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Characterizations of probability distributions by different regression conditions on generalized order statistics
have attracted the attention of many researchers. We present here, characterization of distributions based on the
conditional expectation of generalized order statistics extending the characterization results reported by Noor
and Athar (2014).
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1. Introduction

The concept of generalized order statistics (gos) was introduced by Kamps [1] in terms of their
joint pdf (probability density function). The order statistics, record values, k-record values, Pfifer
records and progressive type Il order statistics are special cases of the gos. The rv’s (random vari-
ables) X (1,n,m,k), X (2,n,m,k) ,..., X (n,n,m,k), k >0, m € R, are n gos from an absolutely
continuous cdf (cumulative distribution function) F with corresponding pdf f if their joint pdf,
fi2,..n (x1,X2,...,%,) , can be written as
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P2 (61,22, ) = k(T ) [T (F ()" £ ()] < (F () f (), -

FlO+)<xi<xm<-<x, <F1(1-),

where F (x) =1 —F (x) and y; = k+ (n— j) (m+1) for all j, 1 < j <n, k is a positive integer and
m>—1.

If k =1 and m = 0, then X (r,n,m,k) reduces to the ordinary rth order statistic and (1.1) will
be the joint pdf of order statistics X} , < Xp, <--- <X, , from F. If k =1 and m = —1, then (1.1)
will be the joint pdf of the first n upper record values of the i.i.d. (independent and identically
distributed) rv’s with cdf F and pdf f.

Integrating out x1,x2, ..., X,—1,Xr41, ..., X, from (1.1) we obtain the pdf f,., m i of X (r,n,m,k)

Croi ol _

fr,n,m,k (X) = (I’: 11)‘ (F (x))}/ f(x)g:n 1(F()C)), (12)

where ¢,_, = H;-ZI Y; and
1
o (9) = oy (3) — I (0) = —— [1 = (1 =" £ -1,
=—In(1-x), m=-1, xe€(0,1),

and

B (x) = — ! (1—x)"" m#-1

" m+1 ’ ’

=—In(1-x), m=-1, xe€(0,1).

Note that, since lim,;,_, m%rl [1 —(1 —x)m“} = —In(1—x), we will write

1
gn() = —— [1 - —x)’"“} , for all x € (0, 1)and all i with
m

g—1(x) = lim gy (x).
m——1
The joint pdf of X (s,n,m,k) and X (r,n,m,k), r <s, is given by (see Kamps [1], p.68)

Foormm (53) = Gitsmry (F ()™ £ (0 g5 (F (x)) x

s—r—1 (3= s—1
[hm (F ()7)) —hp (F (X))] : (F (y))?’ f(y)a y =X
Consequently, the conditional pdf of X (s,n,m,k) given X (r,n,m,k) = x, form # —1, is

wr (FO))*!

(F () f»), y>x (1.3)

fs|r,n,m,k (y |x> = 1
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Following Noor and Athar [2], the indices at which the upper record values occur are called

the record times {U (n)}, n > 0, where U (n) = mim{j|j>U (n—1),X; > Xy(,_1),n > 1} and
U(1) = 1. Noor and Athar [2] prove the following Theorems 1.1 and 1.2.

Theorem 1.1. Let X be an absolutely continuous random variable with cdf F (x) and pdf f (x) on
the support (@, B). Then, for two values of rand s, 1 <r <s <n,

E [{h(Xu) —h Xun) } [ Xue) =] = grsp
_ 1 D(pts—r)
a? T(s—r)

if and only if

Fx)=1—e 9 4>0,

where h(x) is a continuous, differentiable, and non-decreasing function of x and p is a positive
integer.

Theorem 1.2. Let X be an absolutely continuous random variable with cdf F (x) and pdf f (x) on
the support (@, B). Then, for two consecutive values of r and s, 1 <r <s <n,

if and only if

where

g ()

and h(x) is a continuous and differentiable function of x .

2. Characterization Results

We present here, characterization of distributions based on the conditional expectation of general-
ized order statistics extending the characterization results reported by Noor and Athar [2].
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Theorem 2.1. Let the random variable X : Q — (0,00) have an absolutely continuous cdf F (x)
with pdf f (x). The following two conditions are equivalent:

(a) F(x)=1-—e"9% g(x) is differentiable, increasing and lim g (x) = co.

x—0

(b) E[{q{X (s,n,m,k)) —q(X (x,n,m,k))}" | X (r,n,m, k) = x]
1

_ Y1 %s e C1V\J 1 F(p+1)
=Gt ot & OV RGN et

for two consecutive s— 1, s, 1 <r+1<s<n, and p € N.

Proof. Assume (a) holds, then we have

=E[{g{X (s,n,m,k)) —q(X (r,n,m,k))}’ | X (r,n,m,k) = x]
(F(y)»!

