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Abstract

In this paper we modify nonparametric regression-based mean estimators in ranked set sampling using a covariate.
We will show that our modified mean estimators perform well in comparison with their leading competitors.
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1. Introduction

Ranked Set Sampling (RSS), which was firstly introduced by Mclntyre (1952, 2005), is an appropriate
sampling technique which is designed to use auxiliary ranking information. A balanced ranked set sample is
selected as follows:

The number of £ samples of size k is selected, ranked in increasing order without actually measuring them
(e.g. by eye inspection or using a covariate), and then the ith smallest observation from the ith sample is
measured, for i=1,2,...,k. This procedure is repeated n times to give a ranked set sample of size N=nk.
Unbalanced RSS differs from balanced RSS in that the number of observations with rank i varies from one i

k
to another. Thus, if 7, be the number of observations with rank 7, then N = Zni is the total sample size. The
i=1

k
standard nonparametric mean estimator in balanced RSS is Y = ZYM_ , Where Y, is the mean of
i=1

| =

observations with judgment rank of i.

Another variation of RSS which is recently proposed by MacEachern et al. (2004) is Judgment Post-
Stratification (JPS). To collect a JPS sample of size N, using set size k, a simple random sample of size N is
drawn and measured. Then, for each measured unit, (k-/) additional units are drawn independently to give a
set of size k, and the rank of the measured unit among the % units is noted. So, JPS data set consists of a
simple random sample of size N and their corresponding ranks. JPS sampling scheme differs from unbalanced
RSS in a way that the number of measured samples with rank i among (k-7) additional unit, say #,, is not
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fixed in advance. Indeed if (n,,n,, --,n, ) is the vector of the number of observations with rank i, then one can

simply show that (nl,nz,---,nk)~Multinomial(N ,%,%,---,%}. The standard JPS mean estimator is
— k —
Yps = Z (m,>0), where ¥, denotes the mean of observations with rank 7, and (.) is the

Zln>0 =

indlcator function.

Both RSS and JPS are effective sampling strategies over simple random sampling in situations in which
obtaining precise values of observations is expensive or time-consuming but ranking them (without actual
measurement) is easy and cheap. These situations frequently happen in forestry (Halls and Dell 1996),
medicine (Chen et al. 2005), environmental monitoring (Nussbaum and Sinha 1997, Kvam 2003) and
entomology (Howard et al. 1982).

The ranking process in RSS and JPS settings can be done based on personal judgment, prior information, or
using a covariate. Therefore it is always possible to commit errors in ranking process. Many researchers in
RSS and JPS sampling schemes have tried to find the convenient procedures which are robust against errors
in rankings. For example, Dell and Clutter (1972) and Stokes and Sager (1988) have showed that empirical
mean and distribution function estimators in balanced RSS are unbiased and have less variance than their
counterparts in simple random sampling, respectively, even if there are errors in rankings. On the other hand,
Bohn and Wolfe (1994) have showed that the Bohn and Wolfe (1992)'s generalization of Mann-Whitney test
fails to maintain its level when the assumption of perfect rankings is violated. Frey et al. (2007) and Li and
Balakrishnan (2008) developed some tests for assessing the assumption of perfect ranking in RSS, which are
followed by Zamanzade et al. (2012) and Zamanzade et al. (2014).

Frey (2011) showed that if ranking observations are done using a covariate, then Y, e

admissible and can be improved by incorporating covariate information. He then proposed some mean
estimators, and showed that his proposed mean estimators have less mean square error (MSE) than the
standard RSS and JPS mean estimators. Zamanzade and Vock (2015) developed a new variance estimator
when RSS and JPS sampling schemes are applied by measuring a covariate.

In this paper we modify some mean estimators proposed by Frey (2011). We then compare our modified
mean estimators with their leading competitors via a simulation study.

and Y, are not

2. Introduction of mean estimators

In this section, we modify some mean estimators proposed by Frey (2011). Let Y, X be the variable of
interest and covariate, respectively, and let X:{X,,X2,~--,X kN} be known vector of covariate. Let

Xy <X() <---< X[, be the X values corresponding to measured values of ,,---,Y), .
We can incorporate covariate information into estimating the population mean, by using u, = E (Y |X ) . By

identities E(Y)=E(u,), and Var(Y)= E(Var(Y|X)) + Var(E(Y|X)) , we can use the estimate of E ()
as an estimate for population mean and it is expected that the estimator based on the conditioning on the
observed covariate values has less variance than the direct estimator of £ (Y ) .

