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1. Introduction

The probability density function (pdf) of bivariate Burr III distribution [Rodriguez, 1982] is given
as

fy) =c(c+1) anky x D opky y= Rt (14 o x 701 0 y ) (e42))
X,y > 07 k17 kZ,C, oy, 0 > 0 (11)

and the corresponding distribution function (df) is

Fxy)=(l4+ax +my ™)™ xy>0, ki, k,c, o, o >0. (1.2)

The conditional pdf of Y given X is

(C+ 1) k) y_( k2+1)(1 + oy x ki )(C+1)

= , y>0. 1.3
fOw) (1+a; x5+ ap yhe)(c+2) Y (1.3)
The marginal pdf of X is
c o ki x—(kitD)
flx)= N+ o x ke’ x>0. (1.4)
The marginal d f of X is
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F(x)=(1+ ayx*1)=¢ x>0. (1.5)

Order statistics, record values and several other model of ordered random variables can be viewed
as special case of generalized order statistics (gos)[Kamps, 1995]. Burkschat (2003) introduced the
concept of dual generalized order statistics (dgos) to enable a common approach to descending
ordered rv’s like reverse order statistics and lower record values.

Let X be a continuous random variables with df F(x) and the pdf f(x), x € (e, ). Further, Let
neEN, k>1, = (m,m,...my,) €R", M, = Z;‘;rlmj such that v, =k+(n—r)+M, > 1
forall re1,2,...,n—1. Then X,y(r,n,m,k) r=1,2,...,n are called dgos if their pdf is given by
[Burkschat et al. (2003)]

n—1 n

{(I) (]

j=1 i

[F ()™ £ o)) [F )]

1

S () (1.6)

on the cone F~1(1) >x; > x> ... > x, > F~1(0).

If mi =0, i=1,2,...,n, k=1, then X;(r,n,m,k) reduces to the (n —r+ 1)th order statis-
tics, Xy—r+1:» from the sample X;,X,,...,X, and at m = —1, X;(r,n,m,k) reduces to r th, k— lower
record values. For more details on order statistics and record values, one may refer to David and
Nagaraja (2003) and Ahsanullah (2004) respectively.

In view of (1.6), the pd f of X;(r,n,m,k) is

Cr1
(r—1)!

Srnmi(x) = [F ()] f(x)gh ' (F(x) (1.7)

and joint pd f of X;(r,n,m,k) and X, (s,n,m,k), 1 <r<s<nis

Fanns3) = ey P08 (F(2)
X[l (F (1)) =l (F () EO)S (), 2>y (1.8)
where
C= ﬁ%
i=1
fo’"H m#—1
()= mt1 ’
—logx , m=—1
and gm(x) =y (x) —hy (1), x€(0,1).

Let (X;,Y;),i=1,2,...,n, be the n pairs of independent random variables from some bivariate pop-
ulation with distribution function F(x,y). If we arrange the X — variates in descending order as
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X(1,n,m,k) > X (2,n,m,k) > ... > X (n,n,m,k) then Y — variates paired ( not necessarily in descend-
ing order ) with these dual generalized ordered statistics are called the concomitants of dual gen-
eralized order statistics and are denoted by Y1, m 1), Y2.nmi)s -+ Yinnmi)- The pdf of Y., i s. the

r —th concomitant of dual generalized order statistics is given as

g[r,n,m,k} (y) = /_o:o f(y!x) fnn,ch(x) dx

and the joint pdf of ¥}, iy and Y sg, 1 <r<s<mnis

00 X1
Sranmt 0192 = [ [ FOrl) F212) Frmmat,2) dxs d.

2. Probability Density Function of Y/, ,, 4

(1.9)

(1.10)

For the bivariate Burr III distribution as given in (1.1), the pd f of g 1) (y) in view of (1.3), (1.4),

