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Abstract

A list of twenty five integrable vectorial evolutionary equations of the third
order is presented. Each equation from the list possesses higher symmerties
and higher conservation laws.

1 Introduction

Vector integrable equations appear first as some specializations of Jordan triple sys-
tems introduced in [1]. The most known of them are two vector modified Korteweg-
de Vries equations [2], [3]:

Up = Ugzy + (’U,, u)um

(1.1)

Uy = Uyzr + (W, w)u, + (u, u,)u.

Here and below u(t, z) belongs to a N-dimensional vector space V' with the scalar
product (-,-).

The further example is the N-component higher analog of the Landau-Lifshitz
equation [4]:

3 3
u; = <um + 5(’%,’%)%) + §<u,u)um, u?=1. (1.2)

xT

Here (-,-) is a second scalar product. In applications a second scalar product are
usually used for describing anisotropy of medium. There may be any realizations
of scale products. These realizations are not important for the symmetry analysis,
only bilinearity and differentiability are used therein.
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The following two series of scalar variables

Uo,0] = (u07u0>7 Uo,1] = (’UJO,’U&), sy Ul R = (’U/z',uk) {

k, (1.3)
71[0,0] = <’U/07u0>7 71[0,1} = <u0,u1>, ) U[z K = <u27uk>7 1<k

, (14)

//\ //\

where uy = 0Fu/0x", are used. For arbitrary N these variables can be considered
as independent.

A componentless version of the symmetry approach has been developed in [5] for
vector evolutionary equations of the following type

Uy = fnun+fnflun71 + "'_'_fOuOv (15)
where fj, are scalar smooth functions depending on variables (1.3) and (1.4).

Definition 1. If the coefficients f; of equation (1.5) depend on variables (1.3) only,

then equation (1.5) is said to be isotropic. If the coefficients f; of equation (1.5)

depend on both variables (1.3) and (1.4), then equation (1.5) is said to be anisotropic.
In recent years the following third order equation

u; = ug + fous + frus + fouo. (1.6)

has been studied. A complete classification of the isotropic integrable equations
(1.6) on a sphere has been obtained in [5]. A complete classification of the integrable
divergent equations (1.6) has been presented in [6]. A complete list of the isotropic
integrable equations (1.6) with fo = 0 has been presented in [7]. The anisotropic
integrable equations (1.6) on a sphere have been completely classified in [8]. But
at present there is no complete classification of integrable equations (1.6) in general
form.

Definition 2. Denote as ord the order of variables: ordw, = n, ordup = k,
ord ik = k (because i < k). The order of a function F' (ord F') is the maximal
order of its arguments.

This paper is devoted to a symmetry classification of the isotropic equations
(1.6), where ord f < 2,0rd f; < 2 and ord fy < 1. The latter condition has been set
because the problem Wlth ord fp < 2 is extremely cumbersome (see Appendix).

If a point transformation preserves a form of an equation, then we call this trans-
formation admissible for the equation under consideration.

It can be easily verified that equation (1.6) has three admissible point transfor-
mations:

¥ =ar+pt, =0 u =~u, .
u' =wexp(ar +0t), if filAupr, Ag) = fi(wir, Gpg), YA # 0, (1.8)
u' = uf(upg), (f*(up0)upe) # 0. (1.9)

Here «, 3,7,a and b are constant. The condition for f; in (1.8) expresses homo-
geneity of the equation and the condition in (1.9) guarantees invertibility of the
transformation.
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2 Integrability conditions

It is well known that any equation integrable by the inverse spectral transform
method possesses infinitely many conservation laws

Dtpi:DmHi, i:071,27... (21)

Here conserved densities p; and fluxes 6; are functions of field variables and their
spatial derivatives. D, is the total differentiation operator with respect to z, D;
is the evolutionary differentiation. The operators D, and D; are defined by the
following formulas:

Dyt =0, Dyx =1, Dyu; = uiqq, Doug g = 2ui 1), Datpg = 2Upi11),
Dy upig) = Uigr) + Upiprry ¢ <k, Dy tjjg = U1 + Uikt ¢ < K,
Dit =1, Dyx =0, Dyu, = DL F, F = u3 + fous + firuy + fouo,
Dyugpy = (ui, DEF) + (uwy, DLF), Dy = (ui, DEF) + (uy, DL F).