The parameter of FE ( ,uX) can be estimated by the average of kN estimates of E (Y ‘X([)),i =1,---,kN .

Subsequently, we describe different methods for estimating these quantities proposed by Frey (2011), and our
modifications one by one.
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¢ Nonparametric Regression: Suppose we want to estimate E (Y|X = x). One technique of estimation

is to use the nonparametric kernel regression. Given kernel function d() and bandwidth /, the

N
quantity E (Y |X = x) can be estimated by i(x,h)=)_ . Frey (2011) suggested to

use standard normal density as kernel function and /4, = N * as the bandwidth and introduced his first

. = 1 & . . . .
mean estimator as Y, :—ZmN (X,.hy). However, with this choice of kernel function, the

i=l1
1
bandwidth 4, =N * is not optimum and does not depend on variability in data. So, the resultant

estimator may be improved by other choices of bandwidths. Since the regression equation is used for
prediction, we propose to choose / based on Cross-Validation (CV) technique. In CV method, the

N
value of 4 is selected such that minimize:CV(h)z%Z(Y, - (X(’j.’),h))2 , where m™(.) is the
i=1

estimate of regression equation without observation (X.,X (':’)) Therefore the value of 4 which is

selected by CV method can be regarded as the best "predictive" value for 4. We propose to estimate

. = 1 &
the population mean, by ¥, = msz (Xihey )
i=1

If the estimation of £ (Y |X = x) is regarded as density estimation problem, then it can be shown that

for d () as the standard normal density, the value of /4 which minimizes asymptotic mean square
1

error is 4 =1.066n °, where & is the sample standard deviation. Details for this choice of

bandwidth are given in Silverman (1986) and Hardle (1991). Therefore, we propose our second
1

o _ b o
modification of Y as Y ZWZmN (X..h) where h =1066n°, and we take
i=1

. 1 & =) . o . .
o= —Z X —X"| . It is worth mentioning that although some variance estimators have
N-1%5 (0

been proposed by MacEachern et al. (2002), Frey and Feeman (2013), and Zamanzade (2016) for the
RSS and the JPS settings, our simulation results indicate that the usage of these estimators instead of
the sample variance does not make any improvement in the modified estimators.

+ Monotone Regression: Let E ( Y X ) to be non-decreasing function of X . Then, it can be shown that
E (Y ‘X =X (’:’)) is non-decreasing in i as well. However, the values of Y, s may not be non-decreasing

due to sampling noise. One way to resolve this problem is to replace Y values with its isotonized
s Y

g

T i=1--,N. In fact, Y, which is known as isotonic
s—r+

versions Y’ =max,_, min

kP
g=r
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N
regression estimator of Y, (i=1,---n.), minimizes the mean square E (Yl —Yi’s") under constraint
i=1

Y™ <Y <---<Y.’. Based on this idea, Frey (2011) proposed to estimate £ (Y|X = x) by

Yliso x < X(T),
(Kiso + )/lz:]o)
. Xy <x<Xg,,i=Ll-N-l,
rity, (x) = 2
Y’ x> X0,
Y, x=2XGs
_ 1 kN
and his second estimator of the population mean as Y, = N m,, (X [.) . To improve this
i=1
estimator, we replace r,, (x) by
)Iliso x < X(T),
iso Yirsf — 'iso m m m .
g | e X)X <x< X[ i= LN -,
riy (%) = Ko =Xy
Yy x> Xy
Yi X= X(i)’

S N o
and propose Y, = WZm@ (X,) as a modification of Y,, .
i=1

values and then apply nonparametric kernel regression

Monotone Nonparametric Regression: Mukerjee (1988) showed that if we first isotonize the ¥V

with log concave kernel function on them,

the resultant estimator will be monotone. Frey (2011) proposed to use standard normal density as

1

kernel function and bandwidth /4 =N 4 to estimate population mean via
x—X"
Y.[md ( (/) )
! h
_ 1 kN . R N .
Vb === 1y (X, hy ), where ity (x,h) = . The mean estimator can be
i =l N (x—X(’j.))
dod|
j=1 h

modified by determining the value of bandwidth via CV method on (K."m,

kN

resultant estimator will be YAj';J'
i=1

. . ) 7 hy
modification of Y, as Y,
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¢ Linear Regression: The mean estimator based on linear regression, which is considered by Yu

kN A — =
and Lam (1997), is Zz%ZmL(Xi), where mL(x)=7+,B(x—Xm), Y is the mean of
i=1

Y,---,Y, and ﬁ’ is the usual slope estimate of linear regression based on (K,X(':.’)) ,i=1-N.

