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Abstract
The method for writing a differential equation or system of differential equations in
terms of differential forms and finding their symmetries was devised by Harrison and
Estabrook (1971). A modification to the method is demonstrated on a wave equation
with variable speed, and the modified method is extended to determine approximate
and potential symmetries.

1 Introduction

The use of differential forms in differential geometry is now well-known and the literature is
abundant (see, e.g., [1]). Also, the analysis of invariance properties of differential equations
is presented in a number of texts, for example, [2]. A specific method for writing the
differential equation or system of differential equations in terms of differential forms and
finding their symmetries was devised by Harrison and Estabrook (see [3]).

In the sequel, a modification to the method is demonstrated with particular reference
to a wave equation with variable speed. This modified method is extended to determine
approximate and potential symmetries (for a detailed discussion on the latter, see [4] or,
for ‘nonlocal symmetries’, [5]). The advantage of using this method is that, in general,
the prolongation formulae required are of an order less than the order of the system
of partial differential equations in question. In the usual determination of symmetries,
the order of prolongation is equal to that of the system; these coefficients are usually very
tedious to calculate. In particular, second-order systems will reduce to first-order potential
systems so that no prolongation coefficients are required for determining possible potential
symmetries.

The original method requires that the differential forms constructed should form the
basis of a differential ideal. Possibly this would also work for the usual method of con-
structing symmetries; set up an ideal of differential equations, and then, instead of ensuring
that the action of a symmetry on the equations is zero on solutions of the equation, ensure
that the action of the symmetry on the equations leads to another equation in the ideal.

In this section, we will be using the reverse of this idea; in other words, rather than
ensuring that the Lie derivative of the forms stays within an ideal, we ensure that the
Lie derivative of the forms is zero when the forms themselves are zero. There are some
advantages to this method, one of which being that it is easy to extend the method to
approximate symmetries.

This idea will be used to calculate potential symmetries and approximate symmetries.
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2 Potential Symmetries

Consider Burgers’ equation which has an associated auxilliary system which we write here
for convenience:

vy = 2u
v = 2u, —ul. (2.1)

We introduce the 2-forms

o = dvdt — 2udzdt
= wvydxdt — 2udxdt,
6 = dvdz + 2dudt + v?dtdz
= wdtdz — 2u,dtdr + v?didz,

which return the system (2.1) when annulled. To calculate a symmetry

0 0

9,0
ou ”av

of (2.1), we calculate the Lie derivatives of these forms. First,

Lxa = X]da+d(X]«a)
X |(—2dudzdt) + d(ndt — 7dv — 2u&dt + 2urdx)
= (20 — np + 2u&, + 2ury)dtdx + (2u€,, — ny)dtdu + (2u&, — ny — 7 )dtdw
—2ur,dedu + (=7, — 2uty)dzdv — 7, dudw.

When o = 8 = 0, we have dtdv = 2udtdz and dezdv = v?dtde — 2dtdu, so that

Lxa|la=pg=0 = (2¢ —ns+ 2u&; + 2ur — u?r, — 2udT, + duPE, — 2um, — 2ury)dtdz
+(2u&y — My + 27, + duty)dtdu — 2ur,dxdu — T, dudv,

and we may now split the coefficients of dtdx, dtdu, etc, to obtain

dtde : 2¢ —ny + 2ué, + 2umy

—u?Ty — 20Ty + 4uPE, — 2uny — 2ut =0 (2.2)
dtdu : 2u&, —ny + 27 + dur, =0
dudv : 7,=0

dxdu : the same as dudv

Next,

LxB = X|(dB)+d(X]|3)
X | (2ududtdz) + d(ndx — €dv + 2¢dt — 27du + u?rdz — u?Edt)
= (2u¢ + 1 — 20, + uPm + v, dtdr + (u?E, — 20, — 27 )dtdu
+(u?€, — & — 2¢,)dtdv 4+ (—uPr, — 1y — 27, )dzdu
(=1 — & — uPr,)dado + (27, — &,)dudw.
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When o = 8 = 0, we obtain

LxBlazp=0 = (2u¢+1m — 205 — T + u*Ey + 20°E, — 2ué; — dug,
—uln, —u?&, — U4Tv)dtd.%'
+(uPEy — 20y — 27 + 21, + 26, + 20T, )dtdu
—(Ny + 272 + UQTu)dxdu + (27, — &y )dudv,
which may be split into

2u¢ + e — 20, — u27—t + Usz + 2u3£v

—2uéy — dudy — uln, —uéy —utn, = 0 (2.5)

U2y — 20y — 27 + 20y + 28, + 2uPT, = 0 (2.6)

Ny + 27z + u2Tu =0 (27)

97y — &y = O. (2.8)

Straight away we see from (2.4) that 7 = 7(¢,z,v), so that (2.7) becomes 7, = —27,,

which combined with (2.8) means that (2.3) can be written
6ur, + 41, = 0.
Separating coefficients of u gives 7, = 7, = 0, that is
T =7(t).

