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[9] introduced the concept of dual generalized order statistics (dgos) that enables a common approach to
descending ordered random variables like reversed order statistics and lower record values. In this paper, we
have obtained probability density function (pdf) of r-th, and the joint pdf of r-th and s-th, concomitants of
dgos from Morgenstern type bivariate generalized exponential distribution and derived their product moments.
Further the results are deduced for moments of k-th lower record values and order statistics. Recurrence rela-
tions between moments of concomitants are also obtained. Finally, some properties of joint distributions for
concomitants of dgos are presented.
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1. Introduction

[12] introduced the concept of generalized order statistics (gos) as a unified models of ordered
random variables such as ordinary order statistics, sequential order statistics, progressive type II
censoring, record values and Pfeifers records. The concept of lower generalized order statistics
was given by [19], and later [9] introduced it as dual generalized order statistics (dgos) to enable a
common approach to descendingly ordered random variables like reversed order statistics and lower
records models. There is a connection between the concepts of gos and dgos.

Let X be an absolutely continuous random variables with cumulative distribution function (cdf)
F and the probability density function (pdf) f . For n ∈N, k≥ 1, m̃ = (m1,m2, ...,mn−1) ∈Rn−1, the
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random variables Xd = (Xd(1,n, m̃,k),Xd(2,n, m̃,k), . . . ,Xd(n,n, m̃,k)) are called dgos if their joint
pdf is given by

fXd (x1,x2, ...,xn) = kCn−1

(
n−1

∏
i=1

[F(xi)]
mi f (xi)

)
[F(xn)]

k−1 f (xn), (1.1)

on the cone {(x1, . . . ,xn) : F−1(1) > x1 ≥ x2 ≥ ... ≥ xn > F−1(0)} ⊂ Rn, such that Cr =
r

∏
j=1

γ j and

γ j = k+n− j+∑
n−1
h= j mh ≥ 1 for all j ∈ {1,2, ...,n}.

An important special case in the concept of dgos is choosing m according to mi =m. With taking
m = 0 and k = 1, the random variable Xd(r,n,m,k) reduces to the (n− r+1)-th order statistics, and
with taking m = −1, the random variable Xd(r,n,m,k) reduces to r-th, k-lower record value. For
more details and some applications of dgos or lower generalized order statistics, reader can refer
to [1, 2, 4, 5, 7, 9, 13–16, 19].

The marginal pdf of rth dgos, Xd(r,n,m,k) is

fXd(r,n,m,k)(x) =
Cr−1

(r−1)!
[F(x)]γr−1 f (x)gr−1

m (F(x)), (1.2)

and the joint pdf of rth and sth dgos’s, Xd(r,s) = (Xd(r,n,m,k),Xd(s,n,m,k)), 1≤ r < s≤ n, is

fXd(r,s)(x,y) =
Cs−1

(r−1)!(s− r−1)!
[F(x)]m f (x)gr−1

m (F(x))

×[hm(F(y))−hm(F(x))]s−r−1[F(x)]γs−1 f (y), x < y, (1.3)

where gm(t) = hm(t)−h1(t), t ∈ (0,1) and

hm(t) =
{
−(m+1)−1tm+1 m 6=−1,
− log(t) m =−1.

Let (X1,Y1),(X2,Y2), ...,(Xn,Yn) be n pairs of independent random variables from a bivariate
population with cdf F(x,y). If the X-variates are arranged in descending order as Xd(1,n,m,k) ≥
Xd(2,n,m,k)≥ ...≥ Xd(n,n,m,k), then Y -variates paired (not necessarily in descending order) with
these dgos are called the concomitants of dgos and denoted by Y[1,n,m,k],Y[2,n,m,k], ...,Y[n,n,m,k]. The
pdf of Y[r,n,m,k], the r-th concomitant dgos, is given as ( [18])

g[r,n,m,k](y) =
∫ +∞

−∞

fY |X(y|x) fXd(r,n,m,k)(x)dx, (1.4)

and the joint pdf of Y[r,n,m,k] and Y[r,n,m,k] 1≤ r < s≤ n is given as

g[r,s,n,m,k](y) =
∫ +∞

−∞

∫ x1

−∞

fY |X(y1|x1) fY |X(y2|x2) fXd(r,s)(x1,x2)dx1dx2, x1 < x2. (1.5)

Recently, [20] defined the Morgenstern type bivariate generalized exponential distribution
(MTBGED). This distribution is a special case of Morgenstern family, defined by [17] with con-
sidering the generalized exponential (GE) distribution ( [11]) as the marginal distribution function.
In this paper, we study and derive the properties of concomitants of dgos in MTBGED. Similar
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works are done for dgos and gos in some literature: [18] considered the concomitants of dgos for
Morgenstern type bivariate power function distribution.