(1.5), (1.7) and (1.9) is given as

ok Cr—j (k) o i(r— 1)
. = c(c+1 2 —1 .
Brami0) = o T € e Dy i;)( '\
X / & ) % — ax.
0o (1+oux=5 4+ apy=*)et2 (1 4 qypax—h1)el—i=1)

Lett = a;x ¥, then the R.H.S. of (2.1) reduces to

ok Crf _ -t i r—1
_ 2K2 lr_1c(c+1)y (1+kz)z(_1)< . )
(r—=1)!(m+1) =0 l

x/ (1+t+062y*k2)7(c+2)(1+t)7c(y’*"*1) dt.
0
Since
IvI(u—
H+p
[larg a| <II, Rev >0, |argy| <II, Rep >Re (v—u)],
where
a,b
) =) b P
JF x| = Z (a)p(b)p x
c =0 (C)p p!

is the Gauss hypergeometric series
I'(A+n)
AMp=—=—7

is the Pochhammer symbol .
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(2.2)

(2.3)

2.4)
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Therefore (2.2), becomes

ky Cr_q —(1+k S '<r_ 1>
rn,m c+1 (I+h) -1 ;
8ramk (¥) = Dl 1) cle+1)y l;)( '
—k\—(c+1) (C Vi _C) > 1
" (1+(oc2y -+)1) JFi s —opy R | (2.6)
hei (e 1it2)

3. Moment of Y}, ,, 1

For the bivariate Burr III distribution as given in (1.1), the a —h moment of ¥, , ,, 4 is given as,

[rnmk /y g[rnmk] 3.1

- ks Cr_y o N 1
e () o

o (C Yr—i — C) ) 1
x / ¥y R (1 4 gpy )=t LR s —opy R | dy (3.2)
0 (chi+2)
ks C,_ =l r—1 1
_ 22 c(c+1) Z(—l)’(’ , )
(r—1)! (m+1) i=0 i )ch-it1

XiCYrt

en l+2pp' / ¥y~ 1+kz)(1+062y—kz)—(c+l) (_azy—kz)p dy. (3.3)

Now letting = 1 + 0y * in (3.3), we get

_ ()b G c(c—l—l)ri(—l)’(r__l)l

(r_ 1) (m+l) i=0 ! C’}/r_i+1
o (chi—c)p (1)p (=1)P /°° ~(e+1) (P =)
X 1 \¢ r—1 k7 dt. 3.4
;;) (¢¥%—i+2)p P! 1 ( )
Since
/w 7 (x—y)P dy = W (B=2) 0 < Re i < Re < A (3.5)
y

[c.f. Erdélyi et al., 1954].
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Therefore R.H.S. of (3.4) becomes

_ (O‘Z)é Cr_i (e = i1 1
e T () g

(ch—i—)p (1)p (=1)7 Tlet g —p)Dlp+1-5)
" p;o (cYr—i+2)p P! T(c+1)

(3.6)

Now on application of (2.5) and using

(=D"

(k)—n: ma

n=1,2,3,...,A#0, £1, £2,... [Srivastava and Karlsson, 1985]  (3.7)

in (3.6) and simplifying, we get

E(Y[E“n)mko _ : ()% Crflr_l cle+1) rf (—1)"(”_. 1) 1

r—l)‘(m+1) i=0 l C’eri"i'l

o (C'Yr—i—C)p (l)p (1 _%>p [(c+ ]%) (1 _%)

X 3.8
B len D, (—c=fppl  T(et ) 8
We have the generalized Gauss series or the generalized hypergeometric series.
o ... O o
pF 1 P 2l = (al)k(az)k...(ap)ké' (3.9)
! = (Bk(B2)k---(Bg)x k!