Thus (2.7) and (2.8) tell us that n = n(¢,z,v) and £ = £(t,x,v). We may now rewrite
(2.6) as
Gu="E+nw—Tt
and therefore
¢ = u(gl‘ + Ny — Tt) + A(t,:{?,’l)),

where A is an unknown function. We can now write (2.5) in terms of functions all inde-
pendent of u:

u2(2§z + 0y — 37) + 2uA + 1 — 2u(Epy + Nua) — 24,
+2u3fv — 2u& — 4u2(§m + Nyy) — 4uA, — u2§x —utr, = 0,

which may be split by powers of « into

(u) 2A — 280 — 2myy — 2§ —4A, =0

(u2) 2§$ + N — 3Tt - 451}1: - 4771}1} =0 (29)
(u3) gv =0

(u?) 7o = 0.

We see that (2.9e) tells us nothing new and (2.9d) gives us £ = £(¢,z). Next, (2.9¢) can
be simplified:
28 + My — 4Anyy — 31 =0
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and therefore

1 v 1
= 1= Z(Qﬁz —37) — ZB(t7$)7

where B(t,x) is an arbitrary function. We now have a linear differential equation with
integrating factor e, so

n = (v+4)3n —2&) + B(t,z) +eiC(t, x),

where C(t,z) is another arbitrary function. We now turn our attention to (2.9b), which
may be written independently of n as

1 1 1 1 »
§A = _é-xx_ié-t_§640xa

Ay —
2

which is again a linear differential equation with integrating factor 67%1}, so that

1 v v
A = gt—fxx+5610x+€§E(t,fE),

where E(t,z) is an arbitrary function. Last, (2.9a) can be written

(’U + 4)(3Ttt — 2fg;t) =+ Bt + Q%Ct

1 o v
—2 ftx - Ea}a}a} + §eZCa:a: + eEEa: = 07

and may be split according to the coefficients of v, et and e2 to give

(1) 0 127 — 68t + By + 28420 = 0, (2.10)

v 31y — 28 = 0, (2.11)
ei : Cy — Caz = 0, (2.12)
e2 : E,=0. (2.13)

By virtue of (2.11), (2.10) can be rewritten
Bt — 28ty + 28322 = 0. (2.14)
We may now write (2.2) as
(v +4)28, — By + 4uéy — 2ury + 26 — 2640 +2e2E = 0,

which can be split according to coefficients of u, v and ez as follows.

(1) : 88 — By +2& — 2£: =0, (2.15)
w: 46, — 21 = 0, (2.16)
v: 2, =0, (2.17)

e : E=0. (2.18)

From (2.17) we see that £ = £(¢), so that (2.16) becomes 7, = 0, that is 7 is a constant. We
now see that (2.14) becomes B; = 0, that is B = B(x), and (2.15) is then B, = 2&;. This
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means that &; = 0, so that & = 1/2B, = ko, say. Integrating further gives B = 2ksx + k3,
and we then have

T = kq,
5 = k2t+k4a
1 o
6 = i (gc+cm>+k2,
n = 2kox+ ks + e%C,

where C'is any solution of the equation C; = C;. Thus we have the symmetry generators

X1 = %,

X, = ta%+8%+2x8%,

X3 = %},

Xy = 92

Xoo = ei (201+u0)6%+4e%0%.
Remarks.

1. The symmetry X is the only “genuine” potential symmetry of Burgers’ equation,
as it is the only potential symmetry for which one or more of £, 7 and ¢ depend on the
auxilliary variable v.

