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Abstract

In this paper, the exponential stability problems are addressed for a class of delayed Cohen-Grossberg
neural networks which are also perturbed by some stochastic noises. By employing the Lyapunov method,
stochastic analysis and some inequality techniques, sufficient conditions are acquired for checking the
pth(p > 1) and the 1st moment exponential stability of the network. Finally, One example is given to

show the effectiveness of the proposed results.
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1. Introduction

The Cohen-Grossberg neural network (CGNN)
model was introduced by Cohen and Grossberg in
1983 ! and has been extensively studied by many
scholars for its important applications such as pat-
tern recognition, associative memory, etc. Much
work has been done to investigate the stability,
boundedness and other dynamical behaviors of the
networks >3*, which are helpful for the design of
the neural networks. In the literature, most research
focuses on the deterministic model. However, it
should be pointed out that neural networks often
work in some kinds of noise circumstance which
may bring stochastic disturbance to the inputs of the
networks. Results in > suggested that the neural
networks can be stabilized or destabilized by certain
stochastic inputs, which implies that it is important
to consider the noise effects in the stability analy-
sis for the neural networks. Recently, the study of
stochastic neural networks has drawn much atten-

tions from researchers all over the world and some
results can be found in 7:8:%10:1112,13.22 3 the refer-
ences cited therein 1516171921 ' But for the study of
stochastic CGNN, up till now, there are only a few
results 10111420 For example, Zhao '© discussed
the almost sure exponential stability by using the
semimartingale convergence theorem, and Wang et
al ' obtained several asymptotic stability criteria by
applying the well-known Lyapunov functional ap-
proach 8.

In this paper, the stochastic CGNN will be stud-
ied in a different way comparing to Zhao '° or Wang
1 Firstly, the stochastic version of Razumikhin-
type theorem constructed by Mao !? is utilized to
give some sufficient conditions ensuring the pth(p >
1) moment exponential stability of the networks.
Then, by employing a suitable Lyapunov function
and some analysis techniques, a sufficient condition
is derived for the 1st moment exponential stability
of the CGNN. In the end of this paper, an example is
demonstrated to illustrate the proposed criteria and a
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comparison with the criteria introduced in '! is also
provided.

Notations: Throughout this paper, R™ and R,
represent, respectively, the set of all positive real
numbers and the set of all nonnegative real num-
bers. R" is the n-dimensional Euclidean space.
Let T > 0 and C(|—7,0];R") denotes the family
of continuous functions ¢(-) from [—7,0] to R"
with the norm defined by ||@|| = sup,<g<o|9(0)],
where |- | is the Euclidean norm in R". |x(t)|; =

n
Y. |xi(t)| represents the 1-norm of vector x(f) € R"
i=1

and w(t) = (wi(t),wa(t),...,wn(t))T means an n-
dimensional Brownian motion defined on a com-
plete probability space (Q,.7, Z?) with a natural fil-
tration {.% }/>0. C%O([—T,O];R”) means the fam-
ily of all bounded, .%y-measurable, C([—1,0];R")-
valued random variables. For p > 1 and ¢ >
0, denote by L{;% ([-7,0};R") the family of all
bounded, .%;-measurable C([—7,0]; R")-valued ran-
dom variables ¢ = {¢(0) : —7 < 6 < 0} such that

SUp_ <9< E|Q(0)[F < oo.

2. Model Formulation and Preliminaries

Consider the following delayed stochastic CGNN:
n
(1) = (1)) — L auaf x50)
j:
n
- '21 bijfi(xj(t —7))ldt
J:

+ 8, 0150) 502w, 1),

xi(t) = &i(t),

Throughout this paper, the following assump-
tions are made:
(H1) There exist positive constants m; and M; such
that

—7<t<0.

