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Abstract—In this paper, firstly, we will prove there is a
general transverse gauge in general relativity for linear
approximation. This gauge condition can play the same role
as the radiation gauge condition in electrodynamics. It
means that the non-physical metric tensor and affine
connection can be removed by this general transverse gauge.
Then, by using this gauge condition, the energy density of
gravitational can be revisited. we prove that the energy
distribution of pure gravitational field out of the source can
be upgraded by using the Einstein, Weinberg and Landau-
Lifshitz energy-momentum pseudo-tensors in general
transverse gauge. Furthermore, the different parameter in
general transverse gauge will bring some interesting
conclusions, and these different results are also discussed
detail in this paper. Finally, by the concrete computing the
energy density of one gravitational source, we find the
expression for Einstein is the most useful definition of
energy-momentum in calculating energy density of gravity.
This result successfully overcomes the last-standing problem
of energy density of gravitational field .

Keywords- general relativity; transvers gauge;energy-
momentum; pseudo-tensors; energy density

. INTRODUCTION

Reality is described by modern physical theories in
terms of fields, e.g., the electromagnetic field, the
gravitational field, and fields for the electron and all other
elementary particles. Remarkably, all these fields theories
can be built by a so-called gauge invariance principle
which is imposed on the Lagrangian of fields.
Unfortunately, the term gauge refers to redundant degrees
of freedom in the Lagrangian should be got ride of when
identifying the real physical degrees of freedom, although
these redundant field components can help to write down
an elegant Lagrangian. Thus finding a pertinent gauge
fixing to remove all gauge freedoms is always a
meaningful work in gauge theories. The actual situation is

that one uses a four-dimensional vector field A” to
describe a massless photon with two physical polarizations
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in electrodynamvics.v Radiation (or Coulomb, transverse)
gauge fixing V-A=0 can perfectly remove the gauge
freedom completely and specify the transverse field AL to

be two physical components which propagate in
electromagnetic radiation [1]. When handling gravitational
field, the situation becomes troublesome as one uses a ten-

components  symmetric  tensor g, to describe

gravitational field, but the number of physical degrees of
freedom is still two [2]. So finding a grav‘jtational

“radiation gauge “as satisfactory as V-A=0 in
electrodynamics is much harder. In this paper, we will

show that the corresponding gravitational “radiation
gauge” in linear approximation is
o'h +bo’h! =0 (b=-1) 1)

Greek indices run from 0 to 3, Latin indices run from 1 to
3, and repeated indices are summed over. Since
gravitational “ra(‘jliatipn gauge " can play the same role as

radiation gauge V - A=0 in electrodynamics, it absolutely
can pick out the two pure physical components of
gravitational field. One can expect that the energy density
of gravitational field constructed by pure physical metric
tensor must be gauge-invariant. In order to get gauge-
invariant energy density of gravitational field, we will
calculate energy density of a specific gravitational source
by using three frequently used energy-momentum pseudo-
tensors of gravitational field, e.g., Einstein's, Landau-
Lifshitz's and Weinberg's [3].

II.  GAUGE FIXING PROBLEM IN

ELECTRODYANMICS

As one uses a four- dlmensmnal vector field A" to
describe electromagnetlc field E——VAO 8A and

B =VxA. The field strength, F,, =0,A -0, A, is



invariant under gauge transformation A; = Aﬂ —a#w
(w(X) is an arbitrary scalar function ). Under this gauge
transformation, F, =0,A —0,A, =F, means the
field strength tensor is gauge-invariant. The existence of
gauge freedom in A” shows that one can't expect fixing
A only by solving Maxwell equation
0,F" =—]" (] is the four-dimensional electric

current density)). It means that there must be one
additional restriction on vector field, which is called gauge
fixing condition. On the one hand, different gauge fixing
conditions of vector gauge field will produce different
degrees of difficulty on solving Maxwell equation in

mathematics. Lorentz gauge condition, 0, A“=0, is the

most frequently useful one. This condition can make
Maxwell equation to a simple expression as

WA" =—J" @)
W= —63 +V?. Eq. (2) is just the wave equation, and it
means all the four components of A* are dynamical. But

the actual situation is that only two of A*are dynamical
and physical propagated, so we can conclude that Lorentz
gauge can't totally pick out the two pure Q,hysical. One the

other hand, only radiation gauge, V-A=0, can truly

remove gauge freedom of AY. Maxwell equation in
radiation gauge reads [4] y

VZ AO — _jO (3)

WA'-9,0'A° =—j' @)

A” is separated into space and time components. Solving

A° by Eq. (3), and it is not propagated by time. By using

the conservation condition 6ﬂj” =0, Eq. (4) can be
reduced to

v oy
V\AL_JL ®)

We can find only A, is dynamical and has two
v v Vi1 Vy

independent components. |, = ] —V—g;(v- ]) is the

transverse part of the electric current density.