Moreover, the usual rules for differentiations of sums, products and composite func-
tions are implied.

The symmetry method deals with the so-called canonical conserved densities.
These densities are usually obtained by using an asymptotic expansion of the loga-
rithmic derivative of the Lax eigenfunction (see [9], Chapter 1, for example). Canon-
ical conserved densities can be also obtained from a temporal Lax equation.

Equation (1.6) can be written in the form (—0; + D3 + foD? + f1D, + fo)u = 0.
The main idea of the componentless version of the symmetry approach is to use the
equation (—0; + D3 + foD? + f1D, + fo)¢ = 0 as a temporal Lax equation. Then

one ought to set
Q/J:exp</Rdx>,

to obtain a Riccaty-type equation:
(Do + RZR 4 fo(Dy + R)R+ fiR+ fo— F, F— /Rt da. (2.2)

This equation has a formal solution in the following form

R=XT"4>"p A", F=X7"4) 6,\" (2.3)
n=0 n=0
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Equations (2.2) and (2.3) imply the following recursion relation:

Wl

Pry2 = |:0n — Jo0no =2 fopny1 — fo Dupn — f1 Pn]

n n+1
|:f2 Z Ps Prn—s + Z Ps Pk Pn—s—k + 3 Z Ps pns+1:|
s=0 s=0

0<s+k<n

Wl =

1 < 1
_D:v n a s Mn—s _D:vnu 2 .
[p+1+2;pp +3 p} n=0

Here §; ; is the Kronecker symbol, py and p; are given by the formulas:

1 1 1 1
P0:—§f2a Plz—f§—§f1+§Da:f2- (2.4)

9
The second equation (2.2) may be rewritten as a conservation law R, = F,. Using the
expansions (2.3) one has an infinite set of conservation laws (2.1). The evolutionary
differentiation D, appears in these equations because the functions p,, n =0,1,...
depend on a solution u of equation (1.6).
To use the recursion formula one ought to find functions 6; from (2.1). Expressions
for the further densities p; contain the fluxes 0;, j <@ — 2. For example,

1 1 2 1 1 2 1
pz:—§f0+—90—§f23+§f1f2—Da;(§f22+—Dxf2—§f1)7

3 9
and so on.
It is shown in [5] that even canonical densities are trivial, i. e. po, = DyXn,

n =0,1,.... Therefore, the necessary integrability conditions of equation (1.6) may
be presented in the following form:

) )

—Diponi1 =0, —po, =0, =0,1,..., 2.5

Su tP2n+1 S uP2 n (2.5)

where 0 /0w is the Euler operator.

3 List of integrable equations

Theorem. Isotropic equation (1.6) satisfying six integrability conditions (2.5) can
be reduced by a suitable point transformation (1.7)—(1.9) to one of equations from
the following list:

3
U = ug + §CU[070} Uy, (3].)

wp = ug + 3c(up,0) w1 + U1 w), (3.2)
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2 2
Ut:u3+§(M¢_cu22>ul
2 1+CU[171} 2.2 ’
3u
U = U3 — 3 —— 2 —ﬂuh
U, 1] 2 up
U[1,2]

U = U3 — 3 ——
Up1,1]

3
w=u3—=(p+1) —=—

2

3 /u Wiy o2
Uy + = ( 22 + 5 1.2 )ul,
2 \upp upy®(1+aupy)

P U Uf1,1] p? U[1,1]

p = \/1 +CL’U/[1,1],

U = U3 — 3 —— il 2]
UpL,1)
U = u3z — 3 it
UpL,1)
U = U3 — 3 —— il )
Up1,1]

’LL2+3

3(u un o> U’
W+_<mm+[mwamu_

U2,2]

Uy,
Uf1,1]

2

3/u un 9> cuq?
w+_<@ﬂ+[MJ+ mu)m,

Ur1,1) U[l,l]2 U[1,1)

3 u auf 9>
o2, 3 ’ (p+1) ( 22 AUp2 )uh

(upg + ¢ up )

upyy U, up 1)

q= CLU[O,O]2 + bup, + ¢, ¢ =2a wo,0 + b,

U = U3z — 3

UL,

U2

U[1,2}2 _ 4 Ufo,1]U[1,2]

