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Abstract—In this paper, we introduce and study a class of
generalized vector quasi-equilibrium problems, which includes
generalized vector quasi-variational-like inequality problems,
generalized vector equilibrium problems, generalized vector
variational inequality problems as special cases. We use the
maximal element theorem with an escaping sequence to prove the
existence results of solutions for the class of generalized vector
quasi-equilibrium problems without any monotonicity conditions
in the setting of locally convex topological vector space. The
results presented here improve and extend the corresponding
results in this area.
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l. INTRODUCTION

Let X be a nonempty subset of a topological vector space,
Eand F: X x X — R be a real valued bifunction such that

F(x,x)>0 for all Xxe X . Then the scalar equilibrium
problem(in short,EP) is to find ye X such that
F(X,y)>0 forall xe X

If Z isat.v.s. with order cone C : that is a closed convex

pointed cone, and F : X x X — Z , then the equilibrium
problem(EP) can be generalized in the following ways: Find

yeX such that F(x,y)eC for all xeX ; or
F(X, V)ez—intC forall X e X

In these cases, (EP)are called vector equilibrium problem.
These problems contains vector optimization, vector variational
inequality problem and vector Nash equilibrium problem as
special cases, see for example[2,3] and references therein.

Recently, Peng and Rong [4], Ahmad and Irfan [5] and
Xiao et al.[6] proved some existence theorems of solutions to a
class of generalized nonlinear variational inequalities. Based on
these works, Gao and Feng [7] considered a class of
generalized vector quasi-variational-like inequality problems
and utilize the maximal element theorem with an sequence to
prove the existence of its solutions in the setting of locally
convex topological vector space(in short, locally convex
spaces). Inspired and motivated by the above research, in this
paper, we introduce a new class of generalized vector quasi-
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equilirium problems and follow the idea of [7], we obtain the
existence results of its solutions in the setting of locally convex
space, which are very interesting and improve and extend the
corresponding results of [4-7].

Il. PRELIMINARIES

Let Z be a locally convex space and X be a nonempty
convex subset of a hausdorff topological vector space E (in
short, tv.s.). We donote by L(E,Z) the space of all

continuous linear operators from E into Z and by <|,X> the
evaluation of | e L(E,Z) at Xe E . Let L(E,Z) be a
space equipped with o — topology. By the corollary of
schaefer(see page 80 in [8]), L(E,Z) becomes a locally

convex space. Let intS and cOS denote the interior and
convex hull of a setS | respectively,C : X — 22 be a set-valued
mapping such that intC(x)=@ for each Xxe X, and

n:XxX —>E be a vector-valued mapping. Let
F:L(E,Z)xXxX 525 T:X » 22 D: X - 2%,

H: X xX =2 pe four set-valued mappings. We consider the
following generalized vector quasi-equilibrium problem(in

short, GVQEP):Find X € X such that X € D(Y) and for
all ye D(X) , thereexists 5T (X) satistfying

F(s,y,X)+H(X,y)z —intC(xX) (2.1)

The following problems are special cases of GVQEP.

@i)For all xe X ,if D(x)=X , then (2.1) redues to
finding X € X , such that there exists S eT(X) satisfying

F(5,y,X)+H(X,y)Z —intC(X), vy € X (2.2)

which is a new generalized vector equilibrium problem.



(Dif F(5,y,%)=(As,n(y,x)) , where A:L(E,Z)— 2%
is a set-valued mapping, then (2.1) reduces to finding X € X
such that X € D(X)and for all ye D(X), there exists
S eT(X) satistfying

(As,n(y,x))+h(X, y) & —intC(x) (2.3)

which has been studied by Gao and Feng[7].

@iii)if A=1 is an identity mapping on L(E,Z)and
H =0, then (2.3) reduces to finding X € X such that
X € D(X) and for all ye D(X), there exists ¥ €T(X)
satisfying

(9, 9(y, ) & -intC(x)

which has been studied by Peng and Rong [4].

