘SV?; kj’ under A,

(33)
p [eysur’szl :n, m, k +Vz bb H’lr]svtygni k)a under B

s —
“r,s:n, m, k

POy, —v

5. Illustrated Examples

In this section, we consider different forms of function'W(x), which satisfy the desired restrictions
¥ (0)=0, ¥(w)=0and ¥,(0)<o0,n=1,2,...

(a). Consider W(x)=x . In this case,

Y, (0) =0 and ¥ (( X) _ = X . After comparing it with (3), we have by; =0, 8 =2,3,... .
(x
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6

O
The pdf given in (1) becomes f(x)=—— o < X <o0. The recurrence relations in this case are obtained
X

0+1 2

by putting by =0, 6=2,3,... in Remarks 1 — 4 (case A) as follows:

6y
: u _ T u
(1) Mr:n,m,k - H’r—l:n,m,k
Oy, —u
6y
. u, v _ S u, v
(11) ur,s:n,m,k - ur,s—l:n,m,k
Oy, —v
Oy
u _ r u
(111) Hr:n,rh,k - r—1:n, m, k
0y, —u
Oy
. u, v _ s u, v
(1V) l“l‘r, ssn,m, k l“l'r, s—l:n,m,k*
Oy, —v

The deductions mentioned above in (i) and (ii) are verified by Theorems 2.1 and 3.1 of Athar et al. (2012) for
Pareto distribution with parameter O .

(b). Consider Y(x) = x" , where Bis some positive integer greater than 1. In this case
Y(0)=0, ¥, (0)=0, ¥,(0)=0,...,'¥; ,(0) =0 and ¥;(0) # 0. This case falls in category B. The pdf

O’

XBGH ’

given in (1) now becomes f(x)= o < x <. The recurrence relations in this case are deduced

by putting p=[ and b;s =0, 6=2,3,... in Remarks 1 —4 (case B) and the same are given below:

(@) M, mc = %H:mm,k
W g s
(ii1) M?:n,rh,k =Bgfﬁuim,m,k
(iv) H?,’s:vn, Mk Beﬁf% MF,’SL: n, i, k*

The results given above in (i) and (ii) are in agreement with the results of Athar et al. (2012) for Pareto
distribution with parameter 30 .

(c).  Consider ¥(x) =¢" —1. In this case ¥ (0)=0 and ¥, (0)#0.
Y(x) e -1

Now,
Y (x) ¢
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(=1y*" |
d!

where b, =

0
Be” (e“ - 1)
0+1
(e -1)
, 0=2,3,... in Remarks 1 —4 (case A) and are given below:

. u 1 u S (_1)571 u+d-1
(1) Hr:n,m,k = e e’Yrur—lzn, m, k +u2 T “r:n,m,k

Y. —u 5=2

T

The pdf in (1) now becomes f(x)=

] ) ( 1)5 1
obtained by putting by = 51

S

b u, v 1 ( 1)6_] u, v+o—
(11) Mrsnmk e'Y V[ey Mrs—lnmk+vz ( rs:n?ml,k

(iii) =0 +uz (G
Mr:n,ﬁl,k e'Y —u ’Yl’l'r 1:n,m, k 6' Mr:n,ﬁl,k

r

Y.~V

S

. o 1 DY e
(IV) ursnmk 9 [ey Mrs—lnmk+vz (( ) j rs:n?rhl,k]'

(d).  Consider ¥(x) =e* —x —1. We have, in this case, ¥(0) =0,¥,(0)=0 and ¥,(0)=0 .

where ¢e* —X—lz(ex —1)(2.01 b;xsj )
=1

1
On comparing coefficients of like powers of x, we have b =

| R
—, b, =——, b, =0and, in general,
2’ 12°

(n+1) b +(n+1),b,+...+(n+1) b, =1,

where n=1,2,... and b'6 =0,60=0,-1,-2,....

The pdf of the new class of Pareto distributions (1) for case B, with p = 2, becomes

Fx) = O(e" —l)(e“ —oc—l)e

(eX —X—l)e+l ’

and the recurrence relations in this case are obtained from Remarks 1 — 4 (case B) as follows:

a<xX <,
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6. Conclusion

In the study presented above, we demonstrate the recurrence relations for marginal and joint moment
generating functions of GOS from a new class of Pareto distributions. These results generalize the
corresponding results of Athar ef al. (2012) for Pareto distribution.
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