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Abstract 

In this paper we modify nonparametric regression-based mean estimators in ranked set sampling using a covariate. 
We will show that our modified mean estimators perform well in comparison with their leading competitors. 
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1. Introduction  

Ranked Set Sampling (RSS), which was firstly introduced by McIntyre (1952, 2005), is an appropriate 
sampling technique which is designed to use auxiliary ranking information. A balanced ranked set sample is 
selected as follows: 
The number of k samples of size k is selected, ranked in increasing order without actually measuring them 
(e.g. by eye inspection or using a covariate), and then the ith smallest observation from the ith sample is 
measured, for i=1,2,…,k. This procedure is repeated n times to give a ranked set sample of size N=nk. 
Unbalanced RSS differs from balanced RSS in that the number of observations with rank i varies from one i 

to another. Thus, if in  be the number of observations with rank i, then 
1

k

i
i

N n
=

=∑  is the total sample size. The 

standard nonparametric mean estimator in balanced RSS is [ ].
1

1 k

RSS i
i

Y Y
k =

= ∑ , where [ ].iY  is the mean of 

observations with judgment rank of i. 
   Another variation of RSS which is recently proposed by MacEachern et al. (2004) is Judgment Post-
Stratification (JPS). To collect a JPS sample of size N, using set size k, a simple random sample of size N is 
drawn and measured. Then, for each measured unit, (k-1) additional units are drawn independently to give a 
set of size k, and the rank of the measured unit among the k units is noted. So, JPS data set consists of a 
simple random sample of size N and their corresponding ranks. JPS sampling scheme differs from unbalanced 
RSS in a way that the number of measured samples with rank i among (k-1) additional unit, say in , is not 
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fixed in advance. Indeed if ( )1 2, , , kn n n  is the vector of the number of observations with rank i, then one can 

simply show that ( )1 2
1 1 1, , , ~Multinomial , , , ,kn n n N
k k k

 
 
 

  .   The standard JPS mean estimator is 

( )
[ ] ( ).
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0
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Y Y I n
I n =

=

= >
>

∑
∑

, where [ ].iY   denotes the mean of observations with rank i, and ( ).I  is the 

indicator function.  
Both RSS and JPS are effective sampling strategies over simple random sampling in situations in which 
obtaining precise values of observations is expensive or time-consuming but ranking them (without actual 
measurement) is easy and cheap. These situations frequently happen in forestry (Halls and Dell 1996), 
medicine (Chen et al. 2005), environmental monitoring (Nussbaum and Sinha 1997, Kvam 2003) and 
entomology (Howard et al. 1982).  
The ranking process in RSS and JPS settings can be done based on personal judgment, prior information, or 
using a covariate. Therefore it is always possible to commit errors in ranking process. Many researchers in 
RSS and JPS sampling schemes have tried to find the convenient procedures which are robust against errors 
in rankings. For example, Dell and Clutter (1972) and Stokes and Sager (1988) have showed that empirical 
mean and distribution function estimators in balanced RSS are unbiased and have less variance than their 
counterparts in simple random sampling, respectively, even if there are errors in rankings. On the other hand, 
Bohn and Wolfe (1994) have showed that the Bohn and Wolfe (1992)'s generalization of Mann-Whitney test 
fails to maintain its level when the assumption of perfect rankings is violated. Frey et al. (2007) and Li and 
Balakrishnan (2008) developed some tests for assessing the assumption of perfect ranking in RSS, which are 
followed by Zamanzade et al. (2012) and Zamanzade et al. (2014).  
Frey (2011) showed that if ranking observations are done using a covariate, then RSSY , and JPSY  are not 
admissible and can be improved by incorporating covariate information. He then proposed some mean 
estimators, and showed that his proposed mean estimators have less mean square error (MSE) than the 
standard RSS and JPS mean estimators. Zamanzade and Vock (2015) developed a new variance estimator 
when RSS and JPS sampling schemes are applied by measuring a covariate. 
In this paper we modify some mean estimators proposed by Frey (2011).  We then compare our modified 
mean estimators with their leading competitors via a simulation study. 
 

2. Introduction of mean estimators 

In this section, we modify some mean estimators proposed by Frey (2011). Let  Y , X  be the variable of 
interest and covariate, respectively, and let { }1 2, , , kNX X X=X   be known vector of covariate. Let 

( ) ( ) ( )1 2
m m m

NX X X< < <  be the X  values corresponding to measured values of 1, , NY Y . 

We can incorporate covariate information into estimating the population mean, by using ( )X E Y Xµ = . By 

identities ( ) ( )XE Y E µ= , and ( ) ( )( ) ( )( )Var Y E Var Y X Var E Y X= + , we can use the estimate of ( )XE µ  
as an estimate for population mean and it is expected that the estimator based on the conditioning on the 
observed covariate values has less variance than the direct estimator of ( )E Y . 

The parameter of ( )XE µ  can be estimated by the average of kN estimates of ( )( )iE Y X , 1, ,i kN=  .  