U+

+4

U[1,1] (U[l,q + CJ)

uo,)? (upy + )

+§<WML+
2 u[l,l]

U = U3 — 3 4n2
U,

una? (w0 + @) up

(w0 + @) upr

+3<wM}+2wMWmu—2wMWmm+Uiq
Us

U1 (up,0 + @)up

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

2
>u17

(3.9)

(3.10)

(3.11)
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u 2 U 112 U
w=us — 33— g, 43 < L S = (0.2 ) Uy, (3.12)
U[QQ} + a (U[QQ} + a) U[Qp] + a
U 3 5upg 112 b—u —2u
Uy = U3 — 3 7[071} Us + = < 0.1] B -+ L] [0,2]) Uus, (313)
U[QQ} + a 2 (U[Qp] + (1,) U[Qp] + a
2
3 (CLU[LQ}(l + bU[(],()]) + bU[OJ}(l — (J,U[(],Q]))
U = U3 — < a2 —
2 C(1 + bujoo)
(3.14)
b(l — CLU[072})2)
- | U1,
a(l + bU[QQ})
¢ = (1+ aup,)(1 + bu) — abufy ),
3 (auup + up,y (1 — aupz))”
U = U3 — < CLU[QQ} —
2 5”[0,0]
(3.15)
1 _ 2
(1 —aupy) )Ul,
CLU[Q,O]
g = U[(],()](]. + CEU[LH) — (J,U[QOJ],
Ufo,1] U,1] Ulo 1}2
Uy =U3— 33— Uy — 3 . — . 5 | w1+
Ufo,0] +a U] +a  (upo) + a) (3.16)

+3b (upo,0 + @) (ugo, 1w + up0ur),

Ulo,1
ut:u3—3#u2

U[Q,o] “+a

2 3.17)
3 2 bup o +u (

2(’&[070} + a) U[QQ} +a bu[l,l} + U[Qp] +a

u 3 u 2 ujo.11?
Uy = Uz — 3 & Uy — — 1.1 - 0.1 2 + bU[QQ} Uy, (318)
Upo) +a 2 \upoyta  (upg+a)
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U — U3 — 3 Uy + — _
t ’ i b (u[070] + a) b(u[o,o} + ) (U[o,o] +a)

Uo,1] 3 U2 9) (up2) + b+ bupg)?
U[Qp] +a 2

(ujo,2) upo,1) — up (w0 + ¢) + (2upg + ¢+ a)bugy))? I
bn (ujo,0 + ¢)(ujo,0 + @)

(7 (uo.0) + @) + up y*(c — a)) ) u
(upg +¢) (upo +a)” ’

+

+

(3.19)
n =’ + (0 (uoo +a) —upa) (wpoo +c),

[

Ufg. 1] U — Ujp,q|U U +
= g 43 ( 01]Uf0.2) — Upojra [0,1})u2 e £+,

3 Ufo,0] Ufo,0]

2

3 (Q(U[l,z]u[o,o} — u[o,z]u[o,u) — upp,1§ (c+2 aup,o + 3b+/up, ))
_|_ —
9 q&*(&+q)

2
Up2,2]U0,0] (U[0,2]U[0,0} + f) u[ovlfu[om (ac— 62)

£ e q¢

§ = upup,0 — U[o,1}2, q = Uo,0) (a ufo,0] + 20~/ upp,0 + C) )

) uy, (320)

u u — U u u
u; = us + 3 < [0,1]%[0,2] : 0,0 4[1,2] + u[o,ﬂ) Uy - ¢ (1 +a /—U[o,o} ) u
[0,0]

2
L3 [ wzaupg (u,2u10,0) + §)
2 3 fu[o,o]2

2
. (U[O,O}U[l,Q] — Uo,1]%[0,2] T+ qu[o,l]f) n 01U[0,1]2 ) w,

52 f (1 —|—CL\/U[0,0])2
2(14/71[070} + 1

q=— )
(ay/ujo.0) + 1) o

(3.21)