[3, 6, 8, 20] studied the concomitants of gos for Morgenstern type bivariate exponential distri-
bution (MTBED), Gumbel’s bivariate exponential distribution, Morgenstern family, and MTBGED,
respectively.

This paper is organized as follows: in Section 2, we will review the MTBGED and some of its
properties. In Section 3, we study the properties of the marginal distributions of concomitants for
dgos from MTBGED. The properties of joint distributions of these statistics in Section 4.

2. A review on MTBGED

[11] defined the GE distribution with the following cdf

FX(x) = (1− e−θx)α , x > 0, θ > 0, α > 0. (2.1)

and we denote this cdf by GE(θ ,α).
By using the binomial series expansion, the kth moment of a random variable with GE(θ ,α) is

given as

µk =
αΓ(k+1)

θ k

∞

∑
i=0

(−1)i

(i+1)k+1 A(α−1, i), (2.2)

where A(α−1, i) =
(

α−1
i

)
. Also, its moment generating function is MX(t) = αBeta(α,1− t/θ)

where Beta(a,b) = Γ(a)Γ(b)
Γ(a+b) .

With considering the GE distribution, [20] defined the MTBGED as a special case of Morgen-
stern family. The random variables X and Y have MTBGED if their joint cdf is

FX ,Y (x,y) = (1− e−θ1x)α1(1− e−θ2y)α2{1+λ [1− (1− e−θ1x)α1 ][1− (1− e−θ2y)α2 ]}, (2.3)

x,y > 0, −1≤ λ ≤ 1.

The corresponding pdf of this distribution is given as

fX ,Y (x,y) = α1α2θ1θ2e−θ1x−θ2y(1− e−θ1x)α1−1(1− e−θ2y)α2−1

×{1+λ [2(1− e−θ1x)α1−1][2(1− e−θ2y)α2−1]}. (2.4)

Note that this distribution is a extension of MTBED introduced by [10].
The moments of the MTBGED are given as

E (XnY m) = E (Xn)E (Y m)+λ (E (Un)−E (Xn))(E (V m)−E (Y m)) ,

where U and V are independent random variables with GE(θ1,2α1) and GE(θ2,2α2), respectively.
Also,

µx = E(X) =
B(α1)

θ1
, µy = E(Y ) =

B(α2)

θ2
,

σ
2
x =Var(X) =

C(α1)

θ 2
1

, σ
2
y =Var(Y ) =

C(α2)

θ 2
2

,
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µxy = E(XY ) =
B(α1)B(α2)+λD(α1)D(α2)

θ1θ2
,

ρxy =Corr(X ,Y ) =
λD(α1)D(α2)√

C(α1)C(α2)
,

where B(α) = ψ (α +1)−ψ (1), C(α) = ψ ′ (1)−ψ ′ (α +1), and D(α1) = B(2α1)−B(α1), and
ψ (.) is the digamma function and ψ ′ (.) is its derivative.

The conditional distribution of Y given X = x has the pdf

fY |X (y | x) = fY (y) [1+λ (2FY (y)−1)(2FX (x)−1)] ,

Therefore, the regression curve of Y given X = x for MTBGED is

E (Y |X = x) = E (Y )+λ (2FX (x)−1)(E (V )−E (Y ))

= µy[1+
λ D(α2)

B(α2)
(2(1− e−θ1x)

α1−1)], (2.5)

where V has GE(θ2,2α2).

3. Concomitants of dgos in MTBGED

In this section, we consider the concomitants of dgos in MTBGED and obtain the properties of
their marginal distributions. Also, some recurrence relations between moments of concomitants are
presented.

