Journal of Statistical Theory and Applications, Vol. 14, No. 1 (March 2015), 1-12

Concomitants of Dual Generalized Order Statistics from
Morgenstern Type Bivariate Generalized Exponential Distribution

Saeid Tahmasebi*

Department of Statistics, Persian Gulf University, Bushehr, Iran
tahmasebi@pgu.ac.ir

Ali Akbar Jafari

Department of Statistics, Yazd University, Yazd, Iran
aajafari@yazd.ac.ir

Mahmoud Afshari

Department of Statistics, Persian Gulf University, Bushehr, Iran
afshar@pgu.ac.ir

Received 14 December 2012
Accepted 6 October 2014

[9] introduced the concept of dual generalized order statistics (dgos) that enables a common approach to
descending ordered random variables like reversed order statistics and lower record values. In this paper, we
have obtained probability density function (pdf) of r-th, and the joint pdf of r-th and s-th, concomitants of
dgos from Morgenstern type bivariate generalized exponential distribution and derived their product moments.
Further the results are deduced for moments of k-th lower record values and order statistics. Recurrence rela-
tions between moments of concomitants are also obtained. Finally, some properties of joint distributions for
concomitants of dgos are presented.
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1. Introduction

[12] introduced the concept of generalized order statistics (gos) as a unified models of ordered
random variables such as ordinary order statistics, sequential order statistics, progressive type 1I
censoring, record values and Pfeifers records. The concept of lower generalized order statistics
was given by [19], and later [9] introduced it as dual generalized order statistics (dgos) to enable a
common approach to descendingly ordered random variables like reversed order statistics and lower
records models. There is a connection between the concepts of gos and dgos.

Let X be an absolutely continuous random variables with cumulative distribution function (cdf)
F and the probability density function (pdf) f. Forn € N, k > 1, /it = (my,my, ...,m,_1) € R""!, the
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random variables X; = (X;(1,n,1m,k),X;(2,n,mm,k), ..., X;(n,n,m,k)) are called dgos if their joint
pdf is given by

n—1

Fxg(¥15x250,20) = kG (H[F(xz')]’""f(xz')> [F ()]~ f (o), (L.1)

i=1
-
on the cone {(x1,...,%,) : F71(1) >x; > x> ... > x, > F1(0)} C R", such that C, = [] ; and
j=1

¥, = k+n—j+z;§;}.m,, > 1forall j€{1,2,....n}.

An important special case in the concept of dgos is choosing m according to m; = m. With taking
m =0 and k = 1, the random variable X, (r,n,m, k) reduces to the (n — r + 1)-th order statistics, and
with taking m = —1, the random variable X;(r,n,m,k) reduces to r-th, k-lower record value. For
more details and some applications of dgos or lower generalized order statistics, reader can refer
to [1,2,4,5,7,9,13-16, 19].

The marginal pdf of rth dgos, X,(r,n,m,k) is

Cr—l

Ixy(rnm) (x) = 1)1 [F(x)]”’_lf(x)g,rn_] (F(x)), (1.2)

and the joint pdf of rth and sth dgos’s, X4(r,s) = (X4(r,n,m, k), X4(s,n,m,k)), 1 <r <s<m,is

e e (P)

X[ (F (y)) = b (F () I £ (), x <y, (1.3)

where g, (1) = hy(t) —hi(t), t € (0,1) and

fXd(r,s)(xvy) -

hm(t)Z{_(er)ltm+l m#

—log(1) m=—1.