Bi ... By k

Thus applying (3.9) in (3.8), we have

Iy r—1 o Tlc+4)T(1—4
E(r,) = (aZ)zc”c(cﬂ)):<1>l(’ .1) L Tle+@)T-¢)
”’ (r—1)!(m+1) = i )it [(c+1)

(C,}/r*i_c)a L, (1_%)
X 35, ;1. (3.10)

(€Y-i+2), 1—c= %)

Noting that [prudnikov et al, 1986]
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_ EZ;?E"B(’Z:B P 1. (3.11)

Now using (3.11) in (3.10), we can write

()2 c Gy & i1 T+ &) T(1—£) (c+ &)

%3P 1. (3.12)
—-¢, 1 + ]%7

Using relation (3.9) in (3.12), we get

(02) ¢ Gy ”(_1),.<r_ 1> e+ &) T(1— &) (c+ £)

= =)

r—Dm+1)"" 5 i I(c+1) (%)
1, (_C%—i)
><2F1 . 1]. (313)
(1+2)

Noting that [Prudnikov et al., 1986].

ab
I'(c)T' (c—a—>b)
F 1] = R —a—>b 0 +1, £2, ... 3.14
201 5 F(C*Cl)F(C*b)’ E(C a ) > U, 6757 ) ) ) ( )

Applying (3.14) in (3.13), we get
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= Y (-

(r=Dm+ 1) 5

(052)% Cr r_l( 1)i<r—1> (c+@)Tle+ ) I(1=¢) 1

() Gy

r—1
T r—Dl(m+1) ;’)

m—+1

Since,

Therefore,

Yirnmk]

y[r,n,m,k]

3.15
i cI'(c) Yri+ & (3.15)
(1) BT ) T - )
i I(c+1)
xB(L—i—(n—r)—H—i—L 1). (3.16)
c k2 (m+ 1) ’
u b
Z(—l)“( )B(a+k, c)=B(k, c+b) (3.17)
a=0 a
where B(a,b) is the complete beta function.
a a a k+(n—r)(m+1)+ 4
E( (@) ) ()2 Gy Tle+1+7) T(1—£)I( ) (3.18)
(m+1)" cI'(c) (k+n(m+1)+l,-7cz ) '
m+1
o Tle+1+2) T(1-£ 1
(a) ky ky
E = az ky = a . (319)
( ) ( ) CF(C) i:1(1+m)

Remark 3.1 : If m =0, k=1 in (3.11), we get single moment of concomitants of order statistics

from bivariate Burr III distribution as;

(a) _ n! a
E<y[n—r+1:n]) = =)t ()"

If we replace n —r+ 1 by r, then

«Tle+1+2) T(1 =) Tn—r+1+ ;%)
cT(c) Cn+1+:%)

;) T-=2) Tr+:%)

c ky

E(sim) = o ()" ()

and at r = n, we get

r(n+1+£)
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JT(eH1+4) T(1-£)

@\y___n e
E(y[n:n]> - (nc+ k%) (o) T(c) . (3.20)

It may be noted that for the order statistics, the k' moments of Y 18

M) (V) Zi (—1)”<i_ 1) <’Z> Wiy ) (3.21)

i=r n—r

Therefore,

" . j— j JT(e+14+4) T(1- )
(a) i—r (!l 1 n l ky ky
E =) (-1 — k 22
(y[m]> ;< ) <r—1) <z> (ict &) (02)" T(c) (522)
as obtained by (Begum and Khan,1998).

Remark 3.2 : Set m = —1 in (3.12), to get moment of k —th lower record value from bivariate
Burr III distribution as;

a o Dlet14+8) T(1-¢) 1
E(y() ]) — (o)* £ 3 (3.23)

1K cI(c) I+ %)

4. Joint Probability Density Function of Y., ,, ;) and Y, .4

For the bivariate Burr III distribution as given in (1.1), the joint pd f of Y|, ,, ; and ¥[s ;, ;1) In View
of (1.3), (1.4), (1.5), (1.8) and (1.10) is given as
Cs—l

e iy (e (k) (k)

