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Abstract. In this paper, we investigate the effect of modulation rate on the energy efficiency of a 
two-hop communication system with the assistance of a half-duplex decode-and-forward (DF) relay, 
considering the given bit error rate (BER) and using the M-QAM modulation. First, we formulate 
the optimum model of transmission power, subject to the given BER. Then the minimum 
transmission power under the constraint of the given BER is obtained. For energy efficiency 
problem, the circuit power consumption of devices can not be ignored, so with the circuit power 
consumption considered, we derive and analyze the expression of energy efficiency based on the 
modulation rate. According to convex optimization theory, energy efficiency is a quasi-concave 
function of modulation rate has been proved. We find that when the modulation rate increases, the 
energy efficiency will be first increases and then decreases. Finally, the theoretical analysis is 
corroborated by simulation results. Moreover, it is shown that the location of relay node has effect 
on system energy efficiency.  

Introduction 

With the rapid development of wireless communication technology, the communication network 
and internet has evolved day by day, and the network scale expands constantly. Reducing the energy 
consumption of the communication industry has attracted much attention from both industry and 
academia.Therefore, energy efficiency, as a new kind of system performance, is becoming more and 
more important in mobile communication devices powered by batteries, e.g., wireless sensor 
networks [1]. Relaying has been widely studied as one of key strategies for improving the energy 
efficiency of wireless communication systems, because it can reduce the signal transmission power 
by breaking a long distance transmission into several short ones [2,3]. 

Decode-and-forward (DF) is one of the major relaying protocols under investigation. In [4], the 
EE for the DF-TWRT (two-way relay transmission) under relay power constraint is analyzed. 
Through the power allocation scheme, the total transmit power subject to a target BER is minimized 
at the destination for both AF and DF relaying systems [5]. Previous works are more concerned 
about the EE performance of one-way or two-way relay under AF/DF protocols. However, the 
effect of some system parameters such as modulation rate on the energy efficiency has not been 
researched in the previous work.  

In this paper, we analyze the effect of modulation rate on the energy efficiency of a triplet 
communication system with the help of a half-duplex decode-and-forward (DF) relay, under the 
given bit error rate (BER) constraint. In contrast to precious work, the circuit power consumption is 
modeled as a function of the modulation rate, rather than as a constant. The expression of energy 
efficiency based on the modulation rate is derived and analyzed and we find after analysis that when 
the modulation rate increases, the energy efficiency will be first increases and then decreases. 
Finally, the theoretical analysis is corroborated by simulation results.   

The remainder of the paper is organized as follows. The system model is introduced in Section II. 
In Section III, we derive the minimum transmission power under the given BER, and the EE 
optimization problem using modulation rate as the optimization variable is constructed. In Section 
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IV, we analyze the effect of modulation rate on the energy efficiency. The simulation results are 
shown in this part as well. We conclude this paper in the Section V. 

System Model 

We consider a triplet communication link, where the half-duplex DF relay node R supports the 
communication from source S to destination D, as shown in fig. 1. Data transmission is carried out 
in two consecutive time slots. In the first slot, S transmits symbols to R, and R transmits to D in the 
second. 

 
Fig. 1. A simplified three nodes model 

The channel coefficient between the source and the relay and that between the relay and the 
destination are denoted as srh and rdh , and the channels are assumed to be reciprocal and 

flat-fading with bandwidth B Hz.  
The receive signals at R and D are given by 

sr S sr s sry P h x n  ,                                                          (1) 

rd R rd r rdy P h x n  .                                                          (2) 

Where sx  and rx  represent the transmission signals at S and R, moreover, 

1][
2 sxE , 1][

2 rxE . SP  and RP  denotes the power used as transmitting sx  and rx . srn  and 

rdn  are denoted as the additive Gaussian noise terms on the two links (SR and RD) with 

variance 2
n . We can define the corresponding SNRs as  
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For figure 1, the BERs introduced by both SR and RD link, denote as SR
b  and RD

b , thus, the 

whole BER DF
b can be approximately expressed as[5] 
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The BER for M-QAM transmission with receive SNR  for AWGN channels can be 
approximated as the following equation: 
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According to [6], (5) can be further approximated to the following equation: 
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Where 2.01 a , 6.12 a , 143  aa .   is the modulation rate that is the number of bits 

carried by one symbol. The BERs for corresponding channels are given by (3), 
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From (7), we can obtain the transmission power in source node and relay node, denote as SP  and 

RP  
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Optimum Problem Formulation 

We define the energy efficiency as the sum of transmission data bits per unit of energy, then the EE 

EE  is given by [4] 

CTtot

tot
EE PP
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 .                                                       (9) 

Where RST PPP   is the total power used in transmitting data bits,   is the efficiency of the 

power amplifiers for nodes S and the relay R. CP  is the circuit power modeled as BPC   , 

i.e., with a linear rate dependence [7]. 
In order to obtain the maximized EE, we first find the minimum transmission power subject to 

the given BER. The power optimization problem can be formulated as  
min  TP                                                                   (10a) 
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     .0, RS PP                                                             (10c) 

The optimum solution of the above problem must satisfy KKT conditions, according to this, we 
can deduce the BER for the link S-R and R-D, of which transmission power is optimum. 

22

2

rdsr

tar
bsrSR

b
hh

h




 . 

