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Abstract

A class of estimator based on dual to ratio and dual to product-type estimator in double sampling for estimating
finite population mean is proposed. The bias and mean square error of the proposed estimator are obtained in two
different cases. A comparative study has been made with usual estimators, dual to ratio estimator, dual to product
type estimator in double sampling in two different cases. The proposed estimator is found to be an improvement
over the other estimators as special cases.

Keywords: Dual to Ratio-Cum- Product Estimator, Double Sampling, Finite Population Mean, Mean Square Error,
Efficiency.

AMS 2000 Subject Classifications: 62D05.

*Corresponding author

Published by Atlantis Press
Copyright: the authors
214



Sanjib Choudury and Bhupendra Kumar Singh

1. Introduction

In sample surveys, auxiliary information is used at
either selection or estimation stage or both to improve
the precision of the estimate of the population
parameter. The literature on survey sampling describes
several methods of using the auxiliary variable at the
estimation stage. This includes among others; linear
regression estimator, ratio estimator, product estimator
and difference estimator. When the correlation between
study variate and auxiliary variate is positive (high), the
ratio method of estimation is most preferable for
estimating the population mean. On the other hand, if
this correlation is negative, product method of
estimation is used. Cochran (1940) used auxiliary
information at estimation stage and proposed ratio
estimator. Robson (1957) and Murthy (1964) envisaged
product estimator, Searls (1964) used coefficient of
variation of study variate, motivated by Searls (1964),
Sisodia and Dwivedi (1981) utilized coefficient of
variation of auxiliary variate. Singh (1969) proposed
ratio-cum-product estimator, Srivenkataramana (1980),
first proposed dual to ratio estimator, Bandyopadhyay
(1980) introduced dual variables for estimation of
population parameters, Singh et al. (2005) proposed
dual to ratio-cum-product estimator, to suggest modified
estimators in order to provide better alternatives for
estimation of finite population mean.

When the population mean X of the auxiliary
variable X is unknown before start of the survey, it is
sometimes estimated from a preliminary large sample
on which only the auxiliary characteristic X is

observed. The value of X in the estimator is then
replaced by its estimate. A smaller second-phase sample
of the study variate Y is then taken. This technique is

known as double sampling or two-phase sampling.
Neyman (1938) was the first to give the concept of
double sampling in connection with collecting
information on the strata sizes in a stratified sampling.
For more applications of double sampling method, the
reader is referred to Sukhatme & Koshal (1959), Singh
and Singh (1965), Singh (1968), Chand (1975),
Mukerjee et al. (1987), Dorfman (1994), Rao & Sitter
(1995), Prasad et al. (1996), Breslow & Hilubkov
(1997), Singh & Espejo (2000), Singh & Espejo (2007),
Bhushan et al. (2008), Singh et al. (2010).

Let U =(U1,U2,...,UN) be a finite population of
size N units, Y and (X, Z) are the study and auxiliary

variates respectively. When the population mean

X (or Z_) of X(or Z) is not known, a first-phase

sample of size N, is drawn from the population on

which only X(OI‘ Z) characteristics is measured in
order to furnish a good estimate of X (Or Z ) . After

then a second-phase sample of size N such that N <N,

is drawn on which both the variates Y and X (Or Z)

are measured.
Thus, the usual ratio and product estimators in double
sampling are respectively as

R S
Ye=Y— and Yp =Y,

X Z,
where X, Y and Z are the sample mean of X, Y and

Z respectively based on the sample size N out of the

1
population N units and X = —Z X, and
n1 i=1

I R
Z, =—Z Z; denote the sample mean of X and Z
n] i=1

respectively based on the first-phase sample of the size

n.

Singh (1969) improved the ratio and product
methods of estimation and suggested the ‘ratio-cum-

product’ estimator for Y as

NG NG
Considering the transformations
X =(1+9)X-g% and 7 =(1+9')Z -9’z
where i =1,2,3,...,N and g’ = n/(N — n) , Singh
et al. (2005) suggested dual to ratio-cum-product

estimator as

. _X
Yre :yff* >

where X =(1+g’))_(—g’>? and Z' =(1+g’)Z—g’7

N

are unbiased estimators for X and Z respectively and
corr(y, X')=—p,, and corr(y,7")=—p,,.
Using the transformation Xi*d = (1 + g)Yl = 0X;,

i=1,2,3..N, where g = I']/(n1 —n), Kumar et al.
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(2006) obtained dual to ratio estimator in double
sampling is given as

—*d _

g -y X
R 71 H

where X ¢ = (1 +g ) X; — X is an unbiased estimator

for X and the correlation of (7, X" ) is negative.