8[r,s,n,m k] (yl 7)72) -

r—1 s—r—1
—(1+ky) _ —(14k i (r—1 s—r—1
Xy1(+2))’2(+2)z Z (_l)ﬂ(i)( . )

x;(l+k1) 1

X
/O (1+ oy xl—kl)c(xferifj)(erl)fc (14 oy xl—kl +a yl—kz)chZ

I(x1,y2) dxy 4.1)

where,

a1k x;(1+kl) 1

x|
I(x1,y2) :/
0 (1404 xz_k' )= (14 o xz_k] + o yz_k2)c+2

de . (4~2)

Setting 1, = (1 + o xgk‘ ), then the R.H.S. of (4.2) reduces to
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lz _
I(x1,y2) = ﬁ /+a1x 1 I) Bdtz

where o= (c%_;—c¢), B=(c+2)and A = 0 y,
Note that [Prudnikov et al., 1986].

(1+Z)—a — i (_1)p(a).0 Zp'

p=0 p!

Now in view of (4.4), (4.3) after simplification yields

. 1y ki —(a-1-1)
R .

=0

Now putting the value of I(x;,y;) from (4.5) in (4.1), we obtain

c? (C+ 1)2 (alkl) (Olzkz)zcs 1 —(1+k2) y_(1+k2)
(r—Ds—r—Dlm+1)"2 " 2

8[r,s,n,m,k] (yl ) y2) -

xl—(]—‘rkl) 1

X
/0 (1+ay xl_k )L(s r+i—j)(m+1)—c+(cp—j—c)—1 T+ X, 1+a2y 2)et?

Setting 11 = (14+ oy xfkl) in (4.6), and after simplification we get

Csfl

2 c 2 2
Dl Dty 2 © (TN (k)

8[r,s,n,m,k] (yl 7)72) =

l

s (B (=)

(1—a+1)1! 2-6—o+I1+p)p!

p=0
where 6 = o y1 *and @ =c(s—r+i—j)(m+1)—
Published by Atlantis Press
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By settingd =1—a and g =2— 0 — ¢ in (4.7), we get

e 5 B (Tl) ()

i=0 j=0
o0 1V 1\P
(1) () 518 g)-B 3 Bl (—7) 6) 48
Now after putting the value of A and 0 in (4.8), we have
A (c+1)? (Olzkz eSS r—1\ [s—r—1
_ s— Z Z l+/ ( > < . >y1(1+k2)
(r=Ds—r—=D!m+1)7> 5 ! i J
_ 1 _ P
- B (%) = (B)y (=)
—(1+k2) B 0y, 0y,
X a (o 4.9
2 (023, ")~ (oay IX;) (d+1) 1 p;) (g+p+1) p! @9
Noting that [Srivastava and Karlsson, 1985].
AA+1),
(A+m)= ((7L)) (4.10)
A A+1)n
(/1+m+n):((;)r)+. 4.11)
m-+n
Using relation (4.10) and (4.11) in (4.9), it becomes
B 2 (c+1)2Co ri" i 1y (r—l) <s—r—1> 1
(r=D!s—r—1!m+1)"" = = i J dg
_ =1 \p(_=1 i
« (Otzkz yl( )) ((X k yz( i i p+l (ﬁ)l (d)l (ﬁ)p (azy;kz) <a2y;k2) (4 12)
(y™)PB  (wy,™P = = @+ (d+1) p! I
We have the Kampede Feriet’s series [Srivastava and Karlsson, 1985]
(ap) : (bg) s (ck)
Flpman s XY
() (Bn) (W)
_ii Hjl aj r+sH/1( i)r H 1 (c )s)i y: 4.13)
r=0s= OH] 1 (aj)r+9 H] 1 (ﬁ) H ( ) rtos!