3.1. Marginal distribution of concomitants

Consider X and Y are random variables from a Morgenstern family with marginal cdf FX(x) and
FY (y), and marginal pdf fX(x) and fY (y), respectively.

Also, let Xd(1,n,m,k),Xd(2,n,m,k), . . . ,Xd(n,n,m,k) be dgos for a random sample this family,
and Y[1,n,m,k],Y[2,n,m,k], . . . ,Y[n,n,m,k] be the concomitants of corresponding to this dgos.

[18] using (1.4) show that the marginal distribution of Y[r,n,m,k] is

g[r,n,m,k](y) = fY (y)[1+λC∗r,n(1−2FY (y))]

= f1:1(y)+λC∗r,n[ f1:1(y)− f2:2(y)], (3.1)

where C∗r,n = 1−
2

r
∏
j=1

γ j

r
∏
j=1

(γ j+1)
and fi:n(y) is the pdf of Yi,n, the ith order statistic of a random sample of

size n of Y . Note that g[r,n,m,k](y) depends only on the marginal distribution of Y and the distribution
of Y2,2 ( [8]).

Using (3.1), the pdf of Y[r,n,m,k] for MTBGED is obtained as

g[r,n,m,k](y) = α2θ2e−θ2y(1− e−θ2y)α2−1[1+δr−2δr(1− e−θ2y)α2 ], (3.2)

where δr =C∗r λ . Obviously, we can find that

g[r,n,m,k](y) = (1+δr) f1:1(y)−δr f2:2(y) = (1+δr) fY (y)−δr fV (y), (3.3)
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where fY (y) and fV (y) are pdf’s of random variables Y and V with GE(θ2,α2) and GE(θ2,2α2),
respectively.

Remark 3.1. With taking m = 0 and k = 1 in (3.2), the pdf of (n− r+1)-th concomitant of order
statistic from MTBGED is given as

g[n−r+1:n](y) = α2θ2e−θ2y(1− e−θ2y)α2−1[1+λ{1− 2(n− r+1)
n+1

}(1−2(1− e−θ2y)α2)], (3.4)

1≤ r ≤ n.

Note that 1
n

n
∑

r=1
g[n−r+1:n](y) = fY (y).

Remark 3.2. With taking m = −1 in (3.2), the pdf of r-th concomitant of k-lower record value
from MTBGED is given as

g[r,n,−1,k](y) = α2θ2e−θ2y(1− e−θ2y)α2−1[1+λ{1−2(
1+2k
k+1

)r}(1−2(1− e−θ2y)α2)], (3.5)

3.2. Moment generating function and moments of Y[r,n,m,k]

Using (3.3), the moment generating function(mgf) of Y[r,n,m,k] is given as

M[r,n,m,k](t) = (1+δr)MY (t)−δrMV (t)

= α2[(1+δr)Beta(α2,1−
t

θ2
)−2δrBeta(2α2,1−

t
θ2

)], (3.6)

where MY (t) and MV (t) are moment generating functions of random variables Y and V , respectively.
With differentiating (3.6) with respect to t and using (2.2), we get the lth moment of Y[r,n,m,k] as

µ
(l)
[r,n,m,k] = E(Y l

[r,n,m,k]) = (1+δr)E(Y l)−δrE(V l)

=
∞

∑
i=0

(−1)i α2Γ(l +1)
θ l

2(i+1)l+1
[(1+δr)A(α2−1, i)−2δrA(2α2−1, i)]. (3.7)

Since (3.7) is a convergent series for any l ≥ 0, so all the moments exist for integer values of α2.
With putting l = 1, we obtain the mean as

µ[r,n,m,k] = E(Y[r,n,m,k]) =
1
θ2

[B(α2)−δrD(α2)]

=
∞

∑
i=0

(−1)i α2

θ2(i+1)2 [(1+δr)A(α2−1, i)−2δrA(2α2−1, i)]. (3.8)

In general, if h(y) is a measurable function of y, then

E
(
h(Y[r,n,m,k])

)
= (1+δr)E(h(Y ))−δrE(h(V )),

and

E{h(Y[r,n,m,k])}−E{h(Y[r−1,n,m,k])} = [δr−δr−1][E(h(Y ))−E(h(V ))]

= 2λ [
r−1

∏
j=1

γ j

γ j +1
−

r−1

∏
j=1

γ j+1

γ j+1 +1
][E(h(Y ))−E(h(V ))]
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= 2λ [
γ1γ2...γr−1

(γ1 +1)(γ2 +1)...(γr−1 +1)(γr +1)
][E(h(Y ))−E(h(V ))].

