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Abstract—In this paper, we introduce and study a class of 
generalized vector quasi-equilibrium problems, which includes 
generalized vector quasi-variational-like inequality problems, 
generalized vector equilibrium problems, generalized vector 
variational inequality problems as special cases. We use the 
maximal element theorem with an escaping sequence to prove the 
existence results of solutions for the class of generalized vector 
quasi-equilibrium problems without any monotonicity conditions 
in the setting of locally convex topological vector space. The 
results presented here improve and extend the corresponding 
results in this area. 
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I. INTRODUCTION 

Let X  be a nonempty subset of a topological vector space, 
E and RXXF : be a real valued bifunction such that 

  0, xxF  for all Xx . Then the scalar equilibrium 

problem(in short,EP) is to find Xy  such that 

  0, yxF  for all Xx   

If Z  is a t.v.s. with order cone C  ; that is a closed convex 
pointed cone, and ZXXF :  , then the equilibrium 
problem(EP) can be generalized in the following ways: Find 

Xy  such that   CyxF ,  for all Xx ; or 

  CyxF int,   for all Xx  

In these cases, (EP)are called vector equilibrium problem. 
These problems contains vector optimization, vector variational 
inequality problem and vector Nash equilibrium problem as 
special cases, see for example[2,3] and  references therein. 

Recently, Peng and Rong [4], Ahmad and Irfan [5] and 
Xiao et al.[6] proved some existence theorems of solutions to a 
class of generalized nonlinear variational inequalities. Based on 
these works, Gao and Feng [7] considered a class of 
generalized vector quasi-variational-like inequality problems 
and utilize the maximal element theorem with an sequence to 
prove the existence of  its solutions in the setting of  locally 
convex topological vector space(in short, locally convex 
spaces). Inspired and motivated by the above research, in this 
paper, we introduce a new class of generalized vector quasi-

equilirium problems and follow the idea of [7], we obtain the 
existence results of its solutions in the setting of locally convex 
space, which are very interesting and improve and extend the 
corresponding results of [4-7]. 

II. PRELIMINARIES 

Let Z  be a locally convex space and X  be a nonempty 
convex subset of a hausdorff topological vector space E (in 

short, t.v.s.). We donote by  ZEL ,  the space of all 

continuous linear operators from E  into Z  and by xl, the 

evaluation of  ZELl ,  at Ex  . Let  ZEL ,   be a 
space equipped with  topology. By the corollary of 

schaefer(see page 80 in [8]),  ZEL , becomes a locally 

convex space. Let Sint  and coS  denote the interior and 
convex hull of a set S , respectively, ZXC 2:  be a set-valued 
mapping such that   xCint  for each ,Xx and 

EXX : be a vector-valued mapping. Let  

    ,2:,2:,2,: , XZELZ XDXTXXZELF 
ZXXH 2:  be four set-valued mappings. We consider the 

following generalized vector quasi-equilibrium problem(in 

short, GVQEP):Find x X   such that  x D x  and for 

all  y D x  , there exists   s T x
 
satistfying 

     )(int,,, xCyxHxysF                            (2.1)  

The following problems are special cases of GVQEP. 

(i)For all Xx ,if   XxD  , then (2.1) redues to 

finding Xx , such that there exists  xTs   satisfying  

    XyxCyxHxysF  ),(int,,,                 (2.2) 

which is a new generalized vector equilibrium problem. 
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(ii)if    xysAxysF ,,,,  , where    ZELZELA ,2,:   

is a set-valued mapping, then (2.1) reduces to finding Xx  

such that   xDx and for all  xDy , there exists 

 xTs   satistfying  

      xCyxhxysA int,,,                        (2.3) 

which has been studied by Gao and Feng[7]. 

(iii)If IA   is an identity mapping on  ZEL , and 

0H , then (2.3) reduces to finding Xx  such that 

 xDx  and for all  xDy , there exists  xTy  
satisfying 

          xCxyv int,, 
                                     

 (2.4)                                    

which has been studied by Peng and Rong [4]. 

In order to prove our main results, we need the following 
definitions and lemmas. 

Let X be a topological space. A subset of X  is said to be 
compactly open(respectively, compactly closed) in X  if for 
any nonempty compact subset K  of X , KS  is 
open(respectively, closed) in S  . Let Y  be a topological space 

and YXT 2:   be a set-valued mapping, then T  is said to 

be open valued if the set   xT is open in X  for all 

Xx .T is said to have open lower section if 1T  is open 

valued, i.e., the set     xTyXxyT  :1  is open in 

X  for all Yy  . T is said to be compactly open valued if 

the set  xT  is compactly open in X  for all Xx  , and T  

is said to have compactly open lower section if 1T  is 
compactly open valued. Clearly, each open-valued(respectively, 

closed-valued) mapping YXT 2:   is compactly open-
valued(respectively, compactly closed-valued). T is said to be 

upper semicontinuous, if for any Xx 0  and for each open 

set U  in Y  containing  0xT  , there is a neighborhood V  of 

0x  in X  such that   UxT   for all Vx  ; T is said to be 

closed if the set     xTyYXyx  :,  is closed in .YX   

Definition 2.1[6] Let K  be a convex subset of a 

t.v.s. E and Z  be t.v.s. . Let ZKC 2:   be a set-valued 
mapping. Assume given any finite subset  nxxx ,, 21  of 