= et [0 ) P ) P ) Oy
Cs-1 = ! 90) —aX))”  _y a) g
T o(mA 1) 1/ Z ]+1)F( )e T g )dy.
Substituting ¢(y) — g(x) = ¢, we arrive at
B Co_1 oo S—r—1 l)j -
Icr—l(m—l-l)s_’_l/o ];0 F]—f-l WW(s—r—j )tpe Tt
_ teen WG T
(nr 1T & TG+ D= r—7) (5 )P0
which is (b).
Now, assume (/) holds, then observe that
a0 = ) 30) = (P )P (F )™ )y
B sl [(s—r) I(p+1) — -
(m—l—l )s=r= (m+ 1)1 Z L(j+D)(s—r—j) (%- )PH(F(x))Y '

Differentiating both sides of the above equation with respect to x, we obtain

=2 ) [ (a0) ~ @) T ) = o (F O (F )£ )y
—(s=r=1(Fx)"f X))/:(Q(y) = ()" ([ (F () = b (F ()" 2(F ()" £ (v) dy
) s—r—1

(
- 1 ) S T(s—r) C(p+1) v
= i) & VRGO Gy O
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In view of (b) and the above equation, we have

pa/(x) ' Ts=r)(=1)7  T(p) w0
_(m+1 P ]ZZ) TG+ —r—J) (h .)p(F(x))y
LW gty GOSN mt ) T0) gy
(A1) lF(x)) ]Z;) L(j+)(s—r—j—1) (ys_j)p—i—l(F( 2k
Vi1 f) & (DT (s=r)  T(P) = vipe
(m+1)s r— 2F x j;o 1’* ]_|_1 (S—r ]) (%7j)p(F(x))y .
Further,
_ q/(x) S’fz (=1)'T(s—r) T(p+1)
(m+1)sr1— &= T(j+DI(s—r) (%-j)?
_ /X _ sfrflr(s r)r(p+1)
q (x)(—1) T=r) (h1)?
AC) 1 GO (=D (s=r) (s—r=1—=j)(m+1) T(p+1)
F(x)) (gm+ 1)1 = T(j+DI(s—r) (m+1)s—r—1—i (f-;)P"!
B fx) &2 (=1)/ L(p+1)
YMF(X)) ,g FG+DI(s—r) (%-j)?
B f&) e Tlp+1)
y’“m))( b (V)P
q/(x &P (=) T(s—r) T(p+1) s Ls=r)T(p+1)
T B TG e ey ¢@ENT

)
D(s=r) (%1)?
(

“'_fz (=) T(s—r)) (s—r—1—j)(m+1)T(p+1)
FG+D)0(s—r) (m+1)s—r—1—i (¥—;)"

~

—~

=

S~—
jamy pe—

j=o
f(x) S—r— 1F(p+1)
T F (_ 1 ) ’
F(x)) (Vrs1)P
from which we obtain
AC))
= =q(x).
F(x))
Upon integrating, we arrive at F (x) = ce™$ (), where c is a constant. Using the boundary condi-
tions F (0) = 1 and lim,_,.. F (x) = 0, we must have F (x) = ¢~9%). O
Remark 2.1. For m = —1, Theorem 2.1 reduces to Theorem 1.1.
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The following Theorem is a generalization of Theorem 1.2.

Theorem 2.2. Let the random variable X : Q — (0,00) have an absolutely continuous cdf F (x)
with pdf f (x). The following two conditions are equivalent:

(@) F(x)=1-—¢q(x),0<q(x) <1, and q(x) is diffirentiable and decreasing.

(b) E[{q{X (r,n,m,k))—q(X (s,n,m,k))} | X (r,n,m,k) = x|

S /% L3 Xr: 1 I(p+1)I(es—))
(m+1)5—r- i = LG+ DI(s—r—j)T(p+1+cyj)’

for two conecuetiverandr+1, 1 <r+1<s<nandp € N.

Proof. Assume (a) holds, then we have

=E [{q{X (r,n,m,k)) — q(X (s,n,m,k))}’ | X (r,n,m,k) = x|

Cs—1

- ;/w(q(x)—q(y))p[hm(F () = A (F ()]~

cr—1(s—r—1)!

(F)*!
(F ()

Co cos—r—1 _ p Yimj1
_ | / Z q(x) —q(»))? (q(y)) (

—g/(v)dy.
crog(m+1)5—r-1 ]—H)F( —r) (q(x))YS*Jq y)dy

f(y)dy

Substituting % =t, we have

N N

s—r—1

1 Vs 1) 1 |
I:M(q(x))p j;) F(j+(1)1“>(s_r)/0 tP(1— )% dt

Va1 Ys ( ( ))ps—r—l (_1>j F(p—i—l)r(cs_j)
« T(j+1)I(s—r)C(p+1+cy—j)’

which is (b).
Now, assume () holds, then we have

Vyy iy =EHaX (rn,mk)) —q(X (s,n,m,k))}’ | X (r,n,m,k) = x]

Cs—1

=t [ )~ )l () — (P ()

cro1(s—r—1)Jx

ial 1
((1;8))7 —f()dy.

Differentiating both side of the above equation with respect to x, we obtain
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d
als\rnmkp

Crplcz 161r 1 '/ (F(y))_hm(F(x))]sfrfli
L (1 F (o () / °°< (5) = 403)) o (F () — hnF )72

Cs— 1(s r—
_ )
PCs—1 f(x)
Y+1 f( ) yi,}/H»ICrfl(S— —

Cr 1(s
(F(y)
(F(x))
sr1 (F())P!