Remark 3.3. With taking m = 0 and k = 1 in (3.8), the mean of (n− r+1)-th concomitant of order
statistic from MTBGED is given as

µ[n−r+1:n] =
1
θ2

[B(α2)−λ{1− 2(n− r+1)
n+1

}D(α2)].

Therefore, the following recurrence relations between the means of concomitants of order statistics
similar to [20] are obtained

µ[r+1:n] =
µ[r+2:n]+µ[r:n]

2
= µ[r:n]+

2λD(α2)

(n+1)θ2
,

µ[r:n]−µ[r:n−1] =
−λD(α2)

(n+1)θ2
,

µ[r:n]−µ[r−i:n] =
2λ iD(α2)

(n+1)θ2
, 1≤ i≤ r−1,

µ[r:n]−µ[r:n− j] =
−λ jD(α2)

(n+1)θ2
, 1≤ j ≤ n− r,

µ =
1
n

n

∑
r=1

µ[n−r+1:n] =
B(α2)

θ2
,

µ[r:n] = µ[1:n]+
2λ (r−1)D(α2)

(n+1)θ2
, 1≤ r ≤ n,

µ[r:n] = µ[r:r]−
λ (n− r)D(α2)

(n+1)θ2
, 1≤ r ≤ n,

µ[n−r+1:n] = µ[r:n]+
2λ (n−2r+1)D(α2)

(n+1)θ2
,

µ[r:n] = µ[rβ :(n+1)β−1], β ≥ 1,

µ[r:n] =
n

∑
s=n−r+1

(−1)s−n+r−1
(

s−1
n− r

)(
n
s

)
µ[1:s].

Remark 3.4. Set m =−1 in (3.8), to get the mean of r-th concomitant of k-lower record value from
MTBGED as

µ[r,n,−1,k] =
1
θ2

[B(α2)−λ{1−2(
1+2k
k+1

)r}D(α2)].

An explicit expression of Shannon entropy for concomitants of dgos in Morgenstern family is
given as

H(Y[r,n,m,k]) = E[− logg[r,n,m,k](Y )] = Zr,n,m,k +H(Y )(1+δr)+2δrφ f (u), (3.9)

where

Zr,n,m,k =
1

4δr
{(1+δr)

2 log(1+δr)− (1−δr)
2 log(1−δr)}+

1
2
, (3.10)
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and φ f (u) =
∫ 1

0 u log fY (F−1
Y (u))du. Applying this expression for Y[r:n] in MTBGED, we have ( [20])

H(Y[r:n]) =Wλ ,n(r)− log(α2θ2)+B(α2)−λ (
n−2r+1

n+1
)D(α2)+

α2−1
α2

[1+
λ (n−2r+1

n+1 )

2
],

where

Wλ ,n(r) =
1

8λ (n−2r+1
n+1 )

{(1−λ (
n−2r+1

n+1
))2[2log(1−λ (

n−2r+1
n+1

))−1]

− (1+λ (
n−2r+1

n+1
))2[2log(1+λ (

n−2r+1
n+1

))−1]}.

3.3. Some Recurrence relations

In this section we shall present several recurrence relations between pdf’s, moments and mgf’s of
concomitants. From (3.3), we have

g[r,n,m,k](y) = f1:1(y)+C∗(r,n,m,k)λ [ f1:1(y)− f2:2(y)],

g[r,n,m,k](y)−g[r−1,n,m,k](y) = 2λ [
r

∏
j=1

γ j

γ j +1
−

r−1

∏
j=1

γ j

γ j +1
][ f2:2(y)− f1:1(y)],

g[r,n,m,k](y)−g[r−1,n−1,m,k](y) = 2λ [
r

∏
j=1

γ j

γ j +1
−

r−1

∏
j=1

γ j+1

γ j+1 +1
][ f2:2(y)− f1:1(y)],

g[r−1,n,m,k](y)−g[r−1,n−1,m,k](y) = 2λ [
r−1

∏
j=1

γ j

γ j +1
−

r−1

∏
j=1

γ j+1

γ j+1 +1
][ f2:2(y)− f1:1(y)].