Therefore after using (4.13), we finally get
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c+1 S ) -1\ /(s—r—1\ 1
g[r,s,n,m,k](ylvyZ) ( ) Z Z +j< ; )( . )dg

(r=Ds—r—1)! (m+1 j

15— | @14

—ky 9
oy, ? oy,

5. Product Moments of two concomitants Y., ,,; and Y,y

For Burr type III dstribution, the product Moments of two concomitants Y., ,, ) and Y5, 4] 18
given as

a b °° °° a
(V¥ hmi) = [ ] 158 Ersmma (1,32 dyi dye (5.1)

In view of (4.14) and (5.1), we have

1+k;
E(Y(a) / / azkzyl( ) (ks yz( )

[r,n,m,k] snmk] azy;kz)ﬁ (052)’2 )ﬁ

. 1
<\t —% | dyi dy (5.2)
’ 1

(g+1):(d+1);

where,

2 2 r—1s—r—
B (c+1)” Cs 1yt r—1\(s—r—1\ 1
- L (0 e e

(r—D!(s—r—1)! (m—|—1 J
Thus,
O [ [ A
[r,n,m k] [Ynmk zy?kz)ﬁ ((ZQ yz )ﬁ
L (%) (%)
<Y Z P+l (B)i (D)1 (B)p “eoy, " “ony,” dy, dys. (5.4)

By Srivastava and Karlsson (1985), we have
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(Dmsn = (A)m (A +m)y.

On applying (5.5) in (5.4), we get

—1 )
(14+k2)\ oo E—
_A/ p (02ka v, +2 Z (B)i (d) (azyzkz)
(y,)F = g—H (d+1) I
ok, v, +l )
X{/ ¥ ( 1,,{2 Z (8 +Dp szyl' dYI} dy,
0 (OCzyl p=0 g+1+l) p:

= S
=4[5 pekyy ") & (e (B (@) e
(o y2_k2 B = (g+1) (d+1) /!

; +1
) B (g+1) L
X/o Vi Wzﬂ T, dyy dy.
2 (g+1+1)
Now letting o ysz =z—11n(5.7), we have
-1\
o= (mky, ") & ) (o)
=A (p)k / J’Q( 2K2 Yy Z (B)1 (d), am'
0 (y,™)B = g+1 (d+1); I
w et B (g+0)
x/ (z—1) 5 »F ;%_Z dz dy,
! (g+1+1)
Since
a, b a,c—>b
2 F DX :(l—x)fa 2F] ;—IXTX .
c c
Therefore on using relation (5.9) in (5.10), we have
-1\
a [ ok l+k2 it d ( ysz)
=A (p)k / J’Q( 2 2)’2 Z (B)1 (d): am'
0 (0 y,™)B = g+1 (d+1); I

y i (5)17(1)17{/100 (— 1))t z*(’”")dz} dy,.

o (g+i+1),
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Now using relation (3.5) in (5.10), we get

« g TR-1+5)T(1-5) /“yb(azkzyz_
0o 72 ’kz)ﬁ

=4 ) I(B)

(5.11)

= By (@) () [B1HE)!
’ F
e (g+1+1)

=0

Now in view of (3.14), (5.11) becomes

o TB-1+&)T(A=8) ( = b v
=G en g { A )

o (—L5)
(B)i (d)i " ony, 1
g l:zo @+1); It (gr1-Pp—g+10) (5.12)

Using relation (4.10) in (5.12), we get
a IrB-1+4)1(1— & oo ko v

_ ((Xz)kz A 8 . (ﬁ kz) ( kz) { / yg(O‘Z”—ak dy2}
(g+1-B—%) I'(B) 0 2)B

(B)i (d); (g +1—B—5 (ﬁgkz)l (5.13)
d+1) (g+2—-B—%h I

<y

1=0
Further setting z — 1 = oy, k2 in (5.13), it becomes
1“([3—1+,f—2)1“(1 _k%)

(o) A
B (g+1-B—¢) ()

) (g+1=B—¢): (B)
; : (5.14)

X /°° (Z— 1)_(ﬁ+%)3F2
: (d+1): (g+2—B—£)

Setz—1=1in(5.14), to get
a

FB-1+£)T0-¢)

