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Abstract

Feature selection is an important technique for dimension reduction in machine learning and pattern
recognition communities. Feature evaluation functions play essential roles in constructing feature se-
lection algorithms. This paper introduces a new notion of knowledge granularity, called conditional
knowledge granularity, reflecting relationship between conditional attributes and decision attribute. An
evaluation function to measure significance of conditional attributes is proposed and equivalent character-
ization of attribute reduction is established based on the conditional knowledge granularity. An optimal
algorithm for feature selection is developed on the basis of the proposed evaluation function. Further-
more, a hovel approach to performing feature selection in an inconsistent decision system is put forward
through establishing a rough communication between the inconsistent decision system and a consistent
decision system. Simulated experiments verifies feasibility and efficiency of the proposed technique.

Keywords:Conditional knowledge granularity, Rough sets, Attribute reduction, Feature selection, Rough
communication.

1. Introduction to meet their applications in decision support sys-
tems %24, image processin§?, attribute reduc-
As a very popular mathematical tool to deal with  tion 347, feature selectiot?, data mining®®, neural
incomplete, inexact and vague knowledge, rough computing®3, conflict analysis®*, knowledge dis-
set theory?® was originated in 1982 and has at- covery?22 rule extracting?, fault prognosig, in-
tracted much attention from theory and application ~formation communicatiort, classifier designs>,
domains. Various extensions of rough sets, such as and so on.
variable precision rough se, rough fuzzy seé, Among applications of rough sets, attribute re-
fuzzy rough set$2°°? etc., have been developed  duction is one of the most essential and useful tech-
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nigues of data analysis and processing in machine
learning?, pattern recognitiot*#!, and artificial
intelligence'®. Since redundant information usu-
ally covers a number of attributes or features in real
world applications, which may confuse learning al-
gorithms, cause distinguish slowdown in learning
process and increase risk of learned classifiers to
over-fit training dat&®, removing superfluous or ir-
relevant features is necessary in classification mod-
eling. The aim of attribute reduction focuses on so-
lution to such a problem and obtains a compact data
set preserving the same discrimination capability as
the original one.

In rough set theory, there are two basic ap-
proaches to finding attribute reducts of an informa-
tion system. One is based on discernibility matri-
ces3. All reducts of attribute set can be obtained
by means of this method. However, it was proved
that finding all reducts or finding an optimal reduct
(a reduct with the smallest number of attributes) is
an NP-complete problerh*®. Another method is
to achieve an approximate reduct where the selected
attributes have higher significance degrees than the
others by an appropriate optimal algorithm. This
method is dynamic and is referred to as feature se-
lection techniqué?®.

A key issue on feature selection lies in establish-
ing an efficient criterion, called an evaluation func-
tion, to assess quality of attributes. The evaluation
function based on dependency is the most widely
used on€”. It measures the proportion of the num-
ber of samples in positive regions of classification
in the whole universe and the corresponding fea-
ture selection strategy has been successfully applied
in many domains, such as fuzzy rough sets based
feature selectiod'31738 neighborhood rough sets
based feature selectibhand tolerance rough sets
based feature selectidf. However, this evaluation
function is not always effective in finding a reduct
of information system, see Example 1 for detailed il-
lustration. Itis, therefore, necessary to develop other
evaluation functions to measure significance of at-
tributes. Mutual information based evaluation func-
tion is such a classical uncertainty measure applied
to feature selection.

Mutual information reflects relevance between

conditional attributes and decision one. The induced
evaluation function has been extensively applied to
fuzzy rough sets based feature seleci6ff, vari-
able precision rough sets based feature seleéjion
dominance rough sets based feature selectfon
rough sets and Bayesian networks based feature se-
lection 4%, dynamic mutual information based fea-
ture selectiot®, and normalized mutual information
based feature selection However, mutual infor-
mation of knowledge relies strongly on prior proba-
bility of knowledge that is unknown in information
systems. In practice, the prior probability has to be
replaced by posterior probability. Errors will be in-
evitably caused in feature selection and the classifi-
cation performance will decrease in machine learn-
ing.

The concept of information granularity, initialed
by L.A. Zadeh®!, regards discontinuous informa-
tion as a mass of information granularity. It reflects
the degree of legibility of information. The notion
of granularity of knowledge or knowledge granu-
larity, derived from information granularity, can de-
scribe classification performance of knowledge and
has been extensively applied to feature selection in
information tables and evaluation of decision per-
formance?021333435  However, it cannot be used
directly to perform attribute reduction or feature se-
lection in decision systems.

In order to extend the concept of knowledge
granularity from information tables to decision in-
formation systems, a new notion of knowledge gran-
ularity, called conditional knowledge granularity, is
introduced to characterize relationship between two
attribute subsets. An evaluation function is devel-
oped based on the new notion to assess significance
of features in consistent decision systems to perform
attribute reduction and feature selection. Equivalent
characterizations for attribute reduction are estab-
lished in information systems as well as in incon-
sistent decision systems. An optimal algorithm of
feature selection is designed according to the pro-
posed evaluation function.

It is well-known that inconsistent decision sys-
tems usually appear in data mining and machine
learning community. Unfortunately, the proposed
method of feature selection cannot be directly used
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in inconsistent decision systems. This paper designs
a rough communicatioff* between an inconsistent
decision system and a consistent decision systems
to realize the problem of feature selection in an in-
consistent decision system. Such a mapping from an
inconsistent decision system to a consistent decision
system transforms the problem of finding a reduct
of inconsistent decision system to that of finding a
reduct of the induced consistent decision system.