I1l.  GENERAL TRANSVERSE GAUGE CONDITON OF

GRAVITATIONAL FIELD

In general relativity, gauge-invariance refers to general
covariance under arbitrary coordinate transformation. One

usually uses a ten-component symmetric tensor @ to

Hv

describe the gravitational field, the number of physical
degrees of freedom is the same as massless photon.
Obviously, the gauge fixing problem is much harder than
that in electrodynamics. When handling gravitational
radiation, there is a frequently used gauge named harmonic

or De Donder gauge g“"l“zv =0, which is always
regarded as playing the similar role as the Lorentz gauge
0,A"=0 in electrodynamics. To the sake of simplicity,
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we will only focus on the gravitational weak-field
approximation throughout this paper . Mathematically,
gravitational weak-field approximation means one can do
the following decomposition about metric tensor:

d,, =M, +h, . with n, =dag{-1111} is

Minkowski metric and ‘hﬂv = 1. It is easy to linearize

1
harmonic gauge as aﬂhﬁ—gﬁ”hﬁ:O . Thus the

linearized Einstein equation [5]
W, —0,0,h7 —8,8 h? +8,0,h? =S

vopu u-vip uv )
can be reduced to the familiar wave equation with source
form:

-S

v ()

nv

1 Tr
_577*” , » and we have put
167G =1. From Eq. (7), we can find it is as the same as
Eg. (2). It means that it can not fix the gauge completely,
and is not sufficient to specify the two physical
polarizations of the gravitational wave.

Just as we had presented in the first section of the paper,
Eq. (1) is the general transverse gauge condition in general
relativity. Firstly, Eq. (1) contains four and only four
realizable constraints. Secondly, when we casting Eq. (1)
to Eq. (6), we can get

Vzhoﬂ + 1+ 2b)8ﬂ0th: = —Soﬂ

WA, +0,(0;hy; +0;hy ) +

(1+2b)0,0;h —8,0,hy =S,
Combine Eqg. (8-9) and Eq. (1) with the conservation

condition in the weak-field approximation 0, T =0, we
can get the following equations

Here S, =T,

(®)

)

¥2h§ = —ﬁTOO (10)
¥2hoﬂ =-S,,, %JV}?@@HTOO (11)
iy = %%8 iToo (12)
W, =90 (13)
So=s, +¥1;(akajsik +0,0,S —aiajskk)( |
14

—11:2bb é?aia (S —g%aka,skl)

Egs. (10-13) can remove doubts about why must be
b # —1 in Eq. (1). Egs. (10-13) are as the same as Egs. (3-
4), and we can find only space component of hﬂv are
dynamical and propagated. Furthermore, Eq. (14) , which
plays the same role as L in Eq. (5), has two independent
degree of freedoms (6 —4 = 2). Because of the parameter
b, it means that Eg. (1) is not unique, and we call it



general transverse gauge condition. Thus, we have finish
to prove that Eq. (1) is the general transverse gauge
condition of gravitational field.

IV. ENERGY DENSITY OF GRAVITATIONAL FIELD IN

GENRAL TRANSVERSE GAUGE CONDITION

Considering a weak, static and spherical source with
total mass M , a constant mass density p and inner

pressure P = 0. We can easily get [6]
T, = diag{p,0,0,0}

1.
S, Edlag{p,p,p,p}

The familiar external solution in the harmonic gauge is

(15)

(16)

ds® = —(1—@)&2 +(1+ ZGrM )2 @17)
h, =46, 2GrM (18)

In the general transverse gauge condition, Eqg. (1), the
external solution of static Schwarzschild solution takes a
rather peculiar form as

ds? = —(1-2M g2 4 14 122 CMy e
r 1+ (19)
1430 6M (X-dX)’
1+b r r?
2GM
hOm: dOm r
20
_GM 1- b 1+ 3%, (20)
" r 1+b " 1+b r?

We will use Eg. (18) and Eq. (20) shortly below to study
the energy density of the static Schwarzschild solution.
Once one wants to get the energy density of
gravitational field, the first problem is to use which
energy-momentum “tensors " (although these tensors are
pseudo-tensors). It is useful to shortly review the non-
unique problem of energy-momentum in general relativity.
In the special theory of relativity, the energy-momentum
conservation law of matter plus non-gravitational fields ,

0,1 =0, are widely accepted. When dealing with the

same problem of energy-momentum conservation law in
general relativity, it is a straightway to replace the common

differential by covariant differential ,e.g. DﬂTV” =0, and
D,=0,—I" isthe covariant differential. Unfortunately,

the covariant differential can not reduce to 0,T." =0in

general case. In order to remove that divergence and obtain
the conventional energy-momentum conservation law
form. Einstein introduced a quantity t/’ representing the

pure gravitational field energy-momentum tensor, so that
the conservation law form can be rewritten as [7]