Let  z°=(149)Z, -9z, then clearly

79 = (1 +0 )71 —0Z is also unbiased estimator for

Z and the correlation of (7, f*d) is negative.

Utilizing this transformation, Singh and Choudhury
(2012) have considered dual to product estimator in
double sampling as

" Z

—*q — 4

Yo =Y =5
P Zd

Motivated by Singh et al. (2005), we have studied
the properties of ‘ratio-cum-product’ estimator
suggested by Singh (1969) using the transformations

Xi*d and Zi*d in double sampling.

2. The Adopted Class of Estimator

The proposed dual to ratio-cum-product estimator of
population mean Y in double sampling is given as
yo-yX A )
RP X, -
To obtain the bias (B) and mean square error (MSE) of

ng,wewrite
eO:(V—V)/V, e =(x-X)/X.
1'=(71—)z)/)z, €, =(7—Z_)/Z_ and

e, =(z-2)/Z.

such that
E(e,)=E(e)=E(e))=E(e,)=E(e;)=0

The following notations are used hereafter

Sy SX SZ .
C, ==, C,=ZandC, == are the coefficient
Y X Z
of variations of the study variate y, auxiliary variates X
and Z respectively.
S S
Py =—2—, p,=—2 andpzxziarethe
y SXSy ¥ S S

y“z z¥x
correlation coefficients between Y and X, Y andZ and
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X and Z respectively.

si= L3
;=

N-143

2

(y,-Y), 2=

=y (% —X)

N 2
-

S R
and S; ZFZ(Zi_Z) are the population
-5

variances of study variate y, auxiliary variates X and Z
respectively.

S, =—— (yi—V)(zi—Z) and

sz =ﬁ ;( X — X ) ( Z— Z) are the co-variances

between Y and X, Yand Z;and Xand Z respectively.

. —* . .
Expressing ng in terms of € ’s, we obtain

Vi =V (1+e +e +ee) (1+(1+0)¢ oo

<€+ (1+9)(& +ele)~g (e, +efe,)) @

Assume that |e[ +H1+9) (e, +€€)—g(e, +e[e2)| <l and

the sample size is large enough so that

-1
{1+q’ +(1+g)(g’ +el’e;) —g(g +q%)} is expandable.
Expanding the right hand side of eq. (2) and neglecting
terms of € ’s of power greater than two, we have

!

v =\7{1+e0 +0(-€ +e +e,— € —€ —ee +e
e, —e € +&€)+g’(~ee, +eg +ele, —ele; +€;)
—(1+29)ee; +g(1+g)e) +...}

or

A" s\?{eo +g (—el +e/+e,—€e,—e’—ee +ee
e, —a +6g)+9’(~ee, +ee; +ele, —e, +6)
~(1+29)ee, +g(1+9)e’} 3

For the bias and MSE, the following two cases are
considered separately.

Published by Atlantis Press
Copyright: the authors



Sanjib Choudury and Bhupendra Kumar Singh

Case I: When the second-phase sample of size Nis a
subsample of the first phase of size N, .

Case II: When the second phase sample of size N is
drawn independently of the first phase sample of

size N, .

3. Bias, Mean Square Error of V;g in Case I

In Case I, we have

E(e,) =E(e)=E(e)) =E(e,) =E(€&)) =0, E(eg):ﬁcj,
Be)="" e, e ="le ="l @
Ee)=CE Ele) =1k Cl Elge) = kyxc:,
E(eoez)—fkyzcz, E(eoeé)— 'kysz, E(ee)= ‘CZ,
E(elez)=;ku . E(ee) - ‘kszi E(e%)—T o
E(ele) = 'kszZ, E(eg)= ‘CZ
n n C

where f :N’ f1 :Wl’ kyX =pyxc—y,

C C
k,=p —L and k =p,—=

yz yz X Xz
CZ CX

Taking expectation in eq. (3) and using the results given
in (4), we get the bias of the estimator 7;:3, to the first

degree of approximation as

*

B(Vs), =V%g(—kwci+kﬂcf+gcf), )

where ' = n/n, . The bias, B(V;g)l in eq. (5) is
‘zero’ if g = (kyXCf - kyZCZ2 )/CZ2 .

the 7;(;
g= (kyXCf - kyZCZ2 )/CZ2 is almost unbiased.