X  , any i

n

i
i xx 




1

  with 0i  for ni ,2,1   , and 





n

i
i

1

1  . Then 

(i) a single-valued mapping ZKKf :  is said to be 
vector 0-diagonally convex in the second argument if 

   xCxxf
n

i
ii int,

1




 ; 

(ii) a set-valued mapping ZKKf 2:   is said to be 
generalized vector 0-diagonally convex in the second 

argument if    xCxxf
n

i
ii int,

1




 . 

Lemma 2.1[9] Let X  and Y  be two topological spaces. 

If YXT 2:   is an upper semicontinuous set-valued 
mapping with closed values, then T  is closed.  

Lemma2.2[10]Let X  and Y  be two topological spaces, 

and YXT 2:   be an upper semicontinuous set-valued 

mapping with compact values. Suppose that  x  is a net in 

X  such that 0xx   , if   xTy   for each  , then 

there is a  00 xTy   and a subset y  of y  such that 

0yy  . 

Lemma2.3[11]Let X  and Y  be two topological spaces. 

Suppose that YXT 2:   is a set-valued mapping have open 

lower section. The set-valued mapping YXF 2:   defined 
by that for each    xcoTxFXx  ,  has open lower section. 

Definition2.2[12]Let E  be a topological space and X  be 

a subset of E  such that 




1n nXX , where  1nnX  is an 

increasing(in the sense that 
1 nn XX )sequence of nonempty 

compact sets. A sequence  1nnX  in X  is said to be an 

escaping sequence from X (relative to  1nnX ) if for each 

,,2,1 n there exists 0m  such that kk Xx   for all 

mk  . 

Lemma2.4[12]Let E  be a topological vector space and 

X  be a subset of E  such that 




1n nXX , where 

 1nnX  is increasing sequence of nonempty compact sets of  

X . Assume that the set-valued mapping XXS 2:   
satisfies the following conditions: 

(i)For each   nXxSXx  1, is open in nX  for all 

,2,1n ; 

(ii)For each  xcoSxXx  , ; 

(iii)For each sequence  1nnX  in X  with nn Xx   for 

all ,,2,1 n which is escaping from X  relative to 
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 1nnX , there exists Nn  and nn Xy   such that 

  nnn XxSy  . Then there exists an Xx  such that 

  xS . 

III. EXISTENCE RESULTS 

In this section, we prove some existence results of solutions 
for generalized vector quasi-equilibrium problem without any 
monotonicity conditions in the setting of  locally convex 
topological vector space. 

Theorem3.1 Let E  be a Hausdorff topological vector 

space, X be a subset of E  such that 




1n nXX , where 

 1nnX  is an increasing sequence of nonempty, compact and 

convex subset of X , and Z  be a locally convex space. Let 

 ZEL ,  be equipped with  topology . Let XXD 2:   
be a set-valued mapping with nonempty convex value and 
compactly open lower section, the set 

  xDxXxW  :  be closed, XXC 2:   be a set-

valued mapping such that   xC is a closed pointed and 

convex cone with   xCint  for all Xx , and the set-

valued mapping   xCZM int\   be upper 

semicontinuous on X . Let  ZELXT ,2:   be upper 
semicontinuous on X  with compact values and 

ZXXH 2:   be generalized vector 0-diagonally convex 

in the second argument. Let   ZXXZELF 2,:   be 

affine in the second argument with    xCxxsF ,,  for all 

    XZELxs  ,, . For each Xy , assume 

that       ZXXZELyHyF 2,:,,,   is an upper 
semicontinuous set-valued mapping with compact value. 
Suppose that the following condition holds: 

(C)for each sequence  1nnX  in X  with nn Xx   for 

all ,,2,1 n , which is escaping from X  relative to 

 1nnX , there exist Nm  and   mmm xxDz   such 

that for all  mm xTs  ,      mmmmmm xCzxHxzsF int,,,  . 

Then GVQEP has a solution. 

Proof. Define a set-valued mapping XXP 2:   by  

          ,,int,,,: xTsxCyxHxysFXyxP 
Xx .We first prove that  xcoPx for all Xx . To 

see this, by way of contradiction, assume that there exists 

some point Xx  such that  xcoPx  . Then there exist 

finite points nyyy ,, 21  in  xP , and 0j  with 

1
1




n

j
j  such that 




n

j
jj yx

1

 . That is, 

        nixTsxCyxHxysF jj ,2,1,,int,,,   Since 

 xCint  is a convex set and F  is affine in the second 

argument with    xCxxsF ,,  for all     XZELxs  ,, , 

we have      xCyxHxxsF j

n

j
j int,,,

1




  implying 

that 
     

   
 .int

int

,,int,
1

xC

xCxC

xxsFxCyxH j

n

j
j









 

which contradicts the fact that H  is generalized vector 0-
diagonal convex in the second argument. Therefore, 

 xcoPx  for all Xx . We also define a set-valued 

mapping 
XXG 2:   by      

 