Also, for 1≤ i≤ n− r and 1≤ j ≤ r−1, we have

g[r,n,m,k](y)−g[r,n−i,m,k](y) = λ [C∗(r,n,m,k)−C∗(r,n− i,m,k)][ f1:1(y)− f2:2(y)],

g[r,n,m,k](y)−g[r− j,n,m,k](y) = λ [C∗(r,n,m,k)−C∗(r− j,n,m,k)][ f1:1(y)− f2:2(y)],

g[r,n,m,k](y)−g[r− j,n−i,m,k](y) = λ [C∗(r,n,m,k)−C∗(r− j,n− i,m,k)][ f1:1(y)− f2:2(y)].

Using (3.7) the following recurrence relations between moments of concomitants are valid:

µ
(l)
[r,n,m,k]−µ

(l)
[r,n−i,m,k] = λ [C∗(r,n,m,k)−C∗(r,n− i,m,k)][E(Y l)−E(V l)],

µ
(l)
[r,n,m,k]−µ

(l)
[r− j,n,m,k] = λ [C∗(r,n,m,k)−C∗(r− j,n,m,k)][E(Y l)−E(V l)],

µ
(l)
[r,n,m,k]−µ

(l)
[r− j,n−i,m,k] = λ [C∗(r,n,m,k)−C∗(r− j,n− i,m,k)][E(Y l)−E(V l)],

where E(Y l) = µ l
1:1 and E(V l) = µ l

2:2. Furthermore, for i, j = 1, we have

µ
(l)
[r,n,m,k]−µ

(l)
[r,n−1,m,k] = 2rλ (m+1)[

γ2γ3...γr

(γ1 +1)(γ2 +1) . . .(γr +1)(γr+1 +1)
][µ l

2:2−µ
l
1:1],

µ
(l)
[r,n,m,k]−µ

(l)
[r−1,n,m,k] = 2λ [

γ1γ2...γr−1

(γ1 +1)(γ2 +1)...(γr−1 +1)(γr +1)
][µ l

1:1−µ
l
2:2].

For 1≤ i1 ≤ i2 ≤ n− r and 1≤ j1 ≤ j2 ≤ r−1, the relation between mgf’s of concomitants are

M[r,n,m,k](t)−M[r,n−i1,m,k](t) = α2λ [C∗(r,n,m,k)−C∗(r,n− i1,m,k)][Beta(α2,1−
t

θ2
)
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−2Beta(2α2,1−
t

θ2
)],

M[r,n,m,k](t)−M[r− j1,n,m,k](t) = α2λ [C∗(r,n,m,k)−C∗(r− j1,n,m,k)][Beta(α2,1−
t

θ2
)

−2Beta(2α2,1−
t

θ2
)],

M[r,n,m,k](t)−M[r− j1,n−i1,m,k](t) = α2λ [C∗(r,n,m,k)−C∗(r− j1,n− i1,m,k)][Beta(α2,1−
t

θ2
)

−2Beta(2α2,1−
t

θ2
)],

M[r− j1,n−i1,m,k](t)−M[r− j2,n−i2,m,k](t) = α2λ (C∗(r− j1,n− i1,m,k)−C∗(r− j2,n− i2,m,k))

×[Beta(α2,1−
t

θ2
)−2Beta(2α2,1−

t
θ2

)].

If we take m = 0 and k = 1, then the lth moment and mgf of Y[r:n] can be deduced from (3.6) and
(3.8), respectively as

E[Y l
[r:n]] = [1+λ (

n−2r+1
n+1

)]µ l
1:1−λ (

n−2r+1
n+1

)µ l
2:2

=
∞

∑
i=0

(−1)i α2Γ(l +1)
θ l

2(i+1)l+1
[(1+λ (

n−2r+1
n+1

))A(α2−1, i)

−2λ (
n−2r+1

n+1
)A(2α2−1, i)],

M[r:n](t) = α2[1+λ (
n−2r+1

n+1
)]Beta(α2,1−

t
θ2

)−2λα2(
n−2r+1

n+1
)Beta(2α2,1−

t
θ2

).