In the next section, we compare different estimators of mean based on Monte Carlo simulation.

3. Simulation study

In this section, we compare the different mean estimators and their modifications by using Monte Carlo
simulation with 10000 repetitions. For this purpose, we define the relative efficiency of each estimator as:

MSE(¥,4)
" MSE(Y)°
where Y, is the standard mean estimator, and ¥ is one of the aforementioned mean estimators.

We use Dell and Clutter (1972) model of imperfect ranking, assuming that (X,¥)~BN(0,0,1,1,p), and then

take Y and e’ as the variable of interest.
The  comparisons are made in  both  balanced RSS and JPS  settings  for

(N,k)=(10,5),(10,10),(20,5),(20,10), and p=0,0.5,0.75,0.9,1. These values of (N,k) are selected such
that we can observe the effect of changing sample size while keeping the set size fixed and the effect of
changing set size while keeping sample size fixed. The p values are chosen from random rankings (0 =0) to
perfect rankings ( p =1). The results are given in Tables 1-4.

Remark 1: In the simulation study, the value of the bandwidth (/) in the CV method is selected from a

1 1 1
sequence of values in the interval [ N 4/3, 3 N #] with steps of 0.01, where N * is the bandwidth that is used
by Frey (2011). It is worth mentioning that C V(h) can be computed efficiently by using the relation

N

1 Y, —m(X l.,h) ’ . .
C V(h):— E ———— = |, where the H,’s are the diagonal elements of the hat matrix (see for
N3 1-H, !

example, Takezawa, 2006, page 117). Based on an anonymous referee's suggestion, we also report the mean

A

of the predicted values of the bandwidths in the CV method for Y and Y, (AY,,h'") in Tables 1-4.

Published by Atlantis Press
Copyright: the authors
146



90°C (61°0) 68T 88°T w61 98°T 0L'1 (61°0)68°1 06'T w61 I
I€T (TTO T LT LT1 611 LT1 (£€0) STT 9z'1 LTT| 060
21 (€2°0) L0'T 60T 01’1 €01 €01 (LF0) LOT 60T 60T | SLO (0100 =(¥*N)
201 (€20)66°0 10°T 10°1 L6°0 L60 (£L'0) 86°0 00'T 00T | 050
660 (9€0) L6°0 86°0 860  L60 960 @I1)L60  L60  L60 0
#8°1 (61°0) LT 0L'T vLT €LT 99°1 610 L1 0L'T vL1 I
LE'T (Tz0o)1€1 €T €T STl €1 (+€0) 621 I€1 €T | 060
ST'1 (€Z0)0T'T €11 €T'T 90'T SO'T (LF0) 10T 111 TI'T| SLO (s°02) =(¥°N)
70T FZ0) 10T €01 €0'T 860 860 (FL0) 6670 10T 10T | 050
66°0 (9€°0) 860 860 860 90 960 (TI'1) $6°0 960 960 0
e (9z0) 28’1 LLT F8'1 LLT 0S'1 (920 T8'1 LLT #8'1 I
I€T (00 +T'1 9Z'1 9T'1 8T'T €11 (I+0) €T'1 1 9T | 060
1T (€€0)90'T 80T 60'T €T T0T (090)S0'T  LOT  LOT| SLO (010D =(2°N)
201 (9€0) 00T 1071 201 860 860 (96°0) 00°T 1071 00T | 050
86°0 (#$'0) 86°0 86°0 860 96°0 960 (8T'1) 9670 96°0 96°0) 0
18°1 (9Z°0) €91 09'1 0S'T 91 0S'1 (92°0) €91 09'1 $9'T I
€T (I€0)sT'1 87’1 6CT 0Z'1 LT'T (I+0) +T'1 9Z'1 8TT | 060
ST'T (€€0) 60T AN F0'T SO'T #0'1 (09°0) LO'T 01’1 OI'T | SLO (s'oD=(¥N)
20T (9€'0) 00'T 101 L6'0  L60  L60 (€6'0) 86°0 00'T 00T | 0S0
860 (65'0) L6°0 860 960 90 960 (LTT) $6°0 960 960 0
i (fw)iga % % a0 u (“w)ia dx a4