.\,

,,

WXxxD

WxxcoPxD
xG

 
Then, for each  xGXx ,  is convex. Suppose that 

there exists Xx  such that  xGx . If Wx , 

then    xcoPxDx  , which contradicts  xcoPx  

for all Xx . If Wx , then    xDxG   which 
implies  ,xDx   a contradiction. Hence 

    ,, XxxcoGxGx  and the condition (ii) of 
Lemma 2.4 is satisfied. Next, we prove that the set 

          xTsxCyxHxysFXxyP  ,int,,,:1

 is open for all Xy  . That is, P  has open lower 

section in X . Consider the set 

          
  













xTs

xCZyxHxysFXx
yP

c ,int\,,,:1 which is 

the complement of   yP 1 . We only need to prove that 

  cyP 1  is closed for all Xy . Let  x  be a net in 

  cyP 1  such that  xx . Then there exists an 

  xTs  such that  

        .int\,,,   xCZyxHxysF  

Since  ZELXT ,2:   is an upper semicontinuous set-

valued mapping with compact values, by Lemma 2.2,  s has 

a convergent subsequence with limit, say *s , and  ** xTs  . 

Without loss of generalizity, we may assume that *ss   . 

Suppose that  

       .int\,,,  xCZyxHxysFZ   

Since    yHyF ,,,  is upper semicontinuous with compact 
value, by Lemma 2.2, there exists a 
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   yxHxysFz ,,, ****   and a subsequence  z  of 

 z  such that .*zz 
On the other hand, since 

  xCZ int\   is upper semicontinuous with closed values, 

by Lemma 2.1,we have   .int\ ** xCZz   

Hence         .int\,,, ****  xCZyxHxysF Thus, 

  cyP 1
 is closed in X  . Therefore, P  has open lower 

section in X . By Lemma 2.3,  ycoP 1
 is also open for all 

.Xy Since  yD 1  is compact open for all Xy , we have 

    
     

  
       
       
       
      

         
          .\

\

\

\

:\

:

:

111

111

11

11

111

11

1

yDWXycoPyD

yDWXycoPyD

yDyDW

WXycoPyDX

yDycoPyDW

WXycoPyDW

xDyWXx

xcoPxDyWx

xGyXxyG













































 

Therefore,  yG 1 also has compactly open values in X  

for all Xy , the condition (i) of Lemma 2.4 is satisfied. 
Condition (C) implies that the condition (iii) of Lemma 2.4. It 
follows from Lemma2.4 that there exists an Xx  such that 

  xG . 

Since for each Xx ,  xD  is nonempty, we have 

 xDx  such that      xPxD , that is, there has 

an  xDx , and for all  xDy , there exists 

an  xTs  satisfying      xCyxHxysF int,,,   

This completes the proof. 

Theorem3.2 Let   TFMCWDZELZXE ,,,,,,,,,,  be 

the same as in Theorem 3.1. For each Xy , assume that 

      ZXXZELyHyF 2,:,,,   is an upper 
semicontinuous set-valued mapping with compact values. 

Suppose that there exists a mapping ZXXR 2:  , 

(i)There exists a  xTs for all Xyx , ,such that 

        xCyxHxysFyxR int,,,,   

(ii)For any finite set   Xyyy n 21, and 
j

n

j
j yx 




1

 , 

with 0j  and 



n

j
j

1

1 , there is a  nj ,2,1  such 

that    xCyxR j int,  ; 

(iii)For each sequence  1nnX  in X  with nn Xx   for 

all ,2,1n , which is escaping from X  relative to 

 1nnX , there exist an Nm  and   mmm xxDz   such 

that  

       .,int,,, mmmmmmmm xTsxCzxHxzsF 
Then GVQEP  has a solution. 

Proof. Define two set-valued mappings XXPP 2:, 21   by 

          
     .,int,:)(;

,,int,,,:

2

1

XxxCyxRXyxPXx

xTsxCyxHxysFXyxP




We first prove that  xcoPx 2  for all Xx . For this, by 
way of contradiction, assume that there exists some point 

Xx  such that  xcoPx 2 . Then there exist finite points 

nyyy ,, 21  in X  and 0j  with 1
1




n

j
j  such that 





n

j
jj yx

1

  and  xPy j 2  for all nj ,2,1 .That 

is,     njxCyxR j ,,2,1,int,  . This contradicts the 

condition (ii). So,  xcoPx 2 for all Xx  . 

The condition (i) implies that    xPxP 12   for all 

Xx . Hence,  xcoPx 1  for all Xx . The remainder 
of the proof is the same as that of Theorem3.1, so is omitted, 
completing the proof. 

Remark3.1 Theorem 3.1 and Theorem 3.2 improve and 
extend the corresponding results of [4-7]. 
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