O<mi<di(-)<M,~, i=1,2,...,n

(H2) c;i(-) is differentiable and

o =infc;(x) >0, ¢(0)=0, i=1.2,....n

XER

(H3) The nonlinear functions fi(-) (i = 1,2,...,n)
are globally Lipschitz continuous and f;(0) = 0, i.e.

ey

there exist positive scalars f3; such that

|fi(x) = fi()] < Bilx =y,

(H4) The nonlinear functions o;;(-) (i,j =
1,2,...,n) is globally Lipschitz continuous and
0;,j(0,0) =0, i.e. there exist positive constants /;;
and k;; such that

Vx,y € R.

|61 (x2,¥2) — 03 (x1,y1)| < Lijlxa —x1] +kijly2 — 1]

holds for all x{, x2, y1, y2 € R.
To prove our main results, we need the following
lemmas and notations:

Lemma 1. [Young Inequality] For any x, y, p, q €
R with1/p+1/q =1, one has

1 1
xy < —xP 4+ —y1.
p q

Consider a stochastic functional differential
equation

dx(t) =
{x@ -
Let C12(R" x [~7,%);R) be the family of all

nonnegative functions which are continuously once
differentiable in ¢ and twice differentiable in x; for
V € C'2(R" x [~T,); R, ), define the operator .£V
for system (2) by

LV(9.1) = Vi(0(0).) + Vi(9(0),1)1 (6.1
+amacel” (0,0)Va(9(0102(9.0), ()

fxe,t)dt + g(xe,t)dw(t),

E(t)eR", —1<r<0. @

where
aV(x,t
Vix,r) = gf ),
82V(x,t)
Vielx,t) = 3 3~ nxn
60 = (o)
B AV (x,t) IV (x,1) AV (x,1)
Velx,t) = ( I an T ox ).

Lemma 2. (Razumikhin-type Theorem > ) For system
(2), assume that f, g satisfy the Lipschitz condition
and the linear growth condition. Let A, p, c1, ¢; be
all positive numbers and q > 1. Assume that there
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exists a function V(x,t) € CY2(R" x [~T,);R})
such that
P <V (1) < calel?, ¥ (5,1) € R X [~7,00);

and also for all t > 0,
EZLV(9,1) <

provided ¢ {9(6)
L ([=7,0];R") satisfying

—AEV(¢(0),1)

-7 < 6 < 0} €

EV(9(0),t+6) <qEV(9(0),1), ¥— T < 6 <O0.

Then for all & € CZ,;O([—’L’,O];R"),

Elx(&,1 !”< EH&H”@ V=0

where Y = min{A,log(q)/7}.

Definition 1. '? The trivial solution of system (1) is
said to be pth moment exponentially stable if there
exists a pair of positive constants A and C such that

Elx(&.0)|" <CE||lPe™, 120

holds for any & € Lﬂ;t ([=7,0];R"). Especially, when
p =2, it is usually called to be exponentially stable
in mean square. When p = 1, it is called to be 1st
moment exponentially stable.

3. Main Results

In this section, some stability criteria are obtained
for the delayed stochastic CGNN (1).

Theorem 3. Let Assumptions (H1) — (H4) hold.
For constant p > 2, system (1) is pth moment expo-
nentially stable if Ay > A, where

7Ll = min {poc,-mi

1<i<n

Z ‘alj|+|blj| ﬁj)
—(p—1)(p-2) ilz—l-kz
j=1
B lail) - —UEI?,-}, )

do = max {Bi( Z|b,,yM J+2Ap-D LK 2
pt

1<i<n

Exponential stability analysis for CGNN

Proof. Define a Lyapunov function V(x,t) as fol-
lows:

Z i (2P (6)

Denote X = diag{|x; (¢)|7~2, |x2(t)|P72,..., |x.(t)|P~%}

t
and o(x(1),x(r — 7)) = (0:‘/(x‘/(t),xj'(f = T)))nxns
from formula (3) and Lemma 1 one can obtain

LV (x,1)
- zprw)rp*signm(r)){—dl-<xl-<r>>[cl-<xl-<r>>
Zatjfj xj(t

—i—p(pz_l)trace [0 (x(t),x

szjxfj (x(z — ))}}

o(t))Z0 (x(t), x:(1))]

n
—p Y. omilxi(t) |”+pZMlx, (]!
i=1 i=1

X [Zn:l |aij|Bjlx ()] + Zl |bij|Bj x |x(t — 1)”
j= =

N

P DY Y O Bl 0)

A
!
v“::
!
g
3
=
RS

=1
(p— >f1M, Y. 6418 ()
+ZB(Z 1bilM) (i — T)]?