§= Ur1,1)Uf0,0] — U[O,l}za
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“MH“NQ]_qﬂQm“H2]+_UWM
§ Uo,0]

ut:u3+3< )u2+co Ufo,0) Ut

3 <U[o,ow[2,21 (up,0upo2) +§)*
+5 - 2
2 3 § fo,0] (3.22)

_|_

(w00 U2 — o0/, %0,2 — 2& up ) | ¢’
2 B _'_ u17
£ ujo,0) § ujo,0]

§= Un,11U[0,0] — U[0,1]27

[0,1] U[0,2] — U[0,0] U[1,2]

U U
ut:u3+3< ¢ + [0’1])u2+00 (1+a\/u[0,o])u

Ujo,0]

2
upoupg  (2upaupog +Equpo +2€)° 1,
+3 - + =

u U 21U[0.01 — Wio.1]U 2
+2q [0,1]( [1,2]%[0,0] [0,1] [0,2]) _QU[O,l] q uy,
§ Uo,0]
a

& = upaupo — Yo, ¢=— ;
(1 +a/up0) vuloo

u u

U = U3z + 3 <
' ’ § § U[o,0]

2 —
L3 (u[o,o]up,z] _ U2 o Yoy (U[LQ}U[QO] u[on}u[O’l]) — (3.24)

3 3 § ujo,0]

U,

Uo,2
) 2) uy, §= U,11U%[0,0) — U[0,1]2-

+ 2
Ujo,0] Ujo,0]
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3 [ bupup —bu Ufp,0] + @ 2u
— +_< o0 = bupay (upo +a) 0.1 )) w

2
2 p(p—1) (upg + a) p (upg +a
2
3 bujag 0% (up,) (up0) + @) — ujog up )
+3 - 4
2\(p-1) (U[QO] + a) p*(p—1) (U[O,O] + a)
_ bu[O,Q]Q _ 2 U[Qz} 4U[0,1]2
2 2
(U[O,O] + a) (p—1) UooTa p (U[QO] + a)
L 2bupy (P —2) (upg) (upo) + @) — ujg uwﬂ) u
3 1,
(up0 +a)” (p—1)p
(3.25)
U U +a) — up 112
b= |14t (oo + @) — o

(upg +a)*

Everywhere in formulas (3.1)—(3.25) a, b, ¢, ¢; are arbitrary constants.
Comment. It follows from the zeroth condition of integrability (2.5) that fy is
the total derivative of another function:

fa= ng Inh, (3.26)

where ord h < 1 because ord f; < 2. This implies
1 1
po = _§Dm hl h, 00 = _§Dt hl h (327)

The direct computation provides that any second order conserved density p is the
second power polynomial of us:

p=cihupg + h1u[21,2] + hzu[Qog} + haup gup2 + U2 + qupz + 7, (3.28)

where ¢; is a constant, h;, p, ¢ and r are some fuctions of the first order. Using (3.26)
and (2.4) one can find that

1 1 1
— (D,Inh)? — = fi + =Dy fo.
P1 4( nh) 3f1+3 fa

Comparing p; and (3.28) one concludes that f; takes the following form:

S = crhupg + fauf o+ f5upo vz + fouih o + frupngy + fs upg + foo (3.29)

Further integrability conditions have proved to be very cumbersome and investiga-
tion of them have been performed by a computer. That is why we can not present
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this analysis in the paper. Note that the case ord fy = 2 is extremely difficult
for analysis and we have not been able to perform it. (Example of a system with
ord fy = 2 is given in Appendix).

Remark 1. Equations (3.1) and (3.2) differ from (1.1) by a dilatation of wu;
equations (3.3) — (3.7) have been presented in [6]. Equations (3.14) and (3.15)
have been presented in [7] in a different form.

Remark 2. Equation (3.8) with ¢ = 0 coincides with (3.5) if @ = 0 in it.

Remark 3. Equation (3.9) is reduced to (3.5) when a = b = 0 and it is reduced
to (3.4) when a =b=c=0.