0, -9 +T/)]=0

(21)
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t* is homogeneous quadratic in the first derivatives of the

metric tensor and thus it is obviously not a tensor.
Unfortunately, Einstein's energy-momentum pseudo-
tensors is not unique. Following Einstein , many scientists
like Landau-Lifshitz, M@ller, Papapetrou and Weinberg
introduced their own energy-momentum., but non of theirs
overmatched others completely and the non-tensorial
property of energy-momentum was still existed. Since
more available energy-momentum tensor definition of
gravitational field is absent, many researchers still use
those pseudo-tensors to calculate total energy in various

space-times. General covariant principle taught us that tj‘

can be made to vanish at a particular point with a suitable
choice of a coordinates system. So no one uses these
energy-momentum pseudo-tensors to calculate energy of
pure gravitational field. This can be certainly attributed to

that metric g w has gauge degrees of freedom. Before

calculating energy density of gravity, we should declare
that the way to get gauge-invariant energy density of
gravitational field is not to develop other new energy-
momentum definition for gravitational field in this paper,
but to use pure physical metric tensor, which can be
obtained by solving Einstein equation in the radiation
gauge, to construct these energy-momentum pseudo-
tensors .

Faced with those too many pseudo-tensors about
gravitational ~ field energy-momentum, it is wisely to
classify them into different categories before the specific
calculations. If we carefully study those energy-
momentum pseudo-tensors, we can roughly fall those into
three categories: (a) Einstein's pseudo-tensor and those
developed from Einstein's by using certain surface term; (b)
the Landau-Lifshitz (LL) symmetric pseudo-tensor; and (c)
the Weinberg pseudo-tensor aimed at covariant property

of metric [8]
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-5,9“° (T

- 1
r(Eins) __ o
) = ~&;T

B aoc

NE)

)

(22)
°T? —T”T?

aff™ op ac™ Pp

t(L —

uv

°T? —T°T* -T°T”

af™ op ap™ of ac™ fp

1
=[@2zr

= )
X(geagrﬂ _ gaﬁggr)

+9779" (T, T, + 15,17,
_F;prz,ﬁ _F;ﬁrgp)

+g9%7g™ (e T2 +T° T*

ap™ po Po ap

_Fiprfl)ﬂ - Ffwrgp)
_I-w{: FT

aff o & T
- g g : (F r af™ po
1

ac™ fBp
1
__h + =
2 p

(23)

)]

(Wein) __ pop @)
ty = h” R,

Dp
uv Rp
(24)
o R (2)

1
(2)
+R ——77W77'” Rpa

uv 2



g =detg,, and R/(Jlg, R/(fg) are first and second order of

Riemann tensor for Weinberg definition (whose form can
be seen from his textbook). Now that the energy-
momentum “tensors” are well classified above. We are
now in the position to calculate the energy density of
gravitational field created by a significant source. Here we
will use various energy-momentum pseudo-tensors to
calculate energy density of static Schwarzschild
gravitational field in two kinds of gauge for comparison.
When casting metric tensor solutions Eq. (16) and Eq. (18)
into Eqgs. (22-24), we can get the final results of energy

density 1, in the following table:

TABLE I. ENERGY DENSITY IN DIFFERENT GAUGE CONDTIONS
ENERGY GENERAL TRANSVERSE GAGUE HARMONIC GAUGE
DENSITY CONDITION CONDITION
N (b—1)(5b+3) G*M? G*M?
(1+b)? rt 2r!
Lapau- | 1302 +30b+21 G2M? 7G*M?
LIFSHITZ (1+ b)z r 2I’4
wemgere | 207 +300+13G*M? 3G*M?
(1+b)? rf 2rt

TABLE I tells us something interesting. (I) Landau-
Lifshitz and Weinberg energy densities are non-positive in

both kinds of gauge, even b can be chosen any real

number except b =—1. (I1) Einstein energy density,
although it is positive energy in harmonic gauge, meets a

little complicated situation in radiation gauge. If b is in the
3
range of . <b <1, Einstein's definition can lead to

positive energy density of gravitational field as shown in
Fig .1.

Figure 1. The range of parameter b
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Fig .1 shows that that only Einstein's energy-momentum
pseudo-tensor is a proper definition to calculate energy
density of pure gravitational field in some cases. This is a
rather interesting conclusion never been reported before,
and perhaps bring some new insight about the static
Schwarzschild space time (even black hole)[9].

V. SUMMARY

In this paper, firstly, we prove that Eq. (1) is a general
transverse gauge condition in general relativity for linear
approximation. This gauge condition can play the same
role as the radiation gauge condition in electrodynamics.
Then, by using Eq. (1), the energy density of gravitational
has been revisited. we proved that the energy distribution
of pure gravitational field out of the source can be
upgraded by using the Einstein, Weinberg and Landau-
Lifshitz energy-momentum pseudo-tensors in general
transverse gauge. Finally, by the concrete computing the
energy density of static Schwarzschild solution, we find
the expression for Einstein is the most useful definition of
energy-momentum in calculating energy density of gravity.
This result perhaps bring some new physical effects in
universe [10].

Finally, we remark that we have restricted our
discussion to the weak-field approximation in this paper.
Furthermore, we only calculate the pure energy density of
the simplest static Schwarzschild gravitational field. for the
application to other black-hole is also a non-trivial work
and leave to future studies.
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