The rest of this paper is organized as follows.
Section 2 reviews some basic concepts on rough
sets, as well as the method of feature selection based
on dependency. In Section 3, the notion of con-
ditional knowledge granularity is introduced in in-
formation systems. Its properties are wholly in-
vestigated. Section 4 concerns the issue on fea-
ture selection based on the proposed conditional
knowledge granularity in consistent decision sys-
tems. An equivalent characterization of attribute re-
duction and an optimal algorithm for feature selec-
tion are established in decision information systems.
Section 5 considers the problem of feature selection
in inconsistent decision systems. A rough communi-
cation between an inconsistent decision system and
a consistent decision system is designed to deal with
this problem. Experiments and analysis are shown
in Section 6 and conclusions follow in Section 7.

2. Preliminaries

We firstly recall some basic concepts on rough sets.
An information system or an information tatfieis
a four-tupleS= (U ,A,V, f) satisfying

(1) U is a non-empty finite set of objects;
(2) Ais a non-empty finite set of attributes or fea-
tures;

(3) V =UaeaVa andV; is the value set of attribuie;
and

(4) fisamapping fromJ x AtoV such that, for any
xeU and foranyae A, f(x,a) e Va C V.

For any subsdB of attribute seA, an indiscerni-
bility relation Rg onU is defined as

Re ={(x,y)eU xU | f(x,a)=f(y,a),Vac B}

Feature Selection in Decision Systems

It is obvious thatRg is an equivalence relation
induced byB and we denote bjx|g the equivalence
class ofx with respect tdRg. U /Rg = {[X|g | x€ U}
is therefore a partition df induced byRg, denoted
by U /B if there is no confusion arisen. Each equiv-
alence relatiorRg, or alternatively, the subs@&, is
called a piece of knowledge B

For a subseX C U, the lower approximation and
the upper approximation of with respect to knowl-
edgeB are, respectively, defined by

Re(X)
Ra(X)

Rg(X), denoted also byPoss(X), is called the
positive region ofX with respect toB, whereas
U \ Rs(X) is the negative region, wheng\Y de-
notes the set minus of by Y. If Rg(X) # Rs(X),
X is referred to be a rough set b= (U,A,V, f)
and it can be represented generally by the pair
(Rs(X)Ra(X)). BNs(X) = Ra(X) \Re(X) is re-
ferred to as rough boundary setXfwith respect to
B. The objects ifRg(X) canbe totally perceived and
precisely classified b, but the objects iBNg(X)
cannot.

Definition 1. Let S= (U,A,V, f) be an informa-
tion system. An attributa € A is said to be dispens-
able inA if Posy (a1(X) = Pos(X) for all X C U,
whereasa € A is called not dispensable or inde-
pendent inA if Posy (a)(X) # Posa(X) for some
X CU.

In data mining, one of main purposes is to re-
move all dispensable attributes and to generate a
reduct of information system, which preserves the
same classification performance for objects as the
original one. In mathematics the definition of reduct
can be presented as follows.

Definition 2. 2° LetS= (U ,A,V, f) be an informa-
tion system. A subsd® C A is called a reduct oA
in Sif forall X C U,

(1) Pos(X) = Posy(X);
(2) Posg\(a}(X) # Poss(X) for anya € B.

{xeU[[Xs X}
{xeU | [xgNX # 0}

It is verified that in classical rough set theory
the equivalent statement thag = Ra if and only if
Poss(X) = Pos(X) for all X C U is true. With this
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consequence a simplified characterization for reduct
can be reached.

Proposition 1.Let S= (U,A,V, f) be an informa-
tion system. A subsetBA is areduct of Ain S if
and only if

(1) Re =Ra;
(2) Rg\{a} # Re forany ac B.

An information systemS= (U,A,V,f) is re-
ferred to be a decision information system, or a deci-
sion system (decision table), whéris divided into
two nonempty subsetS and D, called the condi-
tional attribute set and the decision attribute set, re-
spectively.

In a decision systens= (U,CuUD,V,f), the
degree of dependency BfonC is defined by

[PO%(D)|

y(D[C) = Ul

wherePOS (D) = Up,cu, pRe(Di) is the positive re-
gion of D with respect taC and|X| denotes the car-
dinality of setX. Sis called a consistent decision
system if y(D|C) = 1, e.g.,D depends totally on
C, whereasS is an inconsistent decision system if
y(D|C) < 1, e.g.,D depends partially o€.

Proposition 2. Let S= (U,CuD,V,f) be a de-
cision system and B C. Theny(D|B) = y(D|C) if
and only if Pog(D) = Pog: (D).

Proof LetB C C, then|x|c C [x]g forallxe U,
and soPosg(D) C Pog: (D).

= If y(D|B) = y(D|C), one has/Posg(D)| =
|Pog(D)|. Itis natural that the equatidPoss(D)
Pos (D) holds.

< Itis obvious.O0

Themeasure of dependency can be used to eval-
uate significance of attributes in decision systems.

Based on this measure, redundant attributes can be
removed and a reduct of attribute set can be reached.

Definition 3. LetS= (U,CUD,V, f) be a decision
system. An attributa € C is called relative dispens-
able with respect td if y(D|C\ {a}) = y(D|C).
B C C is called a relative reduct & with respect
to D in Sif it is the greatest subset & that every
element inB is not dispensable.

For short, a relative reduct of a decision system
is called a reduct if there is no confusion arisen.
With Definition 3 an equivalent characterization for
reduct of a decision system can be obtained.

Proposition 3. Let S= (U,CuD,V, f) be a deci-
sion system. A subset®BC is a reduct of C with
respectto D in S if and only if

(1) y(D|B) =y(DIC); and
(2) y(D|B\ {a}) < y(D|B) for any ac B.

Proposition3 provides ones a theoretical warrant
to find reducts ofC in S In large scale systems,
however, it is difficult or even impossible to find all
reducts ofC, though to find all reducts is unneces-
sary in theoretical investigation as well as in appli-
cation community. To find an optimal reduct of at-
tribute set is more practical. To proceed with such a
technique, an evaluation function is very essential in
establishing such an optimal algorithm for attribute
reduction or feature selection.