To obtain the MSE of the proposed class of estimator,
eq. (3) can be written as

Thus, estimator with

Vo =Y =Y {e,+g(-e +e/+e,-¢))}. (©

Squaring both sides in eq. (6), taking expectation and
using the results given in (4), we obtain the MSE of the

to the first degree of

—*d
yRF’

approximation is given as

proposed estimator

MSE(¥ss), =Y {1 fd lnf*g{2(kych—kyxcf)

+9(C2+C -2k, C} )] %)

3.1. Remark

If the information of the auxiliary variates Z and Z, are
not used, i.e., if Zand Z are considered to be a non-
zero constants, the estimator V;;g in eq. (1) reduces to
—*q
Yr
suggested by Kumar et al. (2006). The bias and MSE of
—*d
Yr

2
and C;

dual to ratio estimator in double sampling

can be obtained by omitting the terms Ky Ky

in the eq.’s (5) and (7) respectively, as

B(5), =7

and

gk,,Csx

VBE(77'), = { g —@9(9 %)}-(8)

3.2. Remark

If the information of the auxiliary variates X and X, are

not used, i.e., if Xand X are considered to be a non-

zero constants, the estimator 7,:,(1 in eq. (1) reduces to

dual to product estimator V;d in double sampling
suggested by Singh and Choudhury (2012). The bias
and MSE of V;d can be obtained by omitting the terms

K. , K, and Cf

yx > azx

in the eq.’s (5) and (7) respectively
as

—f

oC; (k. +9)

MSE(V;d)I :\72{% L= F ng(g+2k )} ©)
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4. Efficiency Comparisons of V;:i in Case I

In this section, firstly, we compare MSE of

conventional estimators Y, 73 and 73 with MSE of

proposed estimator V;g .
The MSE of sample mean Y under SRSWOR
sampling scheme is given by

~f o
n

M (7): C,. (10)

From eq.’s (7) and (10), it is observed that the proposed

estimator Vgg is better than Y if

k,.C; 1 a1
2k C? 29‘ )

K,C -
C}+C} -

To compare the usual ratio estimator VS in double

sampling, the MSE of Vg to the first degree of

approximation is given as
MSE(¥z ), =Y {1 f02 i 02(1 —2k )} (12)

From eq.’s (7) and (12) that the estimator 7;‘; has

smaller MSE than the usual ratio estimator 72 in

double sampling if

Ci(1-9)(1+g—-2k,)> ng{g +2(k,, —gkxz)},

C
where K,, = Pocox )
CZ
This condition holds if

n,>2n, k, <(1+9)/2 and

g <—2k,/(1-2k,,) (13)

Further, we compare MSE of the proposed estimator

yR‘; with usual product estimator yS in double
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sampling. The MSE of 73 to the first degree of

approximation is given as

f

o\ o - f'
MSE (7) :\(Z{Tc2

2(1+2k,, )} (14)

From eq.’s (7) and (14), it is found that the proposed

estimator 7,:‘; will dominate over the usual product
estimator 73 in double sampling if
C;(1-9)(1+9+2k,)>Cig{g(1-2k,)—2k,}.
This condition holds if

Ky
05—k

Secondly, comparing the MSE between the proposed

*9

n,>2n, >k, and g< (15)

estimator Vég and dual to ratio estimator ng in
double sampling.
We note from eq.’s (7) and (8) that the estimator Vg,d:

has smaller MSE than dual to ratio estimator ng in

double sampling if

2k,,C;

—r . 16
oo Y (16)

C2
Lastly, we compare the MSE of the proposed
estimator 7;2 with dual to product estimator V;d in

double sampling suggested by Singh and Choudhury
(2012).
From eq.’s (7) and (9), it is found that the proposed

estimator 7;?, is better than V:,d if

(17)

Therefore, it seems from the above results that the
proposed estimator 7;g may be made better than other

estimators under stated conditions.

5. Bias and MSE of V,Zg in Case IT

In Case II, we have
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Ble)=E(e) =E(€) =Ee) =EE)=0 E(qf):ﬂcz’

E(q)— QE(q'2> lq E(ez> Q

18

EE’)= nl'Cz E(enq)——lyci E@g)=0,
E(%ez):;kﬂcz, Eeg) =0 E€€)=0, Eee)=— kzxcx

Eee)=0, E(€e,)=0, E(qez) ‘kszf, Ee€)=0.

Taking expectation in eq. (3) and using the results given
in (18), we get the bias of V,Zg to the first degree of

approximation as
B(32), V0| (G, C) (G|

H(c2-cr)+g(c: - kszf)}} (19)

The bias, B (7;2 )” in eq. (19) is ‘zero’ if

1-f
+

n,

1- f 1- f
T(kyxcf - kysz)+Tl(Cf -C;)

1

1-f '
nill(cz2 - kzxcf)

- 2 2
e (kZXCX +C, )+
Thus, the proposed estimator 7;?, with the value of

g’ is almost unbiased.

