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Abstract—This paper presents a methodology for determining an
optimal trajectory based on minimizing energy consumption.
Firstly we analyze a work process of a robotic manipulator
between two given configurations at a given time, and the effect
of main factors on motor energy consumption is also analyzed. A
mathematical model of torque is used for obtaining a
mathematical expression of each joint’s torque and angle
relationships. More specifically, for a multi-variable, higher
order total torque model, a variational principle is used to obtain
many differential equations for a multi-DOF (degrees of freedom)
robotic manipulator, and iterative optimization is used to
determine the optimal trajectory. Finally, a simulation shows that
the optimal trajectory can save energy compared with two other
trajectories.
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I.  INTRODUCTION

In recent decades, a large number of robotic manipulators
have been used, greatly improving production efficiency.
When repeated movements in industrial jobs are considered,
the minimization of energy consumption will become
significantly important [1]. In some cases, energy use
minimization is considered as a sub-performance index,
embedded in a multi-objective optimization problem [2].
Many scholars have studied this issue. James T. Allison
proposed plant-limited co-design (PLCD) that is a design
methodology for meeting new requirements at a minimum
cost through limited physical systems [3], Wing Kwong
Chung [4] designed and developed a novel genetic operator
with an optimization goal of searching a path with a minimum
energy demand, and Abhishek Agrawal proposed a design
methodology which may allow a robot to approximately
follow desired trajectories without actuator inputs [5]. Further,
Amin Nikoobin [6] proposed a nonlinear disturbance observer
to analyze the stability of a manipulator to get superior
tracking performance. The dynamic characteristic of robot
manipulators is uniquely determined by base parameters,
which are functions of physical parameters [7]. The difficulty
in planning manipulator trajectories lies in that nonlinear
dynamic characteristics are highly coupled [8]. There are
many ways to reduce energy consumption. D Meike [9]
obtained energy-optimal trajectories by means of time scaling,
and WF Faris [10] used a genetic algorithm to optimize
unknown parameters of the trajectory for minimizing
energy consumption. However, there is still no method to
solve this problem from the perspective of optimizing a
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high-order torque equation. Therefore, this paper attempts to
use a methodology for optimizing manipulator dynamics
performance in order to find the best path solution.

Il. RoBOTIC MANIPULATOR MOVEMENT DEPICTED

The main role of the robotic manipulator is to hold and
move a work piece from one place to another. As fig. 1 shows,
each joint is driven by its relevant motor. When the robotic
manipulator has completely clamped a work piece, the work
piece starts moving from position A to position B by rotating
each joint motor. The robotic manipulator must complete this
process within a predetermined period of time 0-#. During this
process, each of the manipulator’s joint angle ranges from &,
to 6 (i=1, 2, ...n, where n denotes the DOF of the
manipulator). Our mission is to reasonably plan each joint
angle to minimize the manipulator energy consumption under
this angle trajectory, so as to solve the actual energy
consumption problems.

FIGURE I. DIAGRAMMATIC SKETCH OF ROBOTIC ARM INITIAL POSITION A
AND TERMINAL POSITION B.

I1l. RoBOTIC MANIPULATOR ENERGY CONSUMPTION
FACTORS

In order to achieve the minimum energy consumption in
manipulator control, we take manipulator energy consumption
factors being analyzed to create a function of the energy
consumption Q. In consideration of a manipulator powered by
electricity, the consumption of electricity is mainly in the
operation of the motors, so we evaluate an excited DC servo
motor for the study. We adopt an armature circuit voltage
balance equation as egn. 1:
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J J dt JJ J
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where wu;, L; i, R; and E; respectively represent the motor
input voltage of an i-th joint, the inductance of the armature,
the armature current, the counter electromotive force and
armature resistance. The back EMF E; is proportional to the
speed w; as in eqn. 2, and the calculation formula of
electromagnetic torque A;is as in eqn. 3:

E ()= Cyw, (1) )

M, =C,il (1) 3)

where Cj is an electric potential constant, and C,, is a motor
torque coefficient.

Newton's equations of motion can be obtained from the
motor shaft torque balance equation eqgn. 4:
T+ fow;(t) =M (1)

m

“)

where T}, and f,, respectively denote the motor shaft external
load torque and viscous friction coefficient.

We assume that completion time of the entire operation
process is #; and the electrical energy Q; which transforms into
other forms of energy is calculated by eqgn. 5.