If we take m =−1 , then the lth moment and mgf of r-th concomitant of k-lower record value can
be deduced from (3.6) and (3.8), respectively as

µ
(l)
[r,n,−1,k] = [1+λ{1−2(

1+2k
k+1

)r}]µ l
1:1 +λ{1−2(

1+2k
k+1

)r}µ l
2:2

=
∞

∑
i=0

(−1)i α2Γ(l +1)
θ l

2(i+1)l+1
[(1+λ{1−2(

1+2k
k+1

)r})A(α2−1, i)

+2λ{1−2(
1+2k
k+1

)r}A(2α2−1, i)],

M[r,n,−1,k](t) = α2[1+λ{1−2(
1+2k
k+1

)r}]Beta(α2,1−
t

θ2
)

−2α2λ{1−2(
1+2k
k+1

)r}Beta(2α2,1−
t

θ2
).

4. Joint distribution of two concomitants

In this Section, we obtain the joint distribution of concomitants of two dgos, and study their prop-
erties.
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Let Y[r,n,m,k] and Y[s,n,m,k], 1 ≤ r < s ≤ n be concomitants of the r-th and s-th dgos from a Mor-
genstern family. The joint pdf of Y[r,n,m,k] and Y[r,n,m,k] is ( [18])

g[r,s,n,m,k](y) = fY (y1) fY (y2)[1+λ (1−2FY (y1))[1−2
r

∏
i=1

γi

γi +1
]

+λ (1−2FY (y2))[1−2
s

∏
i=1

γi

γi +1
]+λ

2(1−2FY (y1))(1−2FY (y2))

×[4{ γ1γ2 . . .γrγr+1 . . .γs

(γ1 +2)(γ2 +2)...(γr +2)(γr+1 +1)...(γs +1)
}

−2
s

∏
i=1

γi

γi +1
−2

r

∏
i=1

γi

γi +1
]]. (4.1)

Therefore, the joint pdf of these concomitants for MTBGED is

f[r,s,n,m,k](y) = [α2θ2]
2e−θ2(y1+y2)[(1− e−θ2y1)(1− e−θ2y2)]α2−1{1+λ (1−2(1− e−θ2y1)α2)

×[1−2
r

∏
i=1

γi

γi +1
]+λ (1−2(1− e−θ2y2)α2)× [1−2

s

∏
i=1

γi

γi +1
]

+λ
2(1−2(1− e−θ2y1)α2)(1−2(1− e−θ2y2)α2)

×[4( γ1γ2...γrγr+1...γs

(γ1 +2)(γ2 +2)...(γr +2)(γr+1 +1)...(γs +1)
)

−2
s

∏
i=1

γi

γi +1
−2

r

∏
i=1

γi

γi +1
]}. (4.2)

Also, the joint mgf of Y[r,n,m,k] and Y[s,n,m,k] is obtained as

M[r,s,n,m,k](t1, t2) = MY (t1)MY (t2)+λ [1−2
r

∏
i=1

γi

γi +1
][MY (t1)MY (t2)−MY (t1)MV (t2)]

+ λ [1−2
s

∏
i=1

γi

γi +1
][MY (t1)MY (t2)−MV (t1)MY (t2)]

+ λ
2[MY (t1)−MV (t1)][MY (t2)−MV (t2)]

× [4(
γ1γ2 . . .γrγr+1...γs

(γ1 +2)(γ2 +2) . . .(γr +2)(γr+1 +1) . . .(γs +1)
)

−2
s

∏
i=1

γi

γi +1
−2

r

∏
i=1

γi

γi +1
]. (4.3)

Differentiating (4.3) with respect t1 and t2, and putting t1 = t2 = 0, we can obtain the product
moments E{Y l1