22

2

rdsr

tar
brdRD

b
hh

h




                                             (11) 

The specific derivation peocess can be found in appendix A. Then we can get the minimum TP , 
which satisfy the given BER. 

     































































 2

22

1

2

2

22

1

2

2

2
4

min,

lnln
2 3

rd

rdsr

tar
brd

sr

rdsr

tar
bsr

n
a

T
h

hha

h

h

hha

h

a

a
P



.                   (12) 

We can see min,TP  is a function of the modulation rate , the circuit power CP  is also the  

function of the modulation rate  , then the total power can represent as  totP . 

  CTtot PPP   min, .                    (13) 

Thus, the energy efficiency function can express as  
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Theoretical Analysis  

Theorem 1. The energy efficiency function EE  is a continuous quasi-concave function of  . 
Proof: 
According to [8], EE  is strictly quasi-concave of 0 , if the set    EEC |  is a 

strictly convex set for any real value  . 
Obviously, 0 , if 0 ,   0,|   fC  is a strictly concave set. If 0 , the set 

is       0,|   totPRfC . As  R  is linear with  ,  R  is concave on  , and 

 totP  is also concave on  , then   ,f  is strict concave with respect to  . 

Suppose 1  and 2  are any two points on the contour of C , since   ,f  is strict concave 

with respect to  ,  21,  ,        0,,,min, 21   fff  holds, meaning that any   

between any two points on the contour of C  must lie in the interior of C . Therefore , EE  is 

strictly quasi-convex of  . 
Theorem 2. For EE  is a continuous quasi-concave function of  , the following properties are 
satisfied: 

1) There exists a unique  , making   0 EE  must hold. 

2)    ,0 ,   0 EE ,  EE  is strictly increasing. 

3)    , ,   0 EE ,  EE  is strictly decreasing. 
Proof: See Appendix  

Simulation Results 

To corroborate the theoretical analysis, simulations results will be shown in this section. The 
scenario considered is shown in fig. 2. To make it easier, we put the relay in the straight line 
between nodes S and D. The distance between nodes S and R is 1000sdd m , and between node S 

and relay R is srd . We can get different curves of )(min, TP  and energy efficiency  EE  by 

adjusting the positions of relay nodes. The system parameters are set as follows: 4.0 , 

KHzB 10 , HzdBm /1402  , which are in agreement with the practical values as used in Ref. 
[9].  

 
Fig. 2. The scenario considered in the simulation 

The channel power gain is evaluated according to 4
0

2  srsr dGh ,   4
0

2  srsdrd ddGh , where 

dBG 700  as used in [9].  
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Fig. 3. The minimized transmission power of different relay location 

The minimized transmission power with respect to   is shown in fig. 3, which satisfied the 
given BER. We can see that the transmission power is increased with the increase of the number of 
bits carried by one symbol. When the relay node is in the middle of the node S and D, the 
transmission power is much less than other situation, e.g. node R is close to node S or D. By the 
way, we can also see the concavity of  TP  in this figure intuitively. 

 

    
Fig. 4. The trade-off between EE and modulation rate of different relay location 

We can find that when the modulation rate increases, the energy efficiency will be first increased 
and then decreased in fig. 4, but it will continue to drop after the rate develops to a certain degree. 
We can explain this phenomenon as when we transmit data bits at a high rate, it will consume more 
energy and the energy efficiency will be low. This meaning that we should trade-off energy 
efficiency and modulation rate in some practical matters. Moreover, from fig. 4, we can see the EE 
is better, when the relay node is in the middle of the node S and D. So when we design networks, 
we should try to put relays in the center of the links. 

Conclusions  

In this paper, we have considered a two-hop DF relay system with MQAM modulation. The 
minimum power consumption is first deduced and we consider the circuit power consumption at the 
same time. The expression of energy efficiency based on the modulation rate is derived and 
analyzed, at the mean time, we guarantee that demodulation error rate at receiver is lower than the 
given value. The mathematical theory analysis shows that the performance of energy efficiency is 
the quasi-concave function of modulation rate, and when the modulation rate increases, the energy 
efficiency first increases and then decreases. Finally, the theoretical analysis has been confirmed by 
simulation results. 
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Appendix  

A. Solve the power optimization problem with KKT conditions. 
Rewrite the power optimization problem (10) as 
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From RST PPP   and (8), the above optimization problem can be equivalent to 
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The extremum conditions can be expressed as 
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From (A-4), we know that 032   , 0 yxtar
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B. Proof of Theorem 2 
According to the strict quasi-concavity of )(EE ,  21,  ,        EEEEEE 21 ,min  

holds [10]. Suppose there exist 1  and 2  satisfying 21    and       21 EEEE . Then 

 21,  ,        EEEEEE  21 ,min , this is contrary to   EE . Therefore, 

unique   exists. Moreover, as it says in [8],   must satisfy    0,0    EE , thus 
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  0 EE  must hold. The first claim is proved. 

For any 1  and 2  satisfying   210 ,         211 ,max  EEEEEEEE    holds. 

This meas that  EE  is strictly increasing with    ,0 , therefore,    ,0 ,   0 EE  
holds. 

The same as above, 21,  satisfies   21 ,         211 ,max  EEEEEEEE   . 

This means that  EE  is strictly decreasing with    , , therefore,    , , 

  0 EE  holds. 
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