0,= 'frP/(t)dt :ftt,(t)i/»(t)dt

)

We can obtain egn. 6 by merging and simplifying eqn. 1,
eqgn. 2, eqn. 3 and eqgn.4.
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The start-up current 7,(0), the termination current Iz, the
armature resistance R; and the viscosity friction coefficient £,
are small values, and the main energy consumption of the
motor is from the external load active torque. As seen from
eqn. 6, the value of Q; predominantly relies on the last item.

IV. MATHEMATICAL TORQUE MODEL OF ROBOTIC
MANIPULATOR

To simplify the mathematical manipulator model and
taking into account the inconsistency of morphological
parameters of different robotic manipulators, in general, each
manipulator arm will be considered to be a uniform quality
connecting rod, and each connecting rod is driven by a
corresponding motor, as shown in fig. 2.
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FIGURE Il. SIMPLIFIED STRUCTURAL MODEL OF MULTI-DOF ROBOTIC
MANIPULATOR.

To obtain the relationship between the motor torque and
angle, we construct the Lagrangian expression eqn. 7:

L(0,0)=T(0,0)-V(8) ™

where the first term of the equation is system kinetic energy
and the second is system potential energy.

b
,Vs/,

7(0.6)= 2 (075) v ©

Here, Vf,’ represents the rotational speed of the i-th rod

with respect to the coordinate system established at the
intersection between a joint i-th rod and a joint (i-1)-th rod,

and its value is calculated by eqn. 9. Here, W, denotes an

inertia matrix for the i-th joint, and a diagonal matrix value is
determined by eqn. 10:

Vg =J,(0)6 ©)

]:I

(10)

where Ji(0) is the body manipulator Jacobian for the i-th rod
and 6 is the generalized rotation angle of each joint. The
rotational direction is changed by the rotation of the motor
shaft, and its value can be calculated by eqn. 11:

5

2 — C;/‘e,/ 6
€, =e e

(11)

where ¢, denotes the rotation direction of a j-th shaft with

respect to an i-th shaft after rotation. The body manipulator
Jacobian J j’,, of the i axes can be obtained by eqgn. 12, where

¢ is the twist of the 7 axis relative to the centroid coordinates
of an i-th rod, as in eqn.13:



+
i

J_f’,,(e):[c;,... 0,

=5
(13)

where “L; denotes the coordinates of a point which passes
through the i-th rotation axis with respect to the centroid
coordinates of the i-th rod.

G 0]

(12)

(x 'L,
¢

We can obtain the generalized torque of each joint by the
Lagrange equation eqn. 14 [11].

d oL
dx 6é

oL

T

0,

(14)

M represents body manipulator Jacobian matrices
multiplied by inertia matrices.

M (0) = Zn: JiT\Vz‘]i
i=1 (15)
When we combine eqgn. 7, eqn. 8, eqn. 9 and egn. 15 and
substitute the combination into egn. 14, eqn. 16 can be
obtained.

n
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We can then select the base coordinate’s plane for the
system zero potential energy plane. System potential energy V'
(0) is expressed as eqn. 17:

V(0) = myghy(0)+ - +m,gh,(0) (17

where n represents the degree of freedom of the manipulator,
and #; is the vertical distance between the centroid of the i-th

rod and the zero potential energy surface. Total torque J,
satisfies eqn. 18.

7= [la+ -+ o, Ok
0 (18)

Our goal is reasonable real-time planning of the joint angle,

so that the total acting torque reaches a minimum at a
specified time #.

V. TOTAL TORQUE MINIMIZATION FUNCTIONAL
EQUATION

By substituting eqn. 16 into egn. 18, we can obtain egn. 19
related to acceleration, speed and angle of each joint angle:

t

J.= [H0,),+6,(0,0,(t),-0,(1),6,(t), 0, (1)dr

Sy a—

19)

where H represents a total torque per unit time, that is,
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H()=1,(t) + 7,(t) + 75(t) , which is a functional equation
regarding each joint angle. To get the total minimum torque
per unit time, we can build a set of differential equations based
on a functional variation law, that is, the Euler formula, as egn.
20 shows:

d

dZ
0,.(1) A== H . =0
dt o dx 0,(1)

dZ
+ 2
dx

d

He.,(/) - m

H

0,(0)

o

(20)

where H, represents an H partial derivative for 6, and we can
obtain the expression of H by substituting egn. 16 into egn. 18.