1=

(agE

+(p—1)(p—2)

1

n
Y i)l
]

I
—_

120~ 1)) Y Bl

n
i=1j=1
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+(p—-1)(p— ZZZk | (2)

i=1j=
n
Z (e —1)|P

Taking the mathematical expectation on both sides
of the above inequality and employing the expres-
sions of A; and A,, one has

EZLV(x,t) <
Letg € (1,A1/42), A = A1 — gy, then
EV(s,x(s)) < qEV(t,x(t)), t—1<s<t

HM=

which implies that

EZLV(t,x(t)) < —AEV(t,x(1)).

From the Lemma 2, we can conclude that

ER(E)P < ZE[ElPe ™, Viz0 @)
1

where ¥ = min{A,log(g)/7}, which means that the
trivial solution of system (1) is pth moment expo-
nentially stable. O

Corollary 4.  Under Assumptions (H1) — (H4),
system (1) is exponentially stable in mean square if
M > Ay, where

A = min {Zaimi—
1<i<n

MY
b )B) ﬁzz|aﬂ|M 2y B},

j=1
_ _ LM 2
= s B X il -2 L4

Proof. By taking p = 2 in Theorem 3, one can ob-
tain the above result directly. O

Theorem 5. Let Assumptions (H1) — (H4) hold,
the trivial solution of system (1) is 1st moment expo-
nentially stable, if

n
—mio+Bi Y M;(laji| +|bjil) <0
=1
i=1,2,...n @®)

“MEV (x(t),1) + MEV (x(t — 7)1 — 7).

Proof. Consider the following Lyapunov function

V) = Y o). ©)

i=1

By It6’s formula, the upper right Dini derivative
D'V of V along system (1) is

D™ (V(x(t)))

= ngn xi(1))dx;(1)
i=1

N

f [—mioy]x;(t)] + M; il |aij|Bjlx;()]
=

=1

n

+MiZ| bij|Bj x |x;(t — )Hdt

]:

+Z Z sign(x;(t))oij(xj(t),x;(t —

i=1j=

—_

S
N

o))dw(1).

Furthermore,

DT (e"V(x(1)))
= (W (x(t))dr + DT (V(x(1))))

n

(X [(r=mexls0) + M, Y a1 0)

i=1

N

+M; Y |bij|Bjlx;(t — 7)) dt
j=1
n n
+Z sign(x; (¢
i=1j=1

xdw,(t)}.

))0ij(x(t),x(t = 7))

Using the Itd’s formula again, one can derive that

eV (x(t))
< V(X(O))+/O e}/s Z Y—mQ; |xl )‘

i=1

fil Zn: Milaij|Bjlx;(s)|

=1j=1
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#3030 By s )]s

1=1j=

+ [ifleyssign(x,( )i (x(5),x1(5 — 7))
xdw;(s)

# X Ml Y Mo l] x (9l

/ 3 esign( ()0 3(5). (s~ )

i=1j=
xdw(s),

here

o)+ 3 Y mlbulp, [ Loyt

i=1j=

From condition (8), one knows that for any i (1 <
i < n), there exists a unique % such that

n n
(% —mioy) + Y Mjla;i|Bi+e"™ Y Mj|bji|B; = 0.
= =

Lety= i -,th
ety lrggn{%} en

n n
(y—mioy) + ZMj|aﬁ\Bi +e ZMj|bji|Bi
j=1 j=1

<0, i=12,....n

Therefore, we can derive that

< c+/ ZZe”Smgn xi(s

i=1j=
X(fij(x]'( ),Xj(S— T))de(S).