Let (X1,11),(X2,Y2),...,(Xy,Y,) be n pairs of independent random variables from a bivariate
population with cdf F(x,y). If the X-variates are arranged in descending order as X;(1,n,m,k) >
Xy(2,n,m k) > ... > Xy(n,n,m,k), then Y -variates paired (not necessarily in descending order) with
these dgos are called the concomitants of dgos and denoted by Y(1 ,, ymi)s Y2.0,mi)> -+ Yinnyma)- The
pdf of Y[, 1), the r-th concomitant dgos, is given as ( [18])

~+oo
8lrn,mk] (y) = 8 fY|X (y‘x)fXd(r,n,m,k) (x)dx, (14)

and the joint pdf of ¥}, ,, i and ¥}, iy 1 < r <s <nis given as

+oo X1
Sranmt )= [ [ i) frx 0ol f (. x2)dxidiz, w1 <xo (19)

Recently, [20] defined the Morgenstern type bivariate generalized exponential distribution
(MTBGED). This distribution is a special case of Morgenstern family, defined by [17] with con-
sidering the generalized exponential (GE) distribution ( [11]) as the marginal distribution function.
In this paper, we study and derive the properties of concomitants of dgos in MTBGED. Similar
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works are done for dgos and gos in some literature: [18] considered the concomitants of dgos for
Morgenstern type bivariate power function distribution.

[3,6,8,20] studied the concomitants of gos for Morgenstern type bivariate exponential distri-
bution (MTBED), Gumbel’s bivariate exponential distribution, Morgenstern family, and MTBGED,
respectively.

This paper is organized as follows: in Section 2, we will review the MTBGED and some of its
properties. In Section 3, we study the properties of the marginal distributions of concomitants for
dgos from MTBGED. The properties of joint distributions of these statistics in Section 4.

2. A review on MTBGED
[11] defined the GE distribution with the following cdf
Fx(x)=(1—e %)% x>0,0>0, a>0. 2.1)

and we denote this cdf by GE(0, o).
By using the binomial series expansion, the kth moment of a random variable with GE(0, &) is
given as

al(k+1) & (=1) ,
Hi = ) A((X - 1’1)’ (2.2)
o—1
where A(a —1,i) = . ). Also, its moment generating function is Mx () = oBeta(o,1—1/0)
i
where Beta(a,b) = Fr(zla)ig;)

With considering the GE distribution, [20] defined the MTBGED as a special case of Morgen-
stern family. The random variables X and ¥ have MTBGED if their joint cdf is

Fyy(x,y)=(1—e )% (1 —e )20 L A1 — (1 —e ") H][1 - (1 —e ®)%]},  (2.3)
xy>0,—1<A<I.

The corresponding pdf of this distribution is given as

fx_’y(x,y) = 0100, ezefelxiezy(] —eielx)alfl(l _efﬂzy)(xzfl
{14+ A2(1—e 9% —1][2(1 —e %)% —1]}. (2.4)

Note that this distribution is a extension of MTBED introduced by [10].
The moments of the MTBGED are given as

E(X"Y™) = E(X")E(Y") + A (E(U") —E (X)) (E (V") — E(Y™),

where U and V are independent random variables with GE(60;,2a;) and GE(6,,2;), respectively.
Also,

w=r) =B gy = Bl
91 62
62 =Var(X) = C(e(;l), oy =Var(Y) = C(GZZQ)’
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B(Otl )B(OCQ) + 7LD(O£1 )D((Zz)

‘ny:E(XY): 0162 9
pxy = Corr(X’Y) — M’
C(a1)C(a)

where B(a) = y(a+1)—w (1), C(a) =¥ (1) — ¢/ (a+1), and D(0ty) = B(2a,;) — B(oy ), and
v (.) is the digamma function and y’ (.) is its derivative.
The conditional distribution of ¥ given X = x has the pdf

Frix 0 1x) = fr ) [1+ A (2Fy (y) = 1) (2Fx (x) = )],
Therefore, the regression curve of Y given X = x for MTBGED is

E(Y[X=x)=E(Y)+AQ2F(x)—1)(E(V)—E(Y))
A D(a)

e O™ _ .
B (1= )™ 1), @)

= 1+

where V has GE(6,,2;).