VI. SIMULATION

In this paper, we take a three degrees of freedom robotic
manipulator as a study object. We set a group of parameters
(as show table 1) for the study to obtain the manipulator angle
change image in real simulation time.

TABLE I. MANIPULATOR SIMULATION PARAMETER SETTINGS
1,=12.333 | 1,,=12.1633 | I.,=0.4967 Kg*m?
1,=4.908 | 1,=0.351 | I,=5.043 Kg*m?
1;=2.184 1,;=0.2333 | 1.;=2.2493 Kg*m?
7,=0.6 r=0.4 7,=0.3 m
1=1.2 1,=0.8 1,=0.6 m
m;=100 m;=90 m;=70 kg

We can obtain three differential equations of joint angles
(as egn. 21 shows) when we substitute simulation parameters
into egn. 20.

2617, 6,0,+7,6,6,=0

. .2 .2 . o . . ..
-16.85,0,-16.8¢,0, — 7,6, —33.65,0,33.6¢,6, 6,+ 2T, 6, +21,6,6, +
217, 6,0, +2+901.6s, + 411.65,, =0

2 . .2
~256, —16.85,0,+16.8¢, 6, +4116s,,=0

21)
where y, = -63.892¢,s, —16.632¢,,5,, —16.8¢,,5, —33.65,,¢,
2, =-63.892(c? - s2) —16.632(6223 - si) -50.4c,,¢c, —50.45,,s,

A= _16-632(0223 _Szzs) —33.6¢55¢, —16.8555,, m= ZZZHA/ZM !

, _20°M,
2% 50,50,

As can be seen from eqn. 21, the formula contains
complex  multi-variable, higher-order and  nonlinear
differential equations, so it is very difficult to solve to obtain
an analytic solution. Therefore, we choose to use iterative
methods. During the 0-z time, this time period is divided into
n small time periods, and the length of each time segment is 4.
We can transform egn. 21 into an expression regarding angular
acceleration of the three angles and obtain eqn. 22 based on
the Taylor formula [12]:

V(5.0 = )+ h(x)+ oy (R )+ 0 (h?)

Y(X.1) = y(x )+ hy(x,)+ o(h?) 22)



where we set an initial value y, =[0, 95, 156], and substitute y,
into eqn. 21, then adjust variables according to eqn. 22. When

setting the final stop iteration angle value y; = [11.2, 45.5, 163.

5], t=8s, and limited velocity and acceleration values are
between [-v, v], [-a, a] respectively. We can obtain a group of
optimal discrete points consisting of three joint angles (as
shown in fig. 3,fig. 4, and fig. 5).
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FIGURE V. ANGLE CURVE OF JOINT ANGLE 3.
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FIGURE VI. TIME-TOTAL TORQUE CURVE OF OPTIMAL TRAJECTORY FOR
TRAJECTORY A AND TRAJECTORY B.

We arbitrarily set two angle trajectory curves A and B in
which fitting with a cubic polynomial is used to compare with
the optimal trajectory. Curve A three joint angles are
0,,=-0.016t-0.2313t*+4.276Tt,
0,,=0.3164+3-3.4731°+1.3291+95, and
6,;=0.39887/>-5.2562/°+17.5138¢+95, respectively. At the

same time, Curve B three joint angles are
05,=-0.14437°+1.3437%-0.111,
05,=0.33454%-4.3503/°+7.1947+95, and

05;=0.13273-2.1895/+10.04711+156, respectively. The angles
of the trajectories A and B are discretized, then substituted into
eqn. 16 and egn. 18 to obtain an optimal trajectory. The A and
B time-total torque curve trajectories are shown in fig. 3.

By substituting the optimal trajectory, trajectory A and
trajectory B into eqn. 18, the total torque during the setting
time 0-z  can be obtained respectively as
J,, =4.7877x10° J.,=5.9007x10° , and

J., =6.9983x10°, so we can conclude that the proposed

optimal trajectory method can obtained a minimum torque and
a consequent minimum energy consumption.

VI11. CONCLUSION

A robotic manipulator’s energy consumption is mainly
used to produce external torque. We minimize energy
consumption by the study of the mathematical torque model of
the manipulator then obtain an optimal trajectory, and proved
the effectiveness of the proposed method in terms of energy
savings by comparing it to other trajectories.
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