[r,n,m,k]Y
l2
[s,n,m,k]}= µ

(l1,l2)
[r,s,n,m,k], l1, l2 > 0 as

µ
(l1,l2)
[r,s,n,m,k] = µ

l1
1:1µ

l2
1:1 +λ [1−2

r

∏
i=1

γi

γi +1
][µ l1

1:1µ
l2
1:1−µ

l1
1:1µ

l2
2:2]

+λ [1−2
s

∏
i=1

γi

γi +1
][µ l1

1:1µ
l2
1:1−µ

l1
2:2µ

l2
1:1]

+λ
2[µ l1

1:1−µ
l1
2:2][µ

l2
1:1−µ

l2
2:2]
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×[4( γ1γ2 . . .γrγr+1 . . .γs

(γ1 +2)(γ2 +2) . . .(γr +2)(γr+1 +1) . . .(γs +1)
)

−2
s

∏
i=1

γi

γi +1
−2

r

∏
i=1

γi

γi +1
]. (4.4)

The joint mgf of the concomitants of the r-th and s-th order statistics, Y[r:n] and Y[s:n], can be
deduced from (4.4) with m = 0 and k = 1 as

MY[r:n],Y[s:n](t1, t2) = (τr + τr,s)α
2
2 Beta(α2,1−

t2
θ2

)[Beta(α2,1−
t1
θ2

)−2Beta(2α2,1−
t1
θ2

)]

+(1+ τr,s)α
2
2 Beta(α2,1−

t1
θ2

)Beta(α2,1−
t2
θ2

)

−2(τs + τr,s)α
2
2 Beta(α2,1−

t1
θ2

)Beta(2α2,1−
t2
θ2

)

+4τr,sα
2
2 Beta(2α2,1−

t1
θ2

)Beta(2α2,1−
t2
θ2

),

where τr =
λ (n−2r+1)

n+1 and τr,s = λ 2[n−2s+1
n+1 −

2r(n−2s)
(n+1)(n+2) ]. The product moment E[Y[r:n]Y[s:n]] = µ[r,s:n]

is obtained (similar to [20]) as

µ[r,s:n] =
1

θ 2
2
{(1+ τr + τs + τr,s)B2(α2)− (τr + τs +2τr,s)B(α2)B(2α2)+ τr,sB2(2α2)}.

Therefore, the covariance between Y[r:n] and Y[s:n] is given by

Cov(Y[r:n],Y[s:n]) =
D2(α2)[τr,s− τrτs]

θ 2
2

. (4.5)

Thus the r-th and s-th concomitants are positively correlated and its value decreases as r and s pull
apart. Finally, the coefficient of correlation between Y[r:n] and Y[s:n] is derived as

ρ[r,s:n] =
D2(α2)[τr,s− τrτs]

{[C(α2)+ τr(C(2α2)−C(α2))][C(α2)+ τs(C(2α2)−C(α2))]}
1
2
. (4.6)

The values of ρ[r,s:n] for n = 10 and some values of α2 and λ are given in Table 1. We can conclude
that ρ[r,s:n] has minimum value when r = 1 and s = 10, and it has maximum value when r = 5 and
s = 6 for given α2 and λ .

Remark 4.1. Set m = −1 in (4.3) and (4.4), we can obtain the joint mgf and product moments of
two concomitants of k-th lower record values of MTBGED.
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Table 1. The values of ρ[r,s:n] for n = 10 and some values of α2 and λ .

α2 = 0.2 α2 = 2.0
λ λ

r s 0.2 0.5 0.8 1 0.2 0.5 0.8 1
1 2 0.00012 0.00069 0.00159 0.00232 0.00026 0.00161 0.00400 0.00613

3 0.00011 0.00063 0.00146 0.00216 0.00024 0.00144 0.00359 0.00551
4 0.00010 0.00056 0.00133 0.00198 0.00021 0.00126 0.00317 0.00488
5 0.00009 0.00050 0.00119 0.00179 0.00018 0.00109 0.00274 0.00424
6 0.00007 0.00043 0.00104 0.00158 0.00015 0.00091 0.00231 0.00358
7 0.00006 0.00035 0.00088 0.00135 0.00012 0.00074 0.00187 0.00290
8 0.00004 0.00027 0.00070 0.00109 0.00009 0.00056 0.00141 0.00220
9 0.00003 0.00019 0.00049 0.00080 0.00006 0.00037 0.00095 0.00149
10 0.00002 0.00010 0.00027 0.00044 0.00003 0.00019 0.00048 0.00075