3. Concomitants of dgos in MTBGED

In this section, we consider the concomitants of dgos in MTBGED and obtain the properties of
their marginal distributions. Also, some recurrence relations between moments of concomitants are
presented.

3.1. Marginal distribution of concomitants

Consider X and Y are random variables from a Morgenstern family with marginal cdf Fy(x) and
Fy(y), and marginal pdf fx(x) and fy(y), respectively.

Also, let X;(1,n,m,k),X;(2,n,m,k), ...,X;4(n,n,m,k) be dgos for a random sample this family,
and Y1 m i) Y2,0mk)s - - - > Yjnnm k) D€ the concomitants of corresponding to this dgos.

[18] using (1.4) show that the marginal distribution of ¥[,.,, ,, 4] 18

:f];](Y)+7LC:n[f1;1(y)—fz;z(y)]7 3.1
2 fI Y
where C/, = 1 — ———— and f;,,(y) is the pdf of ¥ ,, the ith order statistic of a random sample of
’ [T (v;+1)

j=1
size n of Y. Note that g, ,n 1] (y) depends only on the marginal distribution of ¥ and the distribution
of Y25 ([8D).

Using (3.1), the pdf of ¥}, ,, s for MTBGED is obtained as

Zlrnmi] (¥) = 02B2e ™ (1 — ™) 271 [1 46, —26,(1 — =) ™), (32)
where 6, = C;A. Obviously, we can find that

8rn,m,k] (y) = (1 + Sr)flzl(y) - 6rf2:2(y) = (1 + Br)fY(y) - Ser(y)’ (3.3)
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where fy(y) and fy (y) are pdf’s of random variables Y and V with GE(6,,0,) and GE(6,,20,),
respectively.

Remark 3.1. With taking m = 0 and k = 1 in (3.2), the pdf of (n — r + 1)-th concomitant of order
statistic from MTBGED is given as
2(n—r+1)

7 H1 =20 —e ™)) (34

1<r<n.

nri1n) (¥) = 02O V(1 —e @) 1+ A {1

Note that Zgn r+1n]( ) fy(y)'

Remark 3.2. With taking m = —1 in (3.2), the pdf of r-th concomitant of k-lower record value
from MTBGED is given as

8irn—14(¥) = Qoo™ (1 =)= 1+ A{1 — 2<1k++21k>’}<1 —2(1—e"™)®)], (35

3.2. Moment generating function and moments of Y[,,mm’k]
Using (3.3), the moment generating function(mgf) of Y[r,n,m,k] is given as
Mg (t) = (14 8,)My (t) — 5, My (1)

— |(148,)Beta(on, | — ) —28,Beta(2a,1 — ), (3.6)
6 6

where My (t) and My (¢) are moment generating functions of random variables Y and V, respectively.
With differentiating (3.6) with respect to ¢ and using (2.2), we get the /th moment of ¥}, ,, 1 as

0 g = By i) = 1+ 8)E(Y") = SE(V)
i M

l+ 1)[+1 [(1 +6")A(a2 - lal) _25rA(2052 - 171)] (37)

Since (3.7) is a convergent series for any [ > 0, so all the moments exist for integer values of o.
With putting / = 1, we obtain the mean as

Urnmik = E(Y[r,n,m,k]) = @[B(az) — 5,»D(062)}
i T[(l +8,)A(0p — 1,i) —28,A(20 — 1,1)]. (3.8)

In general, if A(y) is a measurable function of y, then

E (h(Yipnma) = (1+8,)E(h(Y)) = §,E(h(V)),

and

E{h(Yipnmu)} = E{R(Yi—10mu)} = [6: = 81 [[E(R(Y)) — E(R(V))]

B r—1 ,}/J _r—l ’yj+l B
=2l - T P 00 - 5007)
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N Y1
=22 JE(h(Y)) — E(h(V))).
R R e )
Remark 3.3. With taking m =0 and k = 1 in (3.8), the mean of (n — r+ 1)-th concomitant of order
statistic from MTBGED is given as