Subsequently, we describe different methods for estimating these quantities proposed by Frey (2011), and our 
modifications one by one. 
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 Nonparametric Regression: Suppose we want to estimate ( )E Y X x= . One technique of estimation 

is to use the nonparametric kernel regression. Given kernel function ( ).d  and bandwidth h , the 

quantity ( )E Y X x=  can be estimated by ( )

( )( )

( )( )1

1

ˆ ,

m
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∑
∑

. Frey (2011) suggested to 

use standard normal density as kernel function and 
1
4

0h N
−

=  as the bandwidth and introduced his first 

mean estimator as ( )0
0

1

1 ˆ ,
kN

h
N N i

i
Y m X h

kN =

= ∑ . However, with this choice of kernel function, the 

bandwidth 
1
4

0h N
−

=  is not optimum and does not depend on variability in data. So, the resultant 
estimator may be improved by other choices of bandwidths. Since the regression equation is used for 
prediction, we propose to choose h based on Cross-Validation (CV) technique. In CV method, the 

value of h is selected such that minimize: ( ) ( )( )( )2

1

1 ˆ ,
N

i m
i i

i
CV h Y m X h

N
−

=

= −∑ , where ( )ˆ .im−  is the 

estimate of regression equation without observation ( )( ), m
i iY X . Therefore the value of h  which is 

selected by CV method can be regarded as the best "predictive" value for h .  We propose to estimate 

the population mean, by ( )
1

1 ˆ ,CV

kN
h

N N i CV
i

Y m X h
kN =

= ∑ . 

If the estimation of ( )E Y X x=  is regarded as density estimation problem, then it can be shown that 

for  ( ).d  as the standard normal density, the value of h  which minimizes asymptotic mean square 

error is 
1
5

1 ˆ1.06h nσ
−

= , where σ̂  is the sample standard deviation. Details for this choice of 
bandwidth are given in Silverman (1986) and Hardle (1991). Therefore, we propose our second 

modification of 0h
NY  as ( )1

1
1

1 ˆ ,
kN

h
N N i

i
Y m X h

kN =

= ∑  where 
1
5

1 ˆ1.06h nσ
−

= , and we take 

( )( )2

1

1ˆ
1

N
m m
i

i
X X

N
σ

=

= −
− ∑ . It is worth mentioning that although some variance estimators have 

been proposed by MacEachern et al. (2002), Frey and Feeman (2013), and Zamanzade (2016) for the 
RSS and the JPS settings, our simulation results indicate that the usage of these estimators instead of 
the sample variance does not make any improvement in the modified estimators. 

 Monotone Regression: Let ( )¦E Y X  to be non-decreasing function of X . Then, it can be shown that 

( )( )m
iE Y X X=  is non-decreasing in i as well. However, the values of iY s may not be non-decreasing 

due to sampling noise. One way to resolve this problem is to replace Y  values with its isotonized 

versions max min ,     1, , .
1

s
giso

i r i s i
g r

Y
Y i N

s r≤ ≥
=

= =
− +∑   In fact, iso

iY , which is known as isotonic 
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regression estimator of iY  ( 1, .i n=  ), minimizes the mean square ( )2

1

N
iso

i i
i

Y Y
=

−∑  under constraint 

1 2
iso iso iso

NY Y Y≤ ≤ ≤ . Based on this idea, Frey (2011) proposed to estimate ( )E Y X x=  by  
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 and his second estimator of the population mean as ( )
1
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kN

M M i
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= ∑ . To improve this 

estimator, we replace ( )ˆ Mm x  by 
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        and propose ( )
1

1 ˆ
kN

L L
M M i

i
Y m X

kN =

= ∑  as a modification of MY . 

 Monotone Nonparametric Regression: Mukerjee (1988) showed that if we first isotonize the Y  
values and then apply nonparametric kernel regression with log concave kernel function on them, 
the resultant estimator will be monotone. Frey (2011) proposed to use standard normal density as 

kernel function and bandwidth 
1
4

0h N
−

=  to estimate population mean via 
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. The mean estimator can be 

modified by determining the value of bandwidth via CV method on ( )( ),iso m
i iY X , 1,i n=  . The 

resultant estimator will be ( )
1

1 ˆ ,CV

kN
h

MN MN i CV
i

Y m X h
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= ∑ . Furthermore, we propose another 

modification of 0h
MNY  as ( )1

1
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MN MN i
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= ∑ , where 1h  is defined as above. 
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 Linear Regression: The mean estimator based on linear regression, which is considered by Yu 

and Lam (1997), is ( )
1

1 kN

L L i
i

Y m X
kN =

= ∑ , where ( ) ( )ˆ
L mm x Y x Xβ= + − , Y  is the mean of 

1, , NY Y  and β̂  is the usual slope estimate of linear regression based on ( )( ), m
i iY X , 1,i N=  . 

 
In the next section, we compare different estimators of mean based on Monte Carlo simulation. 