Squaring both sides in eq. (6), then taking
expectation and using the results given in (18), we

obtain the MSE of the estimator VF:(F{ to the first degree

of approximation as

)

yz~’z

MSE (723, —\72[%{Cj+2g(k C—k,C

+ug’ (C]+C7 -2k,C})] 20)
1-f 1-f,
where yf =—+ .
n n,
5.1. Remark

If the information of the auxiliary variates Z and Z, are

not used, i.e., if Zand Z, are considered to be a non-

zero constants, the estimator 7,:2 in eq. (1) reduces to
dual to ratio estimator V,:d in double sampling. The
bias and MSE of ng can be obtained by omitting the

Kk, and C} in the eq.’s (19) and (20)

yz> zx

respectively as

B(de)“ :—Yng [n—ll+Tkyx]

and

terms K

MBE(yy'), =Y {1 fo- @f@%@—m}}an

5.2. Remark

If the information of the auxiliary variates X and X, are
not used, i.e., if Xand X, are considered to be a non-
zero constants, the estimator 7;?, in eq. (1) reduces to
dual to product estimator ng in double sampling. The

bias and MSE of V;d can be obtained by omitting the
and Cf

[1— f kyz+1_ f +yg]
n n,

MSE(¥5') =Y {ud gczz(z—kyz +ygj}. 22)

K

yx > zx

respectively as
B(v:*), =YoC;

and

terms K in the eq.’s (19) and (20)

6. Efficiency Comparisons of 7;2 in Case I1

Firstly, we compare the MSE of conventional estimators
Y, VS and VS with the MSE of proposed estimator
—*d

Yrp -

From eq.’s (10) and (20),

—* . 5 -
proposed estimator ny,' is better than Y if

it is observed that the

B 1
—<-=g

23
<73 (23)

where A= (Cf +C -2k C ) and
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f 2 2
=—(k,C k,C}).
To compare with the usual ratio estimator Vg in double

sampling, the MSE of Vg

approximation as

VEE (1), - (lnf - f

to the first degree of

kyxC2 +41C; j (24)

We note from eq.’s (20) and (24) that the estimator

V;g has smaller MSE than usual ratio estimator Vg if

.. —-B-VJB*+AC —B+VB*+AC
either ——<g<————
A (25)
—-B+VB*+AC -B-VB*+AC
A <8< A

where C = ,LIC Zuk Cf.

Further, we compare MSE of the proposed estimator
o*d od
Yre Yp

sampling. To the first degree of approximation, the

with usual product estimator in double

MSE of Vg is given as
I\/ISE(yP) =Y (1 e +2—kyZC2+,LCj (26)

From eq.’s (20) and (26), it is found that the proposed

estimator 7;?, will dominate over the usual product

estimator Vg in double sampling if

. —B—B*+AC’ —B+yB*+AC’
either <Qg<
A (27)
—B+yB*+AC’ —B—B*+AC’
or <g<
A A
2 f 2
where C' = uC’ + 2 kyz C,.

Secondly, comparing the MSE between the proposed
estimator 7;2 and dual to ratio estimator ng in

double sampling.

Study of Dual to Ratio-Cum-Product Estimator

We note from eq.’s (20) and (21) that the estimator
7;‘; has smaller MSE than dual to ratio estimator Véd
in double sampling if

21_nfkyzcz2

/u(zkzxcf _sz) .

9> (28)

Lastly, we compare the MSE of the proposed
estimator 7;?, with dual to product estimator V:,d in

double sampling.
From eq.’s (20) and (22),
proposed estimator 7;;' is better than V;d if

- f
27"k,

-—n__ (29)

/u(zkzx - 1) .

7. Conclusion

it is observed that the

g>

We have developed an efficient class of estimator based
on ratio-cum-product estimator, suggested by Singh
(1969) and unbiased transformation of Kumar et al.
(2006). The comparative study shows that the proposed

estimator 7;?, established their superiority over sample

mean Y, ratio estimator VS and product estimator Vg

in double sampling if the condition referred to eq.’s
(11), (13) and (15) for Case I; and eq.’s (23), (25) and
(27) for Case II are satisfied.

Also, the comparison with Kumar et al. (2006)
estimator of dual to ratio and Singh and Choudhury
(2012) estimator of dual to product-type in double
sampling shows that the proposed estimator is better,

provided the conditions {2kYZCf / (ZKZXCf -C’ )} <g
referred in eq. (16) and {2kyx/(1 -2k, )} >q
referred in  eq. (17) for Case I; and

g>{21_nf kﬂcz / (2ksz2 )} referred to eq. (28),

1-f
g >{—2kyx/,u(2kzx —1)} refer to eq. (29) for
n
Case II are satisfied respectively.
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