1 n—r+1)

Bt = o B(@) 21 = 2=y

Therefore, the following recurrence relations between the means of concomitants of order statistics
similar to [20] are obtained

:u[r-&-Z:n] + .u[r:n] ZAD(OCZ)
vt = =5 = Him) i+ 106,
—QLD(OCQ)
Hirn] = Hjrn—1] = n+1)6’
20iD( ) .
o — i = ——, 1<i<r—1
M) — Mir—in) (fl + 1)92 ) SISTr ’
—AjD() :
Hiran) = Miren=1 = = 1), l<j<n-r
1 B(Olz)

2A(r—1)D(a)

Mirn) = H1:0] + (l’l—l— 1)92 s <r<n,
A(n—r)D(op)
o= Up.g — ———% <r<
Hir:n) = Hirr] n+1)6 1<r<n,
2A(n—2r+1)D(00)
.u[n7r+1:n] = ”[r:n] + (n+ 1)92 )

Wirn) = Hpp:anyp-1s B =1,

! —1\ /n
= -1 s—ntr—1 (% .
Hiron) Y (-1 (n B r) <s> Hi:s)

s=n—r+1
Remark 3.4. Set m = —1 in (3.8), to get the mean of r-th concomitant of k-lower record value from
MTBGED as
1 142k
Hirn,—14] = @[B<a2> —A{1- Z(m)r}D(O‘Z)]-

An explicit expression of Shannon entropy for concomitants of dgos in Morgenstern family is
given as

H(Y[r,n,m,k]) = E[_ 10g g[r,n,m,k] (Y)} = Zr,n,m,k + H(Y)(l + 6r) + 26r¢f(u)a (39)

where

1 1
Zrnmk = 15 {(1+68,)%1og(148,) — (1—8,)?log(1 —&,)} + 5 (3.10)
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and ¢ (u) = fol ulog fy (F, ' (u))du. Applying this expression for Y|, in MTBGED, we have ( [20])

n—2r _ A (n=2rtl
H(Y}p) = W (1) —log(a292)+3(a2)_l(niil)D(az)_l_ azaz 1[1+ ( n2+1 )]7
where
1 n—2r+1 n—2r+1
W/l,n(r) = @{(1 _/’L(ﬁ))z[ZIOg(l _l(ﬁ)) B 1]
_ (1+l(n_irj'1))2[2log(l+l(n_’i_ril))_ 1.

3.3. Some Recurrence relations

In this section we shall present several recurrence relations between pdf’s, moments and mgf’s of
concomitants. From (3.3), we have

8rn,m,k] ()’) = fl:l(y) +C*(r7nam7k))~[f1:1(y) _f2:2(y)]7

r }/j r—1 ,},]
— o =21 — . — f1. ,
8lrman k]l (V) — &lr—1 i (V) [JU]YJ' i ]l:|17j 11 20) = fia )]

r ,y] r—1 ’YjJrl
) = 8t () = 20 - 20) — fia )],
ik (V) = &ir—1.0—1,mug (V) [jl;ll?’ﬂrl jI;Il?’jHJrleZZ(y) f11 ()]
r—1

,},j r—1 yj-H
r—1,n,m —8[r—1,n—1,m =24 - : —JI '
8r—1nmi (V) = &lr—1.n-1,mi () [E%'Jrl ]I;IlyjHJrlezz()’) i1 (y)]

Also,for1 <i<m—rand 1< j<r—1, wehave

8rn,m,k (y) — 8lrn—imk| (y) = MC*(F,mmak) - C*(r,n - i>m7k)] [fl:l (y) _f2:2(y)]7
8[r,n,m,k] (y) = 8[r—jnmpk (y) = l[C*(r,n,m,k) _C*(r_j7n>mvk)][flil(y) _f222(y)]7
8rn,m,k] (y) = 8lr—jn—imk| (y) = A[C*(r,n,ch) -C (7‘— Jn— i,m,k)] [fl:l (y) _f2:2(y)]'