(2.4)

In order to prove our main results, we need the following
definitions and lemmas.

Let X be a topological space. A subset of X is said to be
compactly open(respectively, compactly closed) in X if for
any nonempty compact subset K of X , SNK is
open(respectively, closed) in S . Let Y be a topological space
and T : X — 2" be a set-valued mapping, then T is said to
be open valued if the set T(x)is open in X for all

X e X .T is said to have open lower section if T~ is open
valued, i.e., the set T’l(y)= {X eX:y eT(X)} is open in
X forall yeY . Tis said to be compactly open valued if
the set T(X) is compactly openin X forall xe X ,and T

is said to have compactly open lower section if T4 s
compactly open valued. Clearly, each open-valued(respectively,
closed-valued) mapping T :X — 2" is compactly open-
valued(respectively, compactly closed-valued). T is said to be
upper semicontinuous, if for any X, € X and for each open

set U in'Y containing T(X, ) , there is a neighborhood V' of
X, in X such that T(x)cU forallxeV ; T is said to be
closed if the set {(x,y)e X xY :y e T(x)} isclosed in X xY.

Definition 2.1[6] Let K be a convex subset of a

tvs. Eand Z be tvs. . Let C:K — 2% be a set-valued
mapping. Assume given any finite subset A = {xl, xz,---xn} of

n

X, any X=Zocixi with ;20 for i=12---,n , and
i-1

Zn:ai:l . Then

i=1
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(i) a single-valued mapping f : K x K — Z is said to be
vector O-diagonally convex in the second argument if

iZ::ocif(x,xi)ez—intc(x);

(ii) a set-valued mapping f : K x K — 27 is said to be
generalized vector O0-diagonally convex in the second

argument if > oz, f (x,x,)  —int C(x)-
i=1
Lemma 2.1[9] Let X and Y be two topological spaces.

If T:X —>2" is an upper semicontinuous set-valued
mapping with closed values, then T is closed.

Lemma2.2[10]Let X and Y be two topological spaces,
and T:X — 2" be an upper semicontinuous set-valued
mapping with compact values. Suppose that {xa} is a net in

X such that X, = X, , if Y, ET(XQ) for each &, then
there is a Y, eT(XO) and a subset Yy, of Yy, such that

Yp = Yo

Lemma2.3[11]Let X and Y be two topological spaces.
Suppose that T : X — 2" is a set-valued mapping have open

lower section. The set-valued mapping F : X — 2" defined
by that for each x e X, F(x)=coT(x) has open lower section.

Definition2.2[12]Let E be a topological space and X be
a subset of E such that x :Uw_lxn , Where {X]}il is an
increasing(in the sense that X < X, ., )sequence of nonempty

compact sets. A sequence {X |” in X is said to be an

-1
escaping sequence from X (relative to {Xn}le) if for each
n=12,---, there exists Mm>0 such that X, & X, for all
k>m.

Lemma2.4[12]Let E be a topological vector space and
X be a subset of E such that X :ULX

{Xn}nzl
X . Assume that the set-valued mapping S:X — 2%
satisfies the following conditions:

n » Where

is increasing sequence of nonempty compact sets of

(iyFor each x e X,S™*(x)~ X, is open in X, for all
n=12,---;

(ii)Foreach X e X, X ¢ COS(X);

(iii)For each sequence {Xn}w

n=1

in X with X, € X, for

all n=12,---, which is escaping from X relative to



{Xn}:zl , there exists ne N and Yy, € X, such that

y, €S(x,)n X
S(x)=2.

. - Then there exists an X € X such that

Ill.  EXISTENCE RESULTS

In this section, we prove some existence results of solutions
for generalized vector quasi-equilibrium problem without any
monotonicity conditions in the setting of locally convex
topological vector space.