Remark 4. Some equations can be obtained as limit cases of other equations:

a) equation (3.5) is reduced to (3.4) when a — oo;

b) equation (3.11) is reduced to (3.7) when a — oc;

¢) equation (3.10) with b = ca?/4 is reduced to (3.8) when a — oo;

d) equation (3.14) is reduced to (3.15) when b — o0;

e) equation (3.17) with b = ca is reduced to (3.3) when a — oc;

f) equation (3.21) with ¢; = ¢ja?, ¢y = cj/a is reduced to (3.22) when a — oo;
g) equation (3.23) is reduced to (3.24) when a — oc;

h) equation (3.25) is reduced to (3.12) when b — 0, p — —1;

i) equation (3.25) with a = 0 can be reduced to (3.24) when b — 0,p — 1;

j) equation (3.25) with a # 0 and b — 0,p — 1 can be reduced to (3.11) by the
following point transformation w = 2vv/—a/(1 + vy).

Remark 5. If one sets ¢; = 0 in (3.22), then, for new functions v = u/|u|, r = |ul,
a triangular system is obtained where v satisfies the independent equation (11) from
[5] with a = 0.

Remark 6. If one sets a = 0 in (3.25), then, for new functions v = u/|u|, r = |ul,
a triangular system is obtained where v satisfies equation (14) from [5].

(
(
(
(
(
(
(
(
(
(

4 Differential substitutions and Backlund
transformations

To prove the integrability of a new equation one ought to find a Lax representation
or a zero curvature representation. Also, there are two other ways of proving it,
namely (i) to find a Miura-type transformation between the new equation and an
equation known to be integrable and (ii) to find an auto-Backlund transformation
for the new equation.

A first order differential substitution

u = hl’Ul + ho’v. (41)

generalizes to the Miura transformation. Here smooth functions hy and h; depend
on wjog], vjo,1] and vyy,1). The function w is supposed to be a solution of some equation
from the list, and v is supposed to be a solution of an equation of the type (1.6)

v; = v3 + Dy(go)ve + G101 + gov (4.2)
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with unknown smooth functions g;(vy; k), where ordg; < 2 and ordgy < 1. The
form of the coefficient D,(gs) with ord go < 1 is necessary for integrability.

It is possible that higher order differential substitutions also exist. But com-
putations of the higher order differential substitutions are extremely cumbersome,
therefore only the first order differential substitutions have been computed.

Consider a general case of equation (1.6). By differentiating equation (4.1) with
respect to t one obtains the equation

us + fous + fruy + foug = Di(hivy + hov), (4.3)

where the right-hand side is differentiated according to (4.2). Hence, the right-hand
side of (4.3) depends on vy and vy ; only. The left-hand side of (4.3) depends on
uy, and vy ;). Using the differential consequences of (4.1)

u = h1v1 + hQ’U, u; = Dw(hl'vl + ho’v), Uy = Di(hl’vl + ho’U), e

one can evaluate their scalar products by pairs and express all variables uy; ;) in terms
of vjgy. Thus, one can exclude the variables w; and uy; ;) from (4.3). Then, it ought
to split the obtained equation with respect to v,k = 0,1,... and then additional
splitting is possible with respect to vj; ;. In this way one obtains an overdetermined
partial differential system for h; and g;. If a solution of this system exists it provides
a diffrential substitution and a corresponding equation (4.2).

The first order auto-Béacklund transformation takes the following form

u; — h1v1 -+ hQ’U -+ hgu, (44)

where both w and v satisfy (1.6), smooth functions h; depend on wujg ), vj ), 0 <
i <j<1land w; = (u,v;),7 > 0. An algorithm for computation the auto-Béacklund
transformations is the same as for the diffrential substitutions. There is only one
important difference between Béacklund transformations and diffrential substitutions.
A Baécklund transformation must depend on a “spectral” parameter.

Differential substitutions. If u satisfies (3.2) with ¢ = —1 and v satisfies (3.16),
then

v
w=— 4 /b \Jfopg Fav. (4.5)

U[QQ} +a

If w satisfies (3.1) with ¢ = —1 and v satisfies (3.18) then

u=—"2_ 4w (4.6)
U[O,O} +a

If w satisfies (3.13) with a = —k, b = —¢; k and v satisfies (3.21), then

av + /v
u=k ( 00 [O’O}'vl — a'v) . (4.7)

Y[o,1]
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where a is the parameter from (3.21).
If w satisfies (3.12) with a = —k and v satisfies (3.23),then

avpo + /v
u=Vk < Ll [O’O]vl — a'v) , (4.8)

Ylo,1]

where a is the parameter from (3.23).