Published by Atlantis Press

Copyright: the authors

147

E. Zamanzade, M. Mohammadi

"PoIOW A7) S UT SYIPTMPUE] OY) JO SonjeA
payorpaid o Jo suesw oy axe (,2y “47y ) sosouared oy ur sonjea oy, ( )/ ¥ Ueow 1o55e] o) USYM © [° Y U22M]2q UOTE[OLIOD PUE *SOZIS
ordwes “soz1s 195 JUSISIJIP J0J SWOYDS S PISUR[Eq UT JOJRWITSO UROUL PIEPUR)S 0] SIOJRUINSD UROUI JO SOIQUSIINJD SATIR[OI pajewmnsH ‘T d[qe [,



Mean estimation in RSS

1 (TTo86T 8TT £ 06°C 61  (TT0)86°C 87T €T I
8TT  (STos6'T 96'1 L6'1 8L'1 €1 (8€0)T6T L6'T 96T | 0670
1T (9T 0)6ET A 6’1 ¢T'T T FSOIPT 6b'1 9T | SLO (0100 =(¥‘n)
FOT  (9TONT'T 12T 61'1 20’1 860 (F8'0IET'T 91T ST'T| 0S80
660  (9£0)660 10T 101 L60 96’0  (F1'1)96°0 L6'0 L6'0 0
0T (IT0N19C £€T €T 0$°C 81T (1T019°C €€T €T T
I€T  (ST096'T 66'T 96T 181 6T (8€°0)E6T 86T S6'T | 0670
61T (STOSHT 8¢'T o | ST'T  (SS0I8H'T | TS| SLO (s‘00)=(7°N)
SOT  (9TOIT'T w1 0T'T €01 660 (+8°0)TI'T LT'T ST'T | 0S80
660 (£0)86°0 00'T 001 96°0 960 (FI'TIF60 L60 L6'0 0
LLe  LTonte 88C 88°C LLT €T (LToITE 68°C 88°C I
6€T1T  (I€£0)50T 81T PI'T €81 0T (h'0)50T LT'T vPIT | 060
€T (ECOWPT 9¢'T 129 1€1 60T  (99°0)sHT ve'l IST| §L0 (010D =(¥°N)
0T'T  (LE0BT'T A ¥T'1 01’1 €T (TOTST'T 61°T 8T°'T | 050
860  (¥S0)860 00'T 00T v6°0 v60  (I€T)L60 L6°0 L6°0 0
9¢'T  (LTONLT 1Le L9T v 8CT  (LTONLT ILT L9°T I
8¢'T  (T€0)E0T A4 01°C 68°1 0ST  (FF'0)€0T 11C 80T | 060
61T  (PE08Y'T 8¢'T LS'T LET 6I'T  (99°0)8F'1 SS'T vST | SLO (g0 =(¥N)
FOT  (LEOXTT 611 8Tl SO'1 660 (TOTISOT €11 €SI'T | 0S0
L60  (95°0)L60 660 660 ¥6°0 v6'0  (0€T1)E6°0 960 960 0
FON 0 F G S GRS SRR QRN -7 P SRR QRN o B

parorpaxd o1} Jo sueowr o1 21k (

opdwes “sa718 198 JUDISITIP JO] SWAYOS SOUR[E( UL 10]EUINSD UBSW PIEPUE]S O] SIOJEWINSD UBSW JO SIIOUSIOLIJS SAIIR[2L Pjewn sy "7 3[qe
I IS o8 JUIISIpP J0) oS S8 P [Eq ut 1ojewn pIEpuE]s 0] sIojewn JO SSIOUSTOI ]2 SATIETOT PRWNSH "7 3[qE |,

e

"PORAUT A D) U} UT STIPTMpUEQ 91} JO sonjea
2y <y ) sosoqyuated ot uT senjea oy, A \wmv 7 ST UesW 19518 21 UAYM © [°Y US2M)OQ UOHR[OLIOD PUE “SOZIS