Theorem3.1 Let E be a Hausdorff topological vector
space, X be a subset of E such that X = U:O:an , Where

{Xn}::l is an increasing sequence of nonempty, compact and
convex subset of X , and Z be a locally convex space. Let
L(E,Z) be equipped with & — topology . Let D : X — 2%

be a set-valued mapping with nonempty convex value and
compactly open lower section, the set

W ={xe X : xe D(x)} be closed,C: X — 2% be a set-
valued mapping such that C(X) is a closed pointed and
convex cone with intC(X):& @ forall Xxe X , and the set-
mapping M =Z \{—intC(x)} be  upper
semicontinuous on X . Let T:X —2YE2) pe upper
semicontinuous on X  with compact values and
H : X x X — 27 be generalized vector 0-diagonally convex
in the second argument. Let F: L(E,Z)x X x X — 2% be
affine in the second argument with F (s, X, x) = C(x) for all
(s,x)e L(E,Z)x X For each yeX , assume
that F (-, y,-)+ H(, y): L(E,Z)x X x X — 2% is an upper

semicontinuous set-valued mapping with compact value.
Suppose that the following condition holds:

valued

(C)for each sequence {Xn}:zl in X with x, € X, for
all n=1,2,---, , which is escaping from X relative to
{X }n _,» there exist me N and z e D(x, )N x,, such
that for all s, € T(X,, ), F(s,,2,.%,)+H(X,.2,)<

Then GVQEP has a solution.

Proof. Define a set-valued mapping P : X — 2* by

P(x)={ye X :F(s,y,x)+ H(x,y)c —intC(x),¥s e T(x)},
Vx e X we first prove that X ¢ COP(X)for allxe X . To
see this, by way of contradiction, assume that there exists
some point X € X such that X € COP(X) . Then there exist

finite points Y,,Y,,---y, in P(X), and a; 20 with

—intC(x, ).
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n

Zaj =1 X= Za Yj
i1

F(s,y;. x)+H(x,y; )= -intC(x )VSET( )i=12,--n
intC(X) is a convex set and F is affine in the second
argument with F(s,x,x)cC(x) for all (s, x)e L(E,Z)x X,

such that That is,

Since

we have F(s,X,X)+ Za H(x, Y, ) —intC(x) implying

(x,yj)g —int C(x)- F (s, x,X)
—int Cc (x)-cC (x)

—int C (x).

that = ©

<
<

which contradicts the fact that H is generalized vector 0-
diagonal convex in the second argument. Therefore,

X%COP(X) for all Xe X . We also define a set-valued

mapping G: X —2% by G(x):{ D(Q(;)COP())(()E,);(E\WW,

h X€ X,G(x)

Then, for eac is convex. Suppose that

there exists X € X such that XEG(K). If XeW ,
then X € D(i)ﬁCOP(X), which contradicts X%ECOP(X)

for all xeX . If XgW , then G(X)=D(X) which
impliess ¥~ < D (x) a contradiction. Hence
x & G (x)=coG (x),¥x e X, an4 the condition (ii) of
Lemma 2.4 is satisfied. Next, we prove that the set
P(y)={xe X :F(s,y,x)+ H(x,y)c —intC(x),¥s e T (x)}

is open for all 'y € X . That is, P has open lower

section in X . Consider the set
(P(y)f - xe X :[F(s,y,x)+H(x ylnZ\(=intC(x)) @] \which is
I eT(x)

the complement of (P (y )) We only need to prove that
(P‘l(y))C is closed for all y € X . Let {X . } be a net in
(P’l(y))C such that X, — X'
eT (Xa )such that

[F(s.

Since T: X — 252) js an upper semicontinuous set-
valued mapping with compact values, by Lemma 2.2, {Sa }has

. Then there exists an

a

Y. x, )+ H(x,, y)nz\(-intC(x,))= @.

a convergent subsequence with limit, say s, and S eT(X*).
Without loss of generalizity, we may assume that s — s .
Suppose that

Z,e[F(s,,y,x,)+H(x,,y)]nZ\{-intC(x,)}.