2. The auxilliary system (2.1) is only first order, so it is not necessary to calculate any
prolongation coefficients.

3 Approximate symmetries

The method may be extended to calculate approximate symmetries as well. We carry out
the following adaptation.
Let

E(:ci,uo‘,u‘(ll), )+ eF(:ci,uO‘,u(O‘l), ..)=0 (3.1)

be a perturbed equation, where E = 0 is the associated unperturbed equation. An ap-
proximate symmetry of (3.1) is a vector field X such that

X(E + eF)|prer=0 = O(¢?).

Now the perturbed equation will give rise to differential forms ~; = a; 4 €3;, where
the o/ are forms arising from the unperturbed equation £ = 0. We shall refer to the o7
collectively as I, and the a; as Ip. The phrase I = 0 should be taken to mean that for each
74, we have v; = 0, and similarly for Iy = 0. The condition that X be an approximate
symmetry of (3.1) can now be rewritten as the system

EX")/j‘IZQ = 0(62).
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How do we find such a symmetry? We adapt the algorithm of Baikov et al (6], [7]).
1. Find a symmetry X of the unperturbed equation.
2. Let

1
hj = ~Lxqvjl1=0-
3. Find a vector field X; such that

EXloéj‘[OZQ + hj =0.

4. The vector field X = Xy+€eX; is then an approximate symmetry of (3.1). The following
calculation shows why.

eLx,aj|r=0 + Lx,Vjlr=0 =0
which implies that

Lex,ajl=0 + LxyVj|1=0 = 0.
Now

Lex, €85 = € Lx, B = O(e?),
so that
Lex, ] 10=0 + Lex, €651 1=0 + Lx7j|1=0 = O(€?).
Next, we observe that
Lex, 0] 1=0 — Lex, | 1=0 = O(€?),
so we have that
Lex,vjl1=0 + LxoVil1=0 = O(€?),
that is
L(xo+ex)Vjl1=0 = O(€?),

and so X = X + €X; is an approximate symmetry of (3.1).
We demonstrate the algorithm above using a perturbed wave equation

U — €Uy + eF(t,z,u,us,uy) =0, (3.2)

the unperturbed version of which is uy — €**uy, = 0. For the unperturbed equation, we
can introduce new variables w = u; and z = u,, and use the forms o = du — zdz — wdt
and 8 = dwdzx + e**dzdt, which give rise to, among others, the symmetry

0 0 wu o 3 0 z 0

Xo= 2 42 ,u9 .
=9z 't T 250 T2%ow T 202

For the perturbed equation (3.2), we continue to use the 1-form a = du — wdt — zdz,
which gives w = u; and z = u, when annulled, but 8 = dwdx + e**dzdt describes the
unperturbed equation, so we introduce

v = p+ eFdidx,

which gives 1 —e**uy, +€F = 0 when annulled. Using the symmetry X for the algorithm
described above, we calculate

1
h1 == E‘C’Xoa|1=0 =0.
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Thus, for o, we must find a symmetry X such that
£X1a|10:0 +h1 =0

which means

Lx,alr=0 =0,

which is no different to the unperturbed case. We end up finding that X; must have
the usual prolongation coefficients, although we note that, as before, they need only be
calculated to first order.

Next,

1
hy = ;[’XO"Y’I:O

m 3 1 )

The next step in our algorithm is to find X (which we will call Y to avoid confusion with
subscripts), such that

Ly Bla=p=0 + h2 = 0, (3.3)
where we recall that 5 =y when € = 0. Now

Ly Bla=p=0 + ha
= {Y]dB+d(Y|B)}a=p=0 + h2
= {Y]2e*dzdzdt + d(Y"dz — {dw + €'Y *dt — €*7dz) } |a—p—0 + h2
= (V" — Y7 — ze*Y} + wY,"

3 1 5
+F, — tF + %Fu + SwFy + 52F, - §F> dtdz

+ (—2& — Y — wé&,) dtdw
+ 621 (_5 - YzZ — Tt — WTy + Yul)v + 533 + qu) dtdz
+ (—Yzw — ¥, — zeszu) dzdz.

Thus (3.3) implies that

YV — e2PY7? — 2e?TY7 + wY
+ F, —tF+ %F, + 3wF, + 2F, — 5F =0
&+ e¥Y7 +wé, =0
2+ Y+ twr, =Yy — & — 26, =0
Y¥ + ¥ 1, + 2e27, = 0,

which is exactly the same set of determining equations that the method of Baikov et al
[6, 7] gives, so from here on, the calculations are identical.
For further discussions on potential symmetries, the reader may refer to [8, 9].
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