Published by Atlantis Press

Copyright: the authors

148



6£¢  (6T'O0ET 86°C SHe 9¢y s (6rowey 86°C SHE I
vre  (@TOLIT €0T €1e Lz 0T FE£0)60T L6'1 80T | 060
69T  (£T0)091 09T €971 €61 IST  roksT 129! LST | SLO (01°00) =(¥°N)
9cT  (FTOIECT 8¢'1 8¢'T 8T'T LT (SL°0)8TT €ET €T | 050
€T (SE08T'T w1 171 ST'1 FIT (Tt w1 w1 0
T (61°0)092°T F8'1 66'T 8T'C 81T (61°0)92C ¥8'1 66'1 I
€8T (ZT0I89T 65°1 99°T €9'T 09T  (FE0)E9'T 9¢°T 91| 060
8FT  (STONTT w1 1 LET ST (P 0)osT 8¢'T or'1 SL0 (s‘00)=(¥°N)
8TT  (FTOWTI 0€'1 67’1 0T'1 0zT (01T STT STT| 050
w1 (CCOMTT 1T 171 FI'T FIT QT DITT 1271 0’1 0
6L (ST0)9F 1€ ¢se LY 920t  (ST0)S9F 1€ (9 I
08T  (0£0)6ET S1T vTT ¥€T vz (IF0ze Loc LIT| 060
LT (Z€0)S9T #9°1 89°T 86T 9¢'T  (09°0)0S'T 9¢'1 09'1 SL0 (or°oD =(¥°N)
STT  (S€0MTT I€T €T 171 17T (96°0)8T'1 ¥T'1 STT| 080
SO'T (€5°0)90°T 011 01’1 £0'T 0T  (9Z°1)80°T 01’1 601 0
e (§T0)€9CT 01°C €T 89'C Ly (§T°0)9°T 01°C €T I
L1 (0£0)6T 8L'1 781 06'T €8T  (I¥0)Z8T1 €L'T 08'1 06°0
LST  (Z€0)ST 1ST €61 Sl T (090)6€T 1 LV SL0 (c'on=(¥°N)
LT (ol €1 €T raa T (96'0)0T'T 9Z'1 9z'T | 050
or'1 FSOWT'T 811 811 01’1 OT'T  (9ZT)9T'T 9T'1 or'1 0
PO =0T+ SR SR ¥ SRR G G -7 V) SRR SRR Ol B

Published by Atlantis Press

Copyright: the authors

149

E. Zamanzade, M. Mohammadi

‘poyIaw AD) Ay} UL SYIPLMPUE] Y} JO SaN[BA
parorpard ay) Jo suesw ot o (2 47y ) sasoyqyuoted oy ut sonfea oy, *( 1) St urow 1081¥) o) USYM ¢ [° Y USOMIO] UOTE[DIIOD PUE “SIZIS
ordures ‘soz1s jos USSP JoJ swieyos Furjdwes §J[ Ul JOJPWIS2 URSUL PIEPUR)S 0] SIOJEWNSD UBSW JO SOIOUSIOILD dATjR[Rl pajewnsy "¢ d[qe [,



Mean estimation in RSS

LT (IT0)80F #0'C 0Z'¢ 96'€ 9z (1Z70)80+ #0'S 0T'< I
69T  (FTONWLT 9T L9T o 907  (LE0OI9T 86T €9C| 060
9T (STOI6T L0T L0T €L1 PST (PS0ILST 00T 00T | SLO (01°00) =(¥°A')
oc'T  (STOI6ET 8C'T LS'T 8T'T vCT (P8 OTFT 6’1 6F'1 | 050
0T (PSO9T'T 121 121 0r'T oI'T (€T Del'T 0T'1 61°1 0
o1 (TOLTE €9C 0LT LOE o€z (ITOLTE €9C 0LT I
6r'T  (FT0I8TT L1T L1T 0T LLT (LE0RTT S1°C FI'CT| 060
1 (STO0LT 881 81 96T ST (PS0)69°1 181 6LT | SLO (s00) =(¥°N)
L£1 OTOTrT 651 96T €1 LT B809rT sl 61| 0S50
€T (SEMWITT €1 €T P11 ST (PTDITT 1 11 0
Loz (9T0)90F ree 8¢ ¢8'¢ 69T  (9T°0)90F ree 8F'¢ !
8T  (I£0)s8T SLT 787 §9C 66T  (EF0)ELT 69T LLT| 060
9T (€£0)86°T 11C 11e 81 99T  (99°0)€8'1 96T 00T | SLO (o1°0D) =(¥°N)
€T EWITT sl ¥S'1 €1 TT  (€0DogT €1 Pr1 | 050
0T (€001 0r'l 01T 660 660  (6TTISOT 801 60°1 0
61T (9T 0)Ts€ 90°¢ cr'e 8T'¢ ove (9T oKsE 90°¢ c1'e I
81T (Ig0)oLe L9T LT 0S°CT 681  (S10)9T £9C L9T| 060
PS'T  (€€°0)88°T 66'1 66°T L1 PST (LOOILLT 88'T 16T | €L0 (soD=(¥N)
ocT  (9SMP'T SS'1 SS'T LT1 T (oot SH1 LFT| 050
SI'T (9S0ET'T 0C'T 0T'T LO'T 90T  (6TTIFT'T LT'T 8T'T 0
SN /) - SR G o/ SR SR QRN €7 D) G SR o B