)*~
(A (F (y)) — h(F ()] Wf@)dy,

1
2

ie.

" f(x) %Is|r,n7m,k,p - pq,(x)ls,r‘n‘m‘k.pfl
1 prm— .
r+ 1- F(x) ’)/r+1ly,r,n,m,k,p - Is,r—i—l,n,m,k.p

Now

fraCddXIsrnmkp pCI< )srnmkp 1

_d . Yt S (=1)/ C(p+1)T(cy-)
_dx((erl)s r 1( (x))? ;) 1"(]'+1)1"(s7r*j)F(P+1+C%fj)

IR o8 oy N oy (=1)’ L(p)T(%-))
pQ( )(m+1)s7r71 (Q( ))p ];0 F(_]%l)F(S*I’*]) F(p+c%,j)

et T DT T )
G O L G ) T

=0
, Yol Ys sl (—1)1 C(p+DI(%_ ;)
O G T pl,zorm Ty Camry LR s p warEran
et e BT D)
B (m+1)s”’1(q( Ve @) j;)( b 1 FJ(P+1+C%7J‘)J
Yrs1--Ys —1. (_l)s_r_z yv—jr<p+1)r(7r+l>
e 1yt O O G Tp )

We have
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Is,r,n,m,k,p - Is,r+l,n mk.p

- R L e e
Hu» ‘;202mé&?";_]_l)ﬁﬁ,’i:fii:‘ii

_ M(Q(X))p q(x) s;rgl N 1)r((_sl_)jr_ FEY) ?&l{iﬁf;
R D M e e

(
Vi Ys N (=17 C(p+ D(%—))
(m_‘_l)sfrfl (('I(x))pq (X) ];0 F(]+1)F(s—r—l) F(p+1+c% )

Yit2.Ys ( (x))pq,(x) (_l)j%-‘rl F(p+ l)r(yr+1)

(m+1)sr-1 F(j+ D) (s—r=1)T(p+1+cY1)

Thus
" f(x) _ %Ish,n,m,k,p *pq,(x)ls.,r.n.m.k.pfl B }/qu’(x)
1 - - - )
r+ 1- F(x) Yr+lls,r,n,m,k,p - Is,r-‘rl,n,m,k.p Q(x)
ie.
1 —F(x)=cq(x).

Using the boundary conditions lim,_,0 g (x) = 1, we must have ¢ = 1, completing the proof. O

Remark 2.2. We can take ¢ (x) = [ah(x) 4+ b] in Theorem 2.2.

Milwaska and Szynal [3], define the kth upper record value of X;'s by y0 = XU, (n):Up (n)+k—1-
They assume that the common random variable X is an absolutely continuous random variable
concentrated on the interval (o, ), with F(x) < 1 forx € (a,B), F() =0 and F(B) = 1. For a
given monotonic and differentiable function ¢ on (¢, ), they write

=0 (1) 0]
and 1), = [0 (1) 12, =],

and prove the following characterizations of the family of distributions F(x) = 1 — [a¢(x) + b|°
(Theorems 2.3 and 2.4 below), among other characterizations of families of distributions.
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Theorem 2.3. If k is a positive integer,
1—=F(x) = [a¢(x) + D],

if and only if

—(k) 1 _é
u’erl\m* ke+1 I:kcd)(x) a:| ’

where a # 0, b,c > 0 are finite constants.

Theorem 2.4. Ifk is a positive integer,

1= F(x) = [a¢(x) +b],

if and only if
—(k) B cm+1) c(m+1)_ b
um+1\m+2_7¢(y) H(y) ﬁ(y) um\m—&-l*;’
and
k) _clo(a)—0(y)] b
‘u1|2 - I7 ’

where H(y) = —log[1 — F(y)] and a # 0, b,c # 0 are finite constants.

Hamedani et al. [4] presented the following characterization result, among others, in the spirit
of the above two characterizations.

Theorem 2.5. 1 — F(x) = [a¢(x) + b]¢ if and only if

EOOOIX == i |0 2], a<x<p,

where a # 0,b,c > 0 are finite constants.

Acknowledgement

The authors do not have a conflict of interests in this manuscript.

References

[1] Kamps, U. (1995). A concept of generalized order statistics. Teubner Skripten zur Mathematischen
Stochastik. [Teubner Texts on Mathematical Stochastics]. B.G. Teubner, Stuttgart.

[2] Z.E. Noor, Z.E., and Athar, H. (2014). Characterization of probability distributions by conditional
expectation of function of record statistics. J. of Egyptian Math. Soc., 22, 275-279.

[3] Malinowska, I. and Szynal, D. (2008). On characterization of certain distributions of kth lower (upper)
record values, Appl. Math. & Computation, 202, 338-347.

[4] Hamedani, G.G., Javanshiri, Z., Maadooliat, M., and Yazdani, A. (2014). Remarks on characterizations
of Malinowska & Szynal. Appl. Math. & Computation, 246, 377-388.

Published by Atlantis Press
Copyright: the authors
358