Definition 4. (Evaluation function based on
dependencyletS= (U,CuD,V, f) be a decision
system an® C C. The evaluation function based on
dependency is defined as, for any attribaiteC\ B,

Sig/(a,B,D) = y(D[BU{a})—y(D|B)

It is a fact that the evaluation function based on
dependency is a classical measure in assessing the
significance degree of attributes in decision systems,
where the value of evaluation function at attribute
a is designated as the significance measura iof
S Itis evident that ify(D|BU{a}) = y(D|B), the
significance degre8ig,(a,B,D) of ais 0 anda is
therefore dispensable iB. In addition, the larger
the significance degree of a feature, the more sig-
nificant the feature is. The subset of selected fea-
tures is expected to be a family of attributes in which
each element has the largest significance degrée in
However, a reduct can not always be obtained by this
method in decision systems.

Example 1. Consider a decision information sys-
temS= (U,CuD,V, f) shown in Table 1, where
U = {x1,X,...,X18} is the universe of discourse,
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Table 1: A decision information system
Events Outlook Temp Humidity Windy Decision

X1 Sunry Med Low True Play

X2 Rain Med High True Play

X3 Sunny High Med True Don'’t play
X4 Sunny High Med False  Don't play
X5 Overcast High Med False Play

X6 Rain Med High True Don't play
X7 Rain Low Low True Don't play
Xg Overcast Med High True Don't play
X9 Sunny High Med True Play

X10 Overcast Med High True Play

X11 Overcast High Med False play

X12 Rain Med Med False Play

X13 Overcast Low Low True Play

X14 Rain Low Med False Play

X15 Rain Med High False  Don't play
X16 Sunny Med  High False  Don't play
X17 Sunny Med Low False Play

X18 Sunny High Med False Play

C = {a,b,c,d} is the set of conditional attributes course by a given knowledge. In this section, we

with a = Outlook b = Temperaturec = Humidity, present some basic results about knowledge granu-
d = Windy, and = {Decision}is the set of decision larity in information systems and propose a revised
attribute. Each even§ € U is described by four at- version of knowledge granularity so as to meet more
tributes and is classified to eithBon't Playor Play, applications.

the values of decision attribute.

It is clear that y(D|{a}) = y(D|{b}) =
y(D|{c}) = y(D|{d}) = 0. No conditional attribute
can be sorted out and the reductSxéannot be effi-
ciently obtained by the method of feature selection (1) Non-negativity.GK(P) > 0 for anyP C A;

Definition 5. ! Let S= (U,A,V, f) be an infor-
mation system, the knowledge granulariBkK, is a
mapping from the powerset éfto [0, 1] satisfying

based on dependency. (2) Invariability. For anyP,Q C A with |U/P| =
This example indicates that the evaluation func- |U/Q], if there exists a bijectiog: U /P —U/Q

tion based on dependency is not an effective measure  such that for anX € U /P, there isy € U /Q with

for assessing significance of attributes. In the fol- g(X) =Y, thenGK(P) = GK(Q); and

lowing an approach to feature selection is proposed (3) Monotonicity. GK(P) < GK(Q) for anyP,Q C

by introducing an efficient evaluation function. Awith Q C P.

LetU/P = {Xy,Xz,...,Xq}, itis verified that
3. Knowledge granularity and attribute / P, o}

reduction in information systems X |2

GKP) =Y —>
| o =2 e
The notion of knowledge granularity, derived from
information granularity, can be used to describe isan expression of knowledge granularityrRyf The
classification performance for the universe of dis- knowledge granularitK(P) of P can be revised as
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follows.

X2
Z U

0 el el D6
- Zi U

|[Xulp| + [Xelp| + - - 4 | X JP]

U

I

PR
where X = {Xi, , X, ...
Sitis=[Ul. _ _ _
In order to characterize relationship between
two attribute sets, two new concepts, namely joint

knowledge granularity and conditional knowledge
granularity, are put forward as follows.

Definition 6. LetS= (U ,A,V, f) be an information
system. FoP,Q C A, the joint knowledge granular-
ity of P together withQ is defined by

,xiq} with |X| = s and

GK(P:Q)= ZJ IXe 1 Mol [X]T&LX]Q'

andthe conditional knowledge granularity 8fun-
derQis defined as

Sxeu [P N [Xol

CKPIQ) == 0 ol

GK(P|Q) canbe considered as an alternative ver-
sion of inclusion degree dfi /Q being included in
U/P. The joint knowledge granularity and condi-
tional knowledge granularity have many properties,
parts of which are listed as follows.

Proposition 4. Let S= (U,A,V, f) be an informa-
tion system. For any FQ C A, one has

(1) GK(P: Q) =GK(P|Q)GK(Q);

(2) GK(P : Q) < min{GK(P),GK(Q)};
(3) GK(P Q) =GK(PUQ);

(4) G <GK(P)<landg <GK(P:Q)<

Furthermoe, if PC Q, then
(5) GK(P : Q) =GK(Q).

(1) g7 <G
(2) GK(PIQ)=
3) G

Proof (1)—(3) and(5) are obvious from Defi-
nition 6. It is sufficient to verify (4).

Itis clear tha% < GK(P) < 1asshown in Prop-
erty 1-3 in the referencé.

In view of the factGK(P : Q) = GK(PUQ),
GK(P : Q) has the same range @K (P). O

Since GK(P : Q) < min{GK(P),G ( )}
GK(Q), one has that GK(P|Q) = GK(P :
Q)/GK(Q) < 1. By the fact that g, <
GK(P) and g; < GK(P : Q) < 1, it is

clear that GK(P|Q) = GK(P : Q)/GK(Q) >
mine ocA{GK(P : Q)}/maxoca{GK(Q)} = .
Hence the following proposition holds.

Proposition 5.Let S= (U,A,V, f) be an informa-
tion system. For any FQ C A, one has

K(PQ)<1

1ifP C Q;

K(PIQ) =1/U| iff U/P = w and U/Q = 9,
wherew = {{x}|xeU} andd = {U}.