Using (3.7) the following recurrence relations between moments of concomitants are valid:

Himn i) = Hion iy = MC (rn,m, k) = C* (ron—i,m, K)[E(Y') = E(V')),

Hitn i) = M0 i = AC (k) = C* (= jon,m K] [E(Y) = E(V')],

B i) = M0 iy = MC () = € (r = jon = i m, K)[E(Y!) = E(VT)],

where E(Y') = u! | and E(V') = p! ,. Furthermore, for i, j = 1, we have

(1) (1) VY-V ! !
- = 2rA(m+1 ol
H[I’,mm,k] ‘u[r,nfl,m,k] r (m+ )[(y1+1)<y2+1)(%_’_1)(%“4_1)”/422 ALl’l.]]
Bt =My iy = 221 S L (1411 — Hao)-

Mm+Dr+1D.. (1 +D(r+1
For1<ii<ip <n—rand1 < j; < j, <r—1,the relation between mgf’s of concomitants are

t

M[r,n,m,k] (t) _M[r,nfil,m,k] (t) = azl[C*(r,n,m,k) —C*(r,n— i],}’}’L,k)HBeta(Otz, 1— 972)
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“2Beta(20n,1— ),
&)
M[r,n,m,k] (t) *M[r—jl,n,m,k] (t) = 0621 [C (rvnamvk) -C (rijlan)mvk)”Bez‘a(aZv 1— 972)
“2Beta(200,1 — )],
&)
M[r,n,m,k] (t) _M[r—jl,n—il,m,k] (t) = OCZ)’[C (r,n,m,k) -C (}"— J1,n— llamvk)”Beta(a27 I- 972)

t
—2Beta(20n,1 — —)],
6,
M[r7j| J—iy,mk] (t) _M[rsz,nfiz,m,k] (t) = O‘Z}L(C*(r_jl’ - ilvm’k) —C*(l"—jz,n— iZ’mvk))

X [Beta(ap, 1 — —) 2Beta(20p,1 —

t
6 8

If we take m = 0 and k = 1, then the /th moment and mgf of ¥},., can be deduced from (3.6) and
(3.8), respectively as

BlYL,) = 1+ A2 -
g %{(1 AT A - 1,0)
—2/1(_2+r1+1)A(2a2 —1,)],
My = al1-+ ("2 Bera(n, 1 - )~ 2 0a ("2 Bera(2an, 1 o).
If we take m = —1 , then the /th moment and mgf of r-th concomitant of k-lower record value can

be deduced from (3.6) and (3.8), respectively as

0 1+2k 142k

iy g = [T+ A{1 —Z(Hil)’}]u{j +A{1 —2(m)r}#5;z
— ;(_1)im{(1+z{1—2(m‘)r})A(a2_1,i)
21— (lk*fk) VA0 —1,1)),
M1 (1) = aa[1+A{1 —2(1;;21") VBeta(an, 1 — 9%)
2o {l— (lk:%) VBeta(200,1 — eiz)

4. Joint distribution of two concomitants

In this Section, we obtain the joint distribution of concomitants of two dgos, and study their prop-
erties.
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Let ¥}, and Y, ms)> 1 <7 <s < n be concomitants of the r-th and s-th dgos from a Mor-
genstern family. The joint pdf of ¥}, ,, ;) and Y., ;4 1s ( [18])

Blrsnmi (V) = fr (V1) fr (v2)[1 +A(1 = 2Fy (y1) I_ZH}/
i=1 (s

(1=2F (y1))(1 =2F(y2))