— (o) A
B (g+1-B—2) T(B)
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-, d): (g+1-B—5):B
x/ R A T (5.15)
‘ (d+1): (g+2—-B—£)
Note that [Prudnikov et al., 1986]
- (a1), (a2), (a3)
/XS713F2 o —x | dx
’ (b1), (b2)
_ ['(b)) T(b2) T'(s) T(a; —s) T(ap —s) T'(az —s) (5.16)
F(a1> F(az) F(a3) F(b] —S) F(bz —S) '
Now using relations (5.16) in (5.15), we get
(ath) g FB-1+5)T(1-5)
= kA
) A e @ 1-p- ) r()
T(B—1+£)T(1-2)
2 2 5.17
r(p) G0
Finally putting the values of A, d, g and B in (5.17), we have
(a) (b) B W};b) c? (c+1)*Cyy I(g—1+ %) I(1— %)
E (Vi) = (02) Dl s—r—Dli(mt1)2 r'(B)
D(B— 14 £)T(1 - £) rcdos ()
2 2 _1)iti
" T(p) Ly o)l
1 1
X : - _ — (5.18)
[elk+(n—s+j)m+1)}+ 2] [elk+(n—r+i)(m+1)}+ £+ 2]
B Sl ()it e N Gl A U =)
T oD (s—r— Dl(m+ 1) T'(B)
TB-1+)T=2)d r—1 k . a+b
5 %(—1)( l_ >B<m+1+(n—r+l)+ck2<m+l) : 1)
i (s—r—1 k , b
X ng (-1)!( j >B<W+(n—s+1)+ck2(m+1) , 1). (5.19)
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On using relation (3.17) in (5.19), we get

e (c+1)2Cs_y FB-1+)T1-¢)
=) T G e 1y r(p)
FB-1+2)T(1-2) |, & atb
T(8) (m+1+(n_r)+ck2(m+1) )
><B(mi1+(n— s)+ Ckz(’:m , s—r), (5.20)

which after simplification yields

) ath) FB—-1+£)C1—2)
E (YY) = (@) = (e 1) ST
CB-1+£)T(1-2) ! (5.21)
(B) (1+La1;l;/) J= r+1(1+ckz%)‘ ‘

Remark 5.1 : By setting m = 0, k=1 in (5.18), we get product moments of concomitant of order
statistics from bivariate Burr III distribution as

a (a+D) 2 —|-12 | F(ﬁ—]+l)r‘(1_l)
E(Y[;('l—)s+]:n]Y[Elb_)r+1:n]) = (az) 12 C (C ) n 2 e
(r—D!(s—r—1)!(n—s)! T(p)

g )

1 1
X N 4 & (5.22)
[c(n—s+1+))+ 2] [cn—r+1+i)+ £+ 7]

Replace n —s+1by rand n—r+1 by s in (5.22), we get

(b) 2 ¢ (c+1)*n! T(B—1+&) 01— &)
b]) () ® (r—=1!(s—r—1!(n—s)! FIEB) k

1 1
ler+cj+ ] les+ic+ &+

X
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a _a b _b
E(Y(Q)Y(b)) — n! (az)%r(c—i_]—i_kz)r(] kz)r(c+1+k2)r(1 kz)
(r—1)! I'(c+1)

[r:n] ™ [s:n]

C(r+2) T(s+%2)

cky cky

X
T(s+2) D(n+1+42)
as obtained by (Begum and Khan, 1998).
Remark 5.2 : If m = —1 in (5.21), we get product moment of concomitants of k —th lower record
values from bivariate Burr III distribution as
a a
(ll) (b) B (a+b) 21—‘([3—1—%]7) F(I—F)
E (Y- a¥no1) = (00 % (4 =
L(B—1+4)T(1-¢) i 529
I(B) I+ 482 1+ )
Putting the value of 3 in (5.22), we get
[r>n~,71*,k} [S,I’l,*l,k} 2 F<C+ ])
Clc+1+2)r(1-£ 1
TR gy,
(c+1) I+ 282 (1+ %)
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