FromProposition 5, we conclude that the condi-
tional knowledge granularit$sK(P|Q) reflects the
close relationship oP together withQ, and the
larger the value ofGK(P|Q), U/Q is included in
U /P with a higher degree.

Based on the definition and properties of condi-
tional knowledge granularity one has the following
equivalent statements.

Theorem 6. Let S= (U,A,V, f) be an informa-
tion system and a A. The following statements are
equivalent.

(1) ais dispensable in A,
(2) GK(A\{a})
(3) GK({a}|A\{a}) =

= GK(A);

Proof (1)= (2): If ais dispensable i\, then
Ra = Ra\ja}, @nd so[x|a = [X|a\(a for all x € U.

Thus

XA\ ()]
U2

= GK(A\{a})

TR

Published by Atlantis Press
Copyright: the authors

660



(2) = (3): If GK(A\ {a}) =GK(A), then

GK({a} :A\{a})
GK(A\{a})
GK({a}U(A\{a}))
GK(A)

GK({a}|A\{a})

=1

(3) = (1): If GK({a}|A\ {a}) =1, then
GK(A) =GK(A\{a}), e.g.,

IXal < [Xaall
2 0P =2, P

In view of the fact that[X|a C [X|a\(a}, there

must be[X|a = [X|a\(a} for all x € U. Consequently,
Ra = Ra\{a}, and sca is dispensable iA. O

Corollary 7. Let S= (U ,A,V, f) be an information
system and & B C A. The following statements are
equivalent.

(1) ais independentin B;
(2) GK(B\{a}) > GK(B);
(3) GK({a}|B\{a}) <1.

Theorem 8.Let S= (U ,A,V, f) be an information
systemand B A. ThenBisareductof Ain Sifand
only if

(1) GK(A) = GK(B); and
(2) GK({a}|B\{a}) < 1for any ac B.

Proof It is straightforward from Theorem 6 and
Corollary 7.0

The following example shows a straightforward
application of Theorem 8.

Example 2. Given an information systenf =
(U,A)V,f), shown in Table 2, whered =
{1,2,3,4,5,6,7} is the set of objects ané =
{a,b,c,d,e} is the attribute set in whicl, b, c,
d, and e represent temperature, humidity, wind,
fertilization, and pesticide, respectively. LBt=

Feature Selection in Decision Systems

{a,b,c,e}, by calculation one has

I
GK(B) = PR
o 14+14141+4141+1
= =
7
= 29=CK®A)
GK(B\{a}) = GK(B\{c})=CK(B\{e})
2241414141419
- 72 49
GK(B\{b}) = GK({a,c,e})
22414142241 11
a 72 49

Thatis, for anyx € B, one ha&SK({x}|B\ {x}) =
% < 1. ThereforeB={a,b,c,e}is areduct
of A. The result coincides with practical desire.

4. Feature selection in consistent decision
systems

Definition 7. LetS= (U,CuD,V,f) be a con-
sistent decision system afiC C. The conditional
knowledge granularity of decision attribute 8etin-
der the conditional attribute subdgts defined by

One can see that the quanti o0Xel charac-

]
terizesthe inclusion degree dik|g being included

in [X]p. Therefore, the conditional knowledge gran-
ularity GK(D|B) can be regarded as a generaliza-
tion of inclusion degree of) /B being included in
U/D. In combination with Proposition 4 the follow-
ing property is straightforward.

Proposition 9. Let S= (U,CuD,V, f) be a deci-
sion system, then

(1) GK(D : B) < min{GK(B),GK(D|B)} for any

BCC;

(2) GK(D : C) =1iff S is a consistent decision sys-

tems.
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Table 2: An information system

U a b c d e

1 High Middle Middle ferl pesl
2 Middle Middle Middle fer2 pesl
3 Middle High Weak ferl pes2
4 Middle High Middle ferl pesl
5 High Middle Weak ferl pesl
6 High Middle Middle ferl pes2
7  High High Middle ferl pes2

Theorem 10.Let S= (U,CUD,V, f) be a consis-
tent decision system and 8C. Theny(D|B) =
y(DIC) iff GK(D|B) = GK(D|C).

Proof SinceSis a consistent decision system, it
is trivial thaty(D|C) = 1 and thaGK(D|C) = 1.

=: Let BCC, if y(D|B) = y(DIC), then
Pogs(D) = Pog: (D) =U. Therefore, for anxe U,
one hagx|g C [X|p. As a result,

_ Sxeu|X¥oN (sl _
2 xeU HX}B‘

<: SinceB C C, for anyx € U, one hagx|c C
[X]g. In view of the fact thaGK(D|B) = GK(D|C)
and that GK(DIC) = 1, one hasGK(D|B) =
2eulXprel — 1. Thus|[x N [Xo| = |[X]s|, which
implies that for anyx € U, [Xg € [X|p. There-
fore, Pog(D) = U. The consequencd2s(D) =
Pos(D) andy(D|B) = y(D|C) hold.O

GK(D|B)

Corollary 11. Let S= (U,CUD,V, f) be a consis-
tent decision system. TheredC is dispensable with
respect to D in S if and only if G{O|C\ {a}) =
GK(D|C), whereas a is independent if and only if
GK(DIC\ {a}) < GK(DIC).

Corollary 11 guarantees that when a dispensable
attribute is deleted, the conditional knowledge gran-
ularity of decision attribute set under the set of rest
conditional attributes keeps invariant. The following
theorem characterizes attribute reduction of a con-
sistent decision system, whose proof is straightfor-
ward.

Theorem 12.Let S= (U,CuD,V, f) be a consis-
tent decision system and®C. Then B is a reduct
of C with respectto D in S if and only if

(1) GK(D|B) = GK(DIC); and
(2) GK(D|B\ {a}) < GK(D|B) for any ac B.