3. Simulation study 

In this section, we compare the different mean estimators and their modifications by using Monte Carlo 
simulation with 10000 repetitions. For this purpose, we define the relative efficiency of each estimator as:  

 
 where sdY  is the standard mean estimator, and Y  is one of the aforementioned mean estimators. 
We use Dell and Clutter (1972) model of imperfect ranking, assuming that , and then 
take Y  and Ye  as the variable of interest.  
The comparisons are made in both balanced RSS and JPS settings for 
( ) ( ) ( ) ( ) ( ), 10,5 , 10,10 , 20,5 , 20,10 ,N k = and 0,0.5,0.75,0.9,1ρ = . These values of ( ),N k  are selected such 
that we can observe the effect of changing sample size while keeping the set size fixed and the effect of 
changing set size while keeping sample size fixed. The ρ  values are chosen from random rankings ( 0ρ = ) to 
perfect rankings ( 1ρ = ). The results are given in Tables 1-4. 
 
Remark 1:  In the simulation study, the value of the bandwidth ( h ) in the CV method is selected from a 

sequence of values in the interval [
1
4N

−
/3, 3

1
4N

−
] with steps of 0.01, where 

1
4N

−
 is the bandwidth that is used 

by Frey (2011). It is worth mentioning   that ( )CV h  can be computed efficiently by using the relation 

( ) ( ) 2

1

,1 ,
1

N
i i

i ii

Y m X h
CV h

N H=

 − 
=  − 

∑  where the iiH ’s are the diagonal  elements of the hat matrix (see for 

example, Takezawa, 2006, page 117). Based on an anonymous referee's suggestion, we also report the mean 
of the predicted values of the bandwidths in the CV method for CVh

NY  and  CVh
MNY  ( ˆ ˆ,N MN

CV CVh h ) in Tables 1-4.  
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Tables 1-2 give the results for balanced RSS. Table 1 gives the results when the parameters of interest is 
( )E Y . It is evident from this table that, when  ( )E Y  is the target mean, then LY  is the best estimator, 

although its superiority is negligible for 0.5ρ ≤ . Furthermore, there are no considerable improvements in the 
modified estimators in this case.  

Table 2 presents the results when ( )YE e  is the target mean. In this case, two estimators CVh
NY , CVh

MNY  are the 

best when the rankings are perfect ( 1ρ = ), but they are overtaken by 0h
NY , 1h

NY , 0h
MNY , and 1h

MNY  when 
0.5,0.75,0.9ρ = , which shows that the estimators based on the CV method are more sensitive to imperfect 

rankings than other estimators. Moreover, 1h
NY , 1h

MNY , and L
MY  improve 0h

NY , 0h
MNY , and MY  , respectively, and 

improvement of L
MY  over MY  for 0.75ρ ≥  is considerable. 

We also observe from Tables 1-2 that the means of the predicted values of the bandwidths in the CV 
technique ( ˆN

CVh  and ˆMN
CVh ) decreases as the value of ρ  increases. Furthermore, ˆN

CVh  in the nonparametric 
regression is larger than its counterpart in the monotone nonparametric regression. 
Tables 3-4 present the results for JPS sampling scheme. The pattern in these tables is similar to Tables 1-2. 
Table 3 gives the results when the target mean is ( )E Y . In the case of ( )E Y  being the parameter of interest, 

LY  is the best estimator for 0.75ρ ≥ . For other values of ρ , none of the estimators can dominate the others, 
but LY  and 1h

MNY   tend to perform better than the others. 
It is evident from Table 4 that if ( )YE e  to be the parameter of interest, then CVh

MNY  is the best estimator in case 

of nearly perfect rankings ( 0.9ρ ≥ ).  However, this estimator is more sensitive to imperfect rankings and is 
not the best any more when 0.75ρ ≤ . For 0.75ρ ≤ , two estimators 0h

MNY , and 1h
MNY  are almost the best.   

 The patterns of the mean of the predicted value of the bandwidths in CV technique in JPS setting are similar 
to RSS setting. The ˆN

CVh , and ˆMN
CVh  are decreasing in ρ , and ˆMN

CVh  is larger than ˆN
CVh , except in the case of 

perfect ranking, where ˆN
CVh  and ˆMN

CVh  are the same. We also observe that  ˆN
CVh  and ˆMN

CVh  in the JPS setting are 
larger than their counterpart in RSS. 
It is interesting to note that, for all considered values of sample size, set size, correlation ρ  and both 
sampling scheme RSS and JPS, L

MY  is always superior to MY , and this superiority becomes more considerable 
in the case of perfect rankings. Furthermore, we observe that the estimators based on CV method perform 
well, when the rankings are nearly perfect, but they are more sensitive to imperfect rankings than the others. 

4. Conclusion  

We modified some nonparametric mean estimators proposed by Frey (2011). Our simulation results indicate 
that our modified estimators perform well in comparison with their leading competitors. 
 
Acknowledgments: The authors are thankful to Professor Jesse Frey for sharing his R code, and two 
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paper. 
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