[4{ Ny YVe+1--- % }
(71+2)(72+2) (%+2)(%+1+1)-..(%+1>

_2H’)/+1 H

zl%

A= 2R o)1 -2
i=1

4.1

Therefore, the joint pdf of these concomitants for MTBGED is

Firsnmn () = [oaBy e 0TI (1 — e ®) (1 — e ®2)] 2 {1+ (1 - 2(1 ™))
— T —2(] — e P2 2 _ - %
x(1 2g%+1]+x(1 2(1—e ®2)%) x 1 2g%+1]
—1—2,2(1 _2(1 _e—ezyl)az)(l _2(1 _6—92)72)052)
[4( NyY---YeYe+1---% )
M+2)(+2) (% +2) (1 + Do (+ 1)

S/ 4 ¥
-2 . 42
1§ Sy i:1%+1]} 4.2)

Also, the joint mgf of ¥},.,, ,,, 4 and ¥ ;, 1 1) 18 obtained as

M nmp)(t1,12) = My (t1 )My (t2) + A[1 —2f[ ! {1[My (1) My (12) — My (1) My (12)]

i=1 1
+ l[l —211%+1][My(l‘1)My(t2) Mv(tl)My(lz)}
+ A2 My (1) — My (11)][My (t2) — My (12)]
[ ( Ny YY1 % )
(Y1+2)(?’2+2) (FF2) (1) B+ 1)
o %
—QH% [ 1%H]. (4.3)

Differentiating (4.3) with respect t; and 1, and putting 1 = 1, = 0, we can obtain the product
(I1,h)

momentsE{Yr'nmk] [Snmk} i s nm i) l1,[, > 0as
(k) _ b hoyb _ b bk
Hirsmmpg = MM + H n+ Tl ety — My %]
i=1
! Lol
All— 2H }, .“11:1“12:1 — Mooy’
i=1 17

+A2 [Nizl - “2;2] [Iifz:l - “52:2]
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[4( Ny -Y%Yrsi--- % )
(71+2)('}/2+2)...(')/,+2)(yr+1+1)'.‘(%+1)
s ¥ r %
- -2 : 4.4
[ -2 4.4)

The joint mgf of the concomitants of the r-th and s-th order statistics, Y|,y and ¥, can be
deduced from (4.4) withm=0and k=1 as

t t t
My, ¥y (t1:12) = (T + Tos) 03 Beta( o, 1 — 9—22)[Beta(oc2, 1— Giz) —2Beta(2t,1 — 9*12)]
t t
HHmﬂ@&M@J—éWMWM—&)
’) b
—2(t+ T5) 0y Beta(op, 1 — Q—Z)Beta(Zocz7 1— 9—2)
2 1 5]
+41,;a5Beta(20p,1 — —)Beta(2ap,1 — —),
’ 0, 0,
A(n— — r(n—2s
where 7, = % and T, = A?[" n%:frl — (r12+(1r3(n2+v)2)]' The product moment E [Y},.,Ys.)] = Hp,s:n)

is obtained (similar to [20]) as
1
Hirsn) = gz (14 T+ %+ Trs)B2(0) — (T + Ty + 27,,5) B(0) B(20) + 7,58 (202) }.
2

Therefore, the covariance between Yj,.,; and Y., is given by

D2 02 )| Trs — TrTs
COV(Y[r:n]’Y[‘v:n]) = ( )[62 ]
2

(4.5)

Thus the r-th and s-th concomitants are positively correlated and its value decreases as r and s pull
apart. Finally, the coefficient of correlation between Y}, and Y, is derived as

D* () [Trs — T4
{[C(0r) +7,(C(200) — C(02))][C(00) + T5(C(202) — C(a))]} >

Plrsin) = (4.6)
The values of p|,.;.,| for n =10 and some values of o and A are given in Table 1. We can conclude
that pj,.., has minimum value when r =1 and s = 10, and it has maximum value when r = 5 and
s = 6 for given o and A.

Remark 4.1. Set m = —1 in (4.3) and (4.4), we can obtain the joint mgf and product moments of
two concomitants of k-th lower record values of MTBGED.
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Table 1. The values of pj,..,| for n = 10 and some values of o and A.
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