Definition 8. (Evaluation function based on con-
ditional knowledge granularityLet S= (U,CU
D,V, f) be a consistent decision system dhd C.
The evaluation function based on conditional knowl-
edge granularity is defined by, for aay= C\ B,

Sigsk(a,B,D) = GK(D|BU{a})— GK(D|B)

Itis noted that a larger quantity 8igsk (a,B,D)
indicates a stronger association betwBen{a} and
D. Therefore, the evaluation function based on con-
ditional knowledge granularity can characterize sig-
nificance of every conditional attribute with respect
to decision attribute set in consistent decision sys-
tems. Succedent examples show that this function
can serve as a rational measure to find a reduct by
an optimal algorithm for feature selection. Such an
algorithm aims to find an attribute with the greatest
amount of significance, or alternatively, to make the
equivalence class of each sample be included in its
corresponding decision class as much as possible.
The forward greedy search algorithm can serve as
evaluating feasibility and efficiency of the proposed
measure for feature selection in consistent decision
systems.

Algorithm 13 Forward greedy search algorithm of
feature selection based on conditional knowledge
granularity in consistent decision systems (FGS-
CKG-CDS):

Input: (U,CUD,V,f)
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Output: red

1: 0—red,0—temp

2: foreach ac C\ red

3:  compute the significance Sig(a;,red,D) =
GK(DJredu{a}) — GK(D|red)

4: end for

: select the attribute ,asuch that

Sigsk (a,red, D) = max Sigsk (& ,red, D)
: iftemp< Sigsk (ax,red,D)

temp= Sigsk (ax,red,D)

redU{ax} — red

10: goto?2

11: else

12: returnred

13: end if

14: end

In the first iteration, we start the set of se-
lected featuresred with empty set and specify
GK(D|red) = 0. Then adding an attributewith the
greatest value of significan@igzk (a,red, D) into
red. The rest features in each iteration are all eval-
uated and the one with the greatest significance is
chosen and added inted. The algorithm does not
stop until adding any of the rest features to selected
feature set will not bring any increment.

There exist two main operations of consuming
time in this algorithm. One is to compute the value
of Sigzk (a,red, D) and the other is to judge whether
the value ofSigzk(a,red,D) is the greatest one or
not. The first procedure is carried out in a time
complexity O(JU|?), while the time complexity in
the second step i©(/C|?). Therefore, the FGS-
CKG-CDS approach to feature selection works in
a straightforward way with overall time complex-
ity O(JU|?|C|?). In the worst case, the whole com-
putational complexity of this algorithm i#J|? x
IC|+|U|?x (|IC|—1)+...+|U|?=(IC|+1) x|C| x
uf?/2.

The FGS-CKG-CDS algorithm has the same
time complexity as the one based on dependence
and as the one based on mutual information. In the
following we present an example to show the pro-
cedure of feature selection by employing the FGS-
CKG-CDS.

oSN’

Example 3. Given a consistent decision system
shown in Table 3, whert@ = {a,b,c,d, e} is the con-

Feature Selection in Decision Systems

ditional attribute set anD is the decision attribute.
At first, let red = 0, the corresponding knowl-
edge granularity is computed as follows.

|(X]ay
GK({a = =0.5000
({a}) XEEU UJ?
GK(D:{a}) = GK(Du{a})
2, 92, 22
_ M:ngl\g
82
GK(D:{a})
GK(D|{a — -2 =05625
In a similar way, one has
GK(D[{b}) = GK(D|{d})
142241442
= W_O.SSOO
1422457
GK(Dl{c}) BTS2 0.6000
3P 42243

It is obvious thaGK(D|{e}) =maxc GK(D|{x}),
soe s firstly added taed, i.e.,red =redU{e} =
{e}.

Repeating the same steps we will obtaéa =
{e,c,b,d}.

SinceGK(DJred) = GK(DI|C) and GK(D|red \
{x}) < GK(DIC) for any x € red, the setred =
{e,c,b,d} is therefore a reduct of with respect
to D.

According to the evaluation function based on
dependency for feature selection of Table 3, one ob-
tains a reducfe,b,d,c} of C, the same result as
aforementioned, but with different orders. More-
over, with an application of evaluation function
based on mutual information to feature selection,
one obtains a redudte,b,a,c,d}, which is larger
than that obtained by the proposed measure.

5. Feature selection in inconsistent decision
systems

Rough communication is initialized as a bridge
between information systems in granular comput-
ing *%. The purpose of this section is to find a reduct
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Table 3: A consistent decision system

U a b c d e D

1 Middle High Middle ferl pesl High
2 High Middle Middle fer2 pesl High
3 High Middle High ferl pesl High
4  High Middle Middle ferl pesl Low
5 Middle Middle Middle ferl pesl Low
6  High High Middle ferl pes2 Low
7 Middle Middle Middle fer2 pes2 Low
8 Middle Middle Middle ferl pes2 Low

of an inconsistent decision system by means of con-
structing a proper rough communication and con-
verting the inconsistent decision system to a consis-
tent decision system.

For a decision syste®= (U ,CuUD,V , f), if we
denoteV by Ve UVp, whereV: andVp denote the set
of values of conditional attributes and that of values
of decision attributes, respectively, thBoan be de-
noted byS= (U,CUD,Vc UVp, f). Meanwhile,
the partition ofU under the decision attribute gt
is symbolled byJ /Vp. With the idea that a decision
systemS s inconsistent if and only if its boundary
regionBNz(D) =U \ POS(D) is nonempty, we de-
velop the following rough communication between
two decision systems.