Taking the mathematical expectation on both sides
of the above inequality, one has

e"EV(x(t)) = e"Elx(t)]; < c.

eV (x(t

Hence, we can conclude that
E|x(t)]; <ce™ ™, (10)

which means that the trivial solution of system (1) is
1st moment exponentially stable. O

Exponential stability analysis for CGNN
4. Illustrative Example

Consider the following delayed stochastic CGNN:

1D

dnft) = —dis)lerts) = X afi(0)
- £ buf o)
+ £ 010031 = 0 1),
do(t) = —dz(xl)[cz(xl)—élaz,-fj(xj(z))
- £ by e )
+él 02j(x;(t),x;(t — T))dw;(t);
Let the functions d; (x;) =5+sinx, da(x2) =4+
cosx, ¢1(x1) = 5x1. ca(a) = Tz, fi(x)) = L(|xj+

1| — |xj = 1|), oij(xj,yj) = xj +yj, then one get
m =4, M =6,m =3, M,y=5, ot; =8, o, = 10,
Bi=P.=1,l;j=kij= 1. Taking a;; = a;p = az =
a» =1, b1 = b1p = by = by = 1, we can see that
the conditions of Corollary 1 hold. So the trivial so-
lution of system (11) is exponentially stable in mean
square.

In Wang et al’s work !, the global asymptotic
stability conditions for the neural network (1) can
be written in the following form:

O} +MP[E] ! Amax (AAT)

+& ' Amax(BB")I + p[diag{ ) 7,
j=1

Z ]n}+dlag{zkﬂ? Zkin}]
j=1 j=1 j=1

B} + exdiag{BF, ... B}
(12)

diag{ay, ...,

+gdiag{B?,...,
<0,

where m = rgln {m;},M = max {M} and p > 1is

a constant.
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Taking the same parameters as above and calcu-
lating the left side of (12), we have

320 L
—4><< 0 31>—|—42><4X(811—|—821)I
o OV r@teyx( 00
Plo 4 178 0 25

4 0
>
- <O 40)'

One can see that the asymptotic stability condition
of Wang et al '! is not satisfied, and the stability
problem of system (11) can not be solved by Wang et
al’s criterion !'. On the other hand, through a simple
calculation one can see that the stability conditions
of Theorem 3 is satisfied, and then system (11) is
exponentially stable in the mean square by Theorem
3. Hence, the stability criteria provided here is more
effective than the previous one.

Letting d;(x1) = 5 + sinx, da(xp) = 4 + cosx,
ci(x1) = 6x1, 2(x2) = 8xa, fi(x;) = 5(Pxj +1] =
|xj— 1)), Gij(xjayj) =x;+y;. onehasm; =4, M| =
6,H12:3,M2=5, OC]ZS, 062:10,[312[32:1,
l,'j = k,‘j = 1. Further taking a;; = ajp = a1 = a»n =
1, b1 = b1 = b1 = byy = 1, it can be checked that
the conditions of Theorem 5 is satisfied. So we can
draw the conclusion that the trivial solution of sys-
tem (11) is 1sf moment exponentially stable.

5. Conclusions

In this paper, we have discussed the pth(p > 2)
moment exponential stability and 1sf moment ex-
ponential stability problem for the delayed stochas-
tic CGNN. Instead of constructing Lyapunov func-
tionals, we constructed some Lyapunov functions to
derive the pth moment exponential stability crite-
ria by using the stochastic version of Razumikhin-
type theorem which is more simple and can be easily
checked. The 1st moment exponential stability cri-
teria is derived in a straightforward way and is also
easy to be verified. A simple example has been used
to demonstrate the usefulness of the obtained results.
A comparison with the result given by Wang et al !
shows that our stability criterion is more effective
than the existing one.
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