2 3 0.00023 0.00129 0.00303 0.00449 0.00047 0.00289 0.00724 0.01115
4 0.00020 0.00116 0.00276 0.00412 0.00041 0.00254 0.00640 0.00988
5 0.00017 0.00102 0.00246 0.00372 0.00036 0.00219 0.00554 0.00857
6 0.00015 0.00087 0.00215 0.00328 0.00030 0.00184 0.00466 0.00723
7 0.00012 0.00072 0.00181 0.00281 0.00024 0.00148 0.00377 0.00586
8 0.00009 0.00056 0.00144 0.00227 0.00018 0.00112 0.00286 0.00446
9 0.00006 0.00039 0.00102 0.00166 0.00012 0.00075 0.00192 0.00301
10 0.00003 0.00020 0.00055 0.00092 0.00006 0.00038 0.00097 0.00153

3 4 0.00030 0.00178 0.00429 0.00645 0.00062 0.00384 0.00969 0.01499
5 0.00026 0.00157 0.00383 0.00582 0.00054 0.00331 0.00839 0.01301
6 0.00022 0.00134 0.00335 0.00514 0.00045 0.00278 0.00706 0.01098
7 0.00018 0.00111 0.00282 0.00440 0.00036 0.00224 0.00571 0.00890
8 0.00014 0.00086 0.00224 0.00356 0.00027 0.00169 0.00433 0.00676
9 0.00009 0.00059 0.00159 0.00259 0.00018 0.00113 0.00291 0.00457
10 0.00005 0.00031 0.00086 0.00145 0.00009 0.00057 0.00147 0.00232

4 5 0.00035 0.00214 0.00532 0.00814 0.00072 0.00444 0.01129 0.01756
6 0.00030 0.00184 0.00464 0.00719 0.00060 0.00373 0.00950 0.01482
7 0.00024 0.00152 0.00391 0.00615 0.00048 0.00300 0.00768 0.01201
8 0.00018 0.00118 0.00311 0.00497 0.00036 0.00226 0.00582 0.00913
9 0.00012 0.00081 0.00221 0.00363 0.00024 0.00152 0.00392 0.00617
10 0.00006 0.00042 0.00119 0.00202 0.00012 0.00076 0.00198 0.00313

5 6 0.00038 0.00236 0.00606 0.00947 0.00075 0.00469 0.01200 0.01875
7 0.00031 0.00195 0.00510 0.00809 0.00060 0.00377 0.00970 0.01520
8 0.00023 0.00151 0.00405 0.00655 0.00045 0.00285 0.00735 0.01155
9 0.00016 0.00104 0.00288 0.00478 0.00030 0.00191 0.00495 0.00781
10 0.00008 0.00054 0.00155 0.00267 0.00015 0.00096 0.00250 0.00396

6 7 0.00037 0.00241 0.00641 0.01030 0.00072 0.00456 0.01176 0.01847
8 0.00028 0.00187 0.00509 0.00833 0.00054 0.00344 0.00891 0.01403
9 0.00019 0.00129 0.00362 0.00608 0.00036 0.00231 0.00600 0.00949
10 0.00010 0.00067 0.00195 0.00339 0.00018 0.00116 0.00304 0.00481

7 8 0.00033 0.00225 0.00626 0.01038 0.00064 0.00404 0.01050 0.01659
9 0.00022 0.00155 0.00445 0.00757 0.00043 0.00271 0.00708 0.01121
10 0.00011 0.00081 0.00240 0.00423 0.00021 0.00136 0.00358 0.00568

8 9 0.00026 0.00183 0.00539 0.00934 0.00049 0.00312 0.00818 0.01298
10 0.00013 0.00095 0.00290 0.00521 0.00024 0.00157 0.00413 0.00658

9 10 0.00015 0.00111 0.00348 0.00641 0.00028 0.00178 0.00470 0.00751
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