Definition 9. Let S= (U,CUD,Vc UVp,f) be
an inconsistent decision system afSd= (U,CU
D,Vc UV}, ') be another decision system with
Vb 7& Vé, and IetU/VD = {Dl,Dz,... 7DN} and
U/V) ={D},D5,...,Dy,Dy 1} be the partitions
of U with respect to the decision attribute Sefcor-
responding to different decision attribute values).
If there exists a mapping from Sto S satisfy-
ing, for eachi € {1,2,... N}, there exists a unique
j€{1,2,...,M}, and for eachj € {1,2,... ,M},
there exists a uniques {1,2,... ,N} such that

Dj=F(Di),Dy,1 =V \URL,F(Dy)

thenF is called a rough communication betwegn
andS. Meanwhile,S is called the induced decision
system fronsS,

According to the definition of rough communica-
tion, it is verified that, for any inconsistent decision

system, its induced decision system is undoubtedly
a consistent decision system.

Given an inconsistent decision system, it is easy
to construct such a mapping (rough communication)
in Definition 9. For example, given a sBtC C,
let F(X) be the positive region ok with respect to
B, POS(X), then an inconsistent decision syst&m
can be converted to another decision systrby
means of this rough communication.

In the following such a rough communication is
employed to deal with the problem of feature se-
lection in inconsistent decision system. It is ob-
served thaDy, , is composed of the objects that
do not fall into the positive region d and that the
values of decision attributes of objects in ea[a'p
j=1,2,...,M, are the same as the ones in some
uniquebD;, i =1,2,...,N, whereas the value of de-
cision attributes of objects iD),, , is assigned to
another that is different from those corresponding to
Dj, j =1,2,...,M. As a whole, the mapping of
rough communication does not change the decision
systemsS except the value of decision attributes of
objects in the boundary regi@dN:(D) in S.

For example, letS be a decision system as
shown in Table 4, one can obtain tfROS (D) =
{U1,U3,Uq,Us,Ug,Ug} and BNz(D) = {uz,uz,us}.

Sis therefore an inconsistent decision system. Ac-
cording to the rough communication offered above,
S can be converted to a new decision systgnn
which the value of decision attribute of objects

in BNz(D) is changed to another value, 3, for exam-
ple. Thatis{uy,u7,us} is labelled as a new decision
classDj. A new decision systerf8 is constructed
and is shown in Table 5. It is evident th&tis a

Published by Atlantis Press
Copyright: the authors

664



Feature Selection in Decision Systems

Table 4: An inconsistent decision syst&n

U a c

d e D

Uy
uz
us
Uy
Us
Us
uz
Us
Ug

PR RNRPNNPR R
NNNRNNNNPRTC
PR RRPRRPERLNRN

PNONNRRERRERNPR
NNMNNNR R RN
PNNRPRPRRPERLPNEN

Table 5: The induced consistent decision sysg&m

U c

d e D

U1
uz
us
Ug
Us
Us
uz
Us
Ug

PR RPNRPNNPR R
NMNNOMNERENMNNNN RO
P RRPRPRRPEPNEREN

RPNONRRRERRERNPR
NNMNNNRRENPRE
P WWRERPEPNDWN

consistentlecision system.

In general, it is possible that there exists some
i €{1,2,...,N} satisfyingF (Dj) = 0. In which
case, the objects iD; are all assigned t®),_ .
However, without loss of generality, it is assumed
that M = N, i.e., every positive region ob; (i =
1,2,...,N) with respect toB C C is nonempty.
Thus D} = POS(D;),D5, = POS(D2),...,.Dy =
POS(Dn), andDy, , = BNg(D).

If one can verify the statement that a subset of
condition attribute set is a reduct of an inconsistent
decision system if and only if it is a reduct of the in-
duced consistent decision system, then one can ob-
tain a reduct of an inconsistent decision system by
rough communication. In the sequel, we will inves-
tigate this issue. The following proposition is obvi-
ous.

Proposition 14. Let S= (U,A,V, f) be an infor-
mation system, then for any®BA,

(1) POS(X) CPOS(Y) forall X,Y CU with X C
Y;
(2) POS(X) = POS(POS(X)) forall X CU.

We firstly study the relationship between an in-
consistent decision system and its induced consis-
tent decision system.

Theorem 15. Assume that S (U,CUD,Vc U
Vp, f) is an inconsistent decision system, =S
(U,CuD,Vc UV}, ') is its induced decision sys-
tem, and BZ C. Theny(\p|B) =y(Wp|C) if and only
if Y(V4IB) = y(V5[C), wherey(Vo|B) and y(V5|B)
denote the dependency of D on B in S and’jeS
spectively.

Proof =: Let y(Wp|B) = y(W|C), then
UDiEU/VDPOSB(Di) = UDiGU/VDPOS:(Di)' There-
fore,POS(Dj) = PO%(D;) for all D € U /Vp.

For anyD} € U /V{, itis clear that

POS;(D]) = POS(POS(D;)) = POS(D;) = D!
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Thus POS(D]) = PO%(Dj), for all i
1,2,...,N, due to the fact tha® is a consistent de-
cision system. Furthermore,

POS(Dy.1) = BNs(D)
U\POS(D)
U\PO%(D)
BNc(D)
PO%(Dy;1)

As aresultip cy vy POS(D]) = Upreu vy, POZ (D)),
Le., y(Vb[B) = y(V5[C).

<: If y(V5|B) = y(V5|C), then, for allD{ €
U/Vjh, POS(D)) = POS(D)) due to the fact that
POS(Dj) € PO&(D]) and Upcy vy POS(D;) =
Upreu vy POZ(D)).  In particular,POS(Dy, 1) =
PO&(Dy.1). i-e., BNg(D) = BNc(D). Therefore,
Up,eu o POSB(Di) =U \BNg(D) =U \BN¢(D) =
Up,eupPOZ(Di), and the equalityy(Vp|B) =
y(Vp|C) is implied.O

(
(

In term of Theorems 15 and the results in Sec-
tion 4 the following corollaries hold.

Corollary 16. Assume that S (U,CUD,Vc U
Wb, f) is an inconsistent decision systen, =S
(U,CuD,Vc UV, ') is its induced decision sys-
tem, and BC C. Then ac B is dispensable with
respect to D in S if and only if(V5|B\ {a}) =
y(Vj|B); whereas & B is independent if and only if
y(Vp[B\{a}) < v(V5|B).