Published by Atlantis Press

Copyright: the authors

150

"POIOUI A D) O UT SYIPTMPUEQ O] JO Sonjea
pawrpaad oy jo sueswr oy ae ([ <4y ) sasaqjusred o ur sanjea sy, A \Wmv 7 ST UesW 19310) 21 USYM © [°Y US2M)SQ UOHR[ALIOD PUE *SOZIS
ardures *s2Z1s 125 JUSISIJIP JoJ owRyos Surjduies SJ[ U JOJeUIT)SO UeoW PIepue)s 0} SIOJEUIT)SD URSW JO SAIOUSIOJR 2ANE[2I PRIeWnsy  3qe [,



E. Zamanzade, M. Mohammadi

Tables 1-2 give the results for balanced RSS. Table 1 gives the results when the parameters of interest is

E (Y ) . It is evident from this table that, when F (Y ) is the target mean, then YL is the best estimator,
although its superiority is negligible for p <0.5. Furthermore, there are no considerable improvements in the
modified estimators in this case.

Table 2 presents the results when E (ey ) is the target mean. In this case, two estimators Y, ,Y,"s are the

best when the rankings are perfect (p=1), but they are overtaken by Yo ,¥}* Y™, 6 and Y, when

£ =0.5,0.75,0.9, which shows that the estimators based on the CV method are more sensitive to imperfect
rankings than other estimators. Moreover, ¥,',Y/% , and Y, improve Y, ,Y,k , and Y,, , respectively, and
improvement of Y, over Y,, for p>0.75 is considerable.

We also observe from Tables 1-2 that the means of the predicted values of the bandwidths in the CV
technique (42, and A'Y) decreases as the value of p increases. Furthermore, AY, in the nonparametric

regression is larger than its counterpart in the monotone nonparametric regression.
Tables 3-4 present the results for JPS sampling scheme. The pattern in these tables is similar to Tables 1-2.

Table 3 gives the results when the target mean is £ (Y ) . In the case of F (Y ) being the parameter of interest,
)7L is the best estimator for p >0.75. For other values of p, none of the estimators can dominate the others,
but ¥, and Y, tend to perform better than the others.

It is evident from Table 4 that if £ (ey) to be the parameter of interest, then Y,% is the best estimator in case
of nearly perfect rankings (0 >0.9). However, this estimator is more sensitive to imperfect rankings and is
not the best any more when p <0.75. For p<0.75, two estimators Y% , and Y, are almost the best.

The patterns of the mean of the predicted value of the bandwidths in CV technique in JPS setting are similar
to RSS setting. The 4", , and 4™ are decreasing in p, and 4" is larger than A", , except in the case of

perfect ranking, where 42, and 4" are the same. We also observe that 4", and 4" in the JPS setting are
larger than their counterpart in RSS.

It is interesting to note that, for all considered values of sample size, set size, correlation p and both
sampling scheme RSS and JPS, Y,/ is always superior to Y,,, and this superiority becomes more considerable

in the case of perfect rankings. Furthermore, we observe that the estimators based on CV method perform
well, when the rankings are nearly perfect, but they are more sensitive to imperfect rankings than the others.

4. Conclusion

We modified some nonparametric mean estimators proposed by Frey (2011). Our simulation results indicate
that our modified estimators perform well in comparison with their leading competitors.
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