Since F(,y,)+H(,y)is upper semicontinuous with compact
value, by Lemma 2.2, there exists a



' e F(s*, Y, x*)+ H(x*, y) and a subsequence {Zﬂ} of
{Za} such that z, —z". On the other hand, since
Z \{—intC(xa )} is upper semicontinuous with closed values,
by Lemma 2lwe have z eZ\ {— intC(X*)}.
Hence [F(s™, y,x")+ H(X", y)|nz \{-intc(x")} = @. Thus,
(P'l(y))C is closed in X . Therefore, P has open lower
section in X . By Lemma 2.3, cop(y) is also open for all
y € X.Since p-i(y) is compact open forall Y € X', we have

G (y)={xe X :yeG(x)
={xeW :ye[D(x)ncoP(x)]}
N{xe X \W :yeD(x)}
=[W ~AD*(y)ncoP(y))u X\W]
m[(WmD )

X ~|(D*(y)coP(y) uX\W

:{m[(ww(y» R

(v)
:[(D’l(y)mcoP (y)) (X W D(y)

= (D (y)neoPH(y))o ((X\W) ( ')

Therefore, G’l(y)also has compactly open values in X

for all y e X, the condition (i) of Lemma 2.4 is satisfied.
Condition (C) implies that the condition (iii) of Lemma 2.4. It
follows from Lemma2.4 that there exists an X € X such that

G(x)=2.

since for each xe X , D(x) is nonempty, we have
X € D(X) such that D(X)NP(X)=, that is, there has
an XeD(X) , and for all yeD(X) , there exists
an§ e T(X) satisfying F (S, y,X)+H(X,y)g —intC(x)

This completes the proof.

Theorem3.2 Let E, X,Z,L(E,Z),D,W,C,M,F,T be
the same as in Theorem 3.1. For each Y € X , assume that
F(,y,)+H(y):L(E,Z)x X xX —2% is an upper
semicontinuous set-valued mapping with compact values.
Suppose that there exists a mapping R : X x X — 27,

mcoP

(i)There exists a SET(X) for all X,y € X ,such that
R(x,y)=[F(s,y, )+ H(x y)]< ~intC(x)
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(ii)For any finite set {yl, Y, ---yn}g Xand x = iajyj,

j=1

with &; >0 and iai:l' there is a je{1,2,...n} such

j=1
that R(X, Y; );c_ —intC(x);

(iii)For each sequence {Xn}:; in X with X, € X, for
all n=12,---, which is escaping from X relative to
{x, }n . thereexistanme N and 7, € D(x,, ) X, such
that

F(Sy, 2y, Xy )+ H(X,, 2, ) —int C(x
Then GVQEP has a solution.

Proof. Define two set-valued mappings

s, eT(x

P,P,: X — 2% by

P(x)={ye X :F(s,y,x)+ H(x,y)c —intC(x), Vs e T(x)},

vxe X;P,(x)={y e X :R(x,y)c —intC(x)}, ¥x € X.

We first prove that X & COP,(X) for all X € X . For this, by
way of contradiction, assume that there exists some point
X € X such that X € COP, (X) Then there exist finite points

Yo in X and @; >0 with > ¢ =1 such that
i1

X= Za y; and Y,GP( X) for all j=172,---

is, R(x Y, ) —intC(x), j =12,
condition (ii). So, X & COP,(X)forallx e X .

Yoo Yoo

N .That

n. This contradicts the

The condition (i) implies that P,(x)2 P/(x) for all

x € X . Hence, X & COP,(X) for all X X . The remainder

of the proof is the same as that of Theorem3.1, so is omitted,
completing the proof.

Remark3.1 Theorem 3.1 and Theorem 3.2 improve and
extend the corresponding results of [4-7].
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