Corollary 17. Assume that S (U,CUD,Vc U
Vb, f) is an inconsistent decision system, =S
(U,CuD,VcUV], f) is its induced decision sys-
tem, and BC C. Then ac B is dispensable with
respect to D in S if and only if GK/|B\ {a}) =
GK(V}|B); whereas & B is independent if and only
if GK(V}|B\ {a}) < GK(V}|B), where GKV}|B)
denotes the conditional knowledge granularity of D
underBin &

The consequences presented above ensure that a
subset of conditional attribute set is a reduct of an in-
consistent decision system if and only if it is a reduct
of the induced consistent decision system. This con-
clusion can be summarized as follows.

Theorem 18. Assume that S (U,CUD,Vc U
Vb, f) is an inconsistent decision system, =S

(U,CuD,Vc UV}, ') is its induced decision sys-
tem, and BC C, then B is a reduct of C with respect
to D (related to ) in S if and only if B is a reduct
of C with respect to D (related tg)yin S.

In virtue of these conclusions, the problem of
finding a reduct in an inconsistent decision system
is equivalent to that in its induced consistent deci-
sion system.

Theorem 19.Let S= (U,CUD,VcUVWp, f) be an
inconsistent decision systenm,-S(U,CUD,Vc U

V[, f’) be the induced decision system of S, and
B C C. Then B is a reduct of C with respect to D
in S if and only if

1) GK(V|B) =GK(V}|C); and
2) GK(V}|B\ {a}) < GK(V}|B) for any a€ B.

Similar to Definition 8, an evaluation function
based on conditional knowledge granularity in an
inconsistent decision syste®@= (U,CUD,Vc U
Vp, f) can be defined by, for argye C\ B,

Sigsk (a,B,D) = GK(V4|BU{a}) — GK(V4|B)

Following Theorem 19, an optimal algorithm to
find a reduct of an inconsistent decision system,
called FGS-CKG-IDS, can be designed analogously
to Algorithm 13.

In comparison to FGS-CKG-CDS for feature
selection in consistent decision system, the FGS-
CKG-IDS algorithm is of only one additional step
to judge which the system is consistent or not. In
practical applications, it is not necessary to highlight
inconsistent decision systems. If a decision system
is inconsistent, it is sufficient to reclassify the deci-
sion classes and to construct its induced consistent
decision system by means of rough communication.

In the end of this section, an example is presented
showing validity of the proposed method of feature
selection in inconsistent decision system.

LetS= (U,CuD,VcUVWp, f) be a decision in-
formation system, shown in Example 1 and Table 1,
whereVp = {Play, Dot play}.

By computation one obtains th&#O% (D) =
{X1,%3,%X4,X5,X7,X9,X11,X12,X13,X14,X17, X18} and
BN:(D) = {x2,X%s,Xg,X10,X15,X16}, SOS IS an in-
consistent decision system. We assign another
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value, ‘Maybe’ for instance, to that of decision at-
tribute D of elements iNBN;(D). ThenSis con-
verted toS = (U,CUD,Vc UV}, '), shown in Ta-
ble 6, wherev} = {Play, Maybe Don't play}. It is
clear thatS is a consistent decision system.

The FGS-CKG-IDS algorithm is employed to
perform feature selection for the above decision sys-
tem. At first, letred = 0 andGK(Vj|red) = 0, then
the conditional knowledge granularity can be com-
puted as follows.

GK(V4|{a}) =0.4182,GK(V}|{b}) = 05890
GK(V4|{c}) =0.8103, GK(V}|{d}) = 0.4024

Clearly, GK(Vj|{c}) = maxec GK(V}|{x}), so
cis added taed, i.e.,red=redU{c} = {c}. Again,

GK(V4|{c,a}) 1.0000,
GK(V4|{e,b}) 0.8889,
GK(VW|{c,d}) = 08235

SinceGK (V3| {c.a}) =maxccirea GK (V5 {c,X}),
thusred=reduU{a} = {c,a}.

Since GK(Vj|red) = GK(V}|C) 1 and
GK(Vj|red\ {x}) < GK(VA|C) for anyx € red, the
setred = {c,a} is therefore a reduct @.

6. Experiments and analysis

In order to verify effects of the proposed approach
to feature selection, comparative experiments have
been implemented to show the results with those
based on dependency and based on mutual informa-
tion.

Six standard data sets from UCI machine learn-
ing data repository, University of California at
Irvine 27 are employed in our experiments. The
number of samples in these data sets varies from
198 to 20000. Some of data sets are mixed with
continuous attribute values and discrete ones. They
are therefore preprocessed by discretizing the ranges
of attributes and segmenting these ranges into sev-
eral equal-width intervals. It is checked that three of

Feature Selection in Decision Systems

As a widely used technique to test and evalu-
ate classification accuracies for data sets, the 10-fold
cross validatiort? is used to divide the samples into
10 subsets at random and nine of them are used as
training set and the rest one as the test set. After 10
rounds, the average value and variation are consid-
ered as the final classification accuracy. In our ex-
periments, the popular CART algorithm, linear sup-
port vector machine algorithm (SVM) and C4.5 al-
gorithm are used to test classification accuracies of
raw data sets and of selected subsets.

Table 8, Table 9 and Table 10 show comparative
results of classification accuracies of feature selec-
tion through the optimal algorithm with three differ-
ent evaluation functions by using CART, SVM and
C4.5, respectively. The columns witly”; “1” and
“GK" denote, separatively, the classification accu-
racies of feature selection based on dependency, on
mutual information, and on the conditional knowl-
edge granularity. /" marks the results with the
largest classification accuracy among those.

It is observed from the tables that the average
classification accuracy of objects with respect to the
selected attributes based on the conditional knowl-
edge granularity is larger than that based on de-
pendency and based on mutual information when-
ever the test algorithm is taken to be CART, SVM
or C4.5. In detall, they are 0.8612 (based on de-
pendency), 0.8593 (based on mutual information),
0.8726 (based on conditional knowledge granular-
ity) with CART, 0.8554, 0.8572, 0.8579 with SVM,
and 0.7557, 0.7555, 0.7686 with C4.5.

Furthermore, the number of selected subsets with
the highest classification accuracy by the conditional
knowledge granularity is larger than that by depen-
dency and by mutual information with the test meth-
ods, CART and C4.5. They are 0 (based on de-
pendency), 1 (based on mutual information) and 5
(based on conditional knowledge granularity) with
the use of CART, and 3, 2 and 6 with the C4.5 algo-
rithm, whereas the number of selected subsets with
the highest classification accuracy by the proposed
techniques is similar to that based on mutual infor-
mation, but slightly weaker than that based on de-

them are consistent decision systems and the rest are Pendency with SVM.

inconsistent, shown in Table 7.

In addition, the experimental results show that all
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Table 6: The induced consistent decision system

Events Outlook Temp Humidity Windy Decision

up Sunry Med Low True Play

Uy Rain Med  High True Maybe

Us Sunny High Med True Don't play

Ug Sunny High Med False  Don't play

Us Overcast High Med False Play

Us Rain Med High True Maybe

uy Rain Low Low True Don't play

Ug Overcast Med High True Maybe

Ug Sunny High Med True Play

U1o Overcast Med High True Maybe

U11 Overcast High Med False play

Uio Rain Med Med False Play

U13 Overcast Low Low True Play

U14 Rain Low Med False Play

Uis Rain Med High False = Maybe

Uig Sunny Med  High False  Maybe

Up7 Sunny Med Low False Play

Uig Sunny High Med False Play

Table 7: The raw data sets from UCI

Dataset Abbreviation Samples Features Class Consistent
Australiancredit approval Credit 690 15 2 inconsistent
Horse colic Horse 368 23 2 consistent
Mushroom Mushroom 8124 23 2 consistent
Letter Recognition Letter 20000 17 26 consistent
Wisconsin diagnostic breast cancer Wdbc 569 31 2 inconsistent
Wisconsin prognostic breast cancer Wpbc 198 34 2 inconsistent

of the six selected feature sets obtained by the pro-
posed technique have the highest classification ac-
curacies with the use of the popular C4.5 test algo-
rithm.

7. Conclusions

This paper generalizes the notion of knowledge
granularity to conditional knowledge granularity so

as to solve the problem of feature selection in deci-
sion systems. An evaluation function based on the
proposed knowledge granularity is designed to mea-
sure significance of attributes. This function reflects

the measure of a nonlinear combination of inclusion
degrees of equivalence class of each sample being
included in its decision class.

A rough communication between an inconsistent
decision system and a consistent decision system has
been established and the problem of feature selec-
tion in an inconsistent decision system is converted
to that in its induced consistent system. Equivalent
characterizations of attribute reduction have been es-
tablished based on the proposed evaluation function.
Optimal algorithms for feature selection have been
realized in both decision systems.

Numerical experiments and comparative inves-

Published by Atlantis Press

Copyright: the
668

authors



Feature Selection in Decision Systems

Table 8: Comparison of classification accuracies based on different methods with CART

Datasets raw data y [ GK

Credit 0.8273:t0.1486 0.82520.1474 0.81720.1428 0.83020.150%/
Horse 0.9592:0.0230 0.89110.0491 0.89964:0.0487 0.9326:0.0447%/
Mushroom 0.963%0.0990 0.96370.0990 0.9685%0.0996/ 0.963740.0990
Letter 0.8656-0.0105 0.85620.0130 0.85920.0105 0.86540.0103/
Wdbc 0.9056-0.0455 0.92270.0334 0.91920.0380 0.92720.033%/
Wpbc 0.70630.0754 0.706&0.0850 0.69110.0953 0.7166:0.0705/
Average 0.8712 0.8612 0.8593 0.8726

Table 9: Comparison of classification accuracies based on different methods with SVM
Datasets raw data y I GK
Credit 0.8548t0.1851 0.85480.1851/ 0.854840.1851/ 0.854840.1851/
Horse 0.89140.0443 0.883(%0.0532 0.91570.0471/ 0.907640.0552
Mushroom 0.92340.1261 0.87360.1039/ 0.866410.1886 0.8736:0.1039/
Letter 0.8226-0.0109 0.780%0.0140/ 0.765740.0139 0.770%0.0140
Wdbc 0.97730.0248 0.97730.0234,/ 0.977340.0234/ 0.977340.0234/
Wpbc 0.773#0.0773 0.76320.0304/ 0.763240.0304,/ 0.763240.0304/
Average 0.8739 0.8554 0.8572 0.8579

racies based on different methods with C4.5

Table 10: Comparison of classification accu

Datasets raw data y I GK

Credit 0.8565t0.1852 0.858(:0.1829/ 0.846440.1957 0.858&0.1829/
Horse 0.95650.0479 0.896%0.1314  0.918%0.1139 0.94020.0818/
Mushroom 1.000€0.0000 1.000€:0.0000/ 1.000040.000Q0/ 1.0000460.0000/
Letter 0.87910.0102 0.86320.0116 0.877&0.0106 0.8806:0.0103/
Wdbc 0.93320.0724 0.94380.0661,/ 0.943840.0661,/ 0.943840.0661/
Wpbc 0.73230.2980 0.72730.3027 0.70280.3280  0.75760.2842/
Average 0.7654 0.7557 0.7555 0.7686

tigation on feature selection based on the proposed
evaluation function with that based on classical mea-
sures have been carried out in this paper. It is veri-
fied there the proposed approach leads to more data
sets with higher average classification accuracy of
feature selection. In addition, with the new tech-
nique, it is not necessary to distinguish whether a
decision system is consistent or not in advance.
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