Backlund transformations. In all formulas below, p is an arbitrary parameter.
Equation (3.1) has the following auto-Bécklund transformation:

um—i—vm:%(u—v)\/u—c(ujtv)?. (4.9)

The auto-Bécklund transformation for equation (3.2) is:

f = D o)
(u +v)?

U, +v, = p(u—v)— ((ujo,0)+wo)u—(vjo,0)+wo)v). (4.10)

Equation (3.8) has the following auto-Bécklund transformation:

u, = ( J__ 1) <vx—2w(u+v)>, (4.11)

(u + v)?

where

1
925¢MW+WV—CWMW—%MV

The auto-Bécklund transformation for equation (3.9) takes the following form:

u; = —p<f2 +2fm+1) (’01 - —2<u tv.v) (u+ ’U)) ) (4.12)

q(f*=1) (u+v)?

where

W' =1+ [vpy, p° = aujpg +bupg) + ¢, ¢° = avig + b + ¢,

2 _ a(up,0 — vp,0)° — (P +¢)* — p(u+v)?
a(uo — vp,0)? — (P — ¢)? — p(u+ v)?

The auto-Bécklund transformation for equation (3.10) may be written in the
following form:

w= (G ) (o - ) (1.13)
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where p* = w0 + a, ¢° = vjo,0) + @, n° = p(u + v)* — bup, — vp,0)>.
Equation (3.11) has the auto-Bécklund transformation of the following form:

w, = <Z3+ il ) (2w(u+v)—vl>, (4.14)

q QU (u + v)?

where p = ujg ) + a, ¢ = Vi + a, N = 2vp1(wo — a) + V1P — Wig.
The auto-Bécklund transformation for equation (3.12) is written:

p(wiq — vjo,p) — aq(a — pq + wo) (

u—v), 4.15
1q*(a —pq+ wo) ) (4.15)

U = 8’01 +p
q
where p? = o0 + a, ¢* = vjp, + a.
The auto-Bécklund transformation for equation (3.13) takes the following form:

u _P,U +pqw1—pv[o71}+q77(
1 — — vl
q (wo —pq + a)g?

u—v), (4.16)

where p? = ujo0) + a, ¢* = v, +a, 7° = ppq(wo —pg+a) —b(qg —p)*.
Equation (3.17) has the auto-Bécklund transformation of the following form

p bp(wy — 0[0,1]) +n (v

u, = -v; + —u), 4.17
' ' q(wo —pq+a) ) (.17)

where n? = ,u(b vyt q2) (b M(U[Qp] =+ V0,0 — 2wo) — 2(wo — pq + a’))7 P = Ujo,0] +
a, q2 = Vj0,0] + a.
The auto-Bécklund transformation for equation (3.14) takes the following form

b bwy — 1
ul_m:(L_vou + p(bwg )
1+ bU[O,O] ’ 1+ bU[O,O}

- ,uwl) (u + v), (4.18)

where

2 = by (up 0pvio.0) — wy) — b(1 + 2puwo) + 2 + 1 (u + v)?,
CLT/Q = (1 + (1,1}[171})(]_ + bU[Op]) - abv[QOJ].

The auto-Bécklund transformation for equation (3.15) can be written as

1+ pw
u; — v = (ﬂ — Vo1 [M} 04 uwl) (u+v), (4.19)
0,0

where
£ = 1 (up oo — wp) =1 = 2pawe, an® = (1+ avpy 1) — avip .

Remark 7. The auto-Bécklund transformations (4.9), (4.10), (4.18) and (4.19)
have been found in [7]. The auto-Bécklund transformations for equations (3.3)-
(3.7) have been found in [6].
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Remark 8. It can be verified that auto-Bécklund transformation (4.14) is reduced
to auto-Bécklund transformation (54) from [6] in accordance with Remark 4b.
Remark 9. It is obvious that the auto-Bécklund transformation (4.18) is reduced
to (4.19) when b — oo in accordance with Remark 4d.
Corollaries.
1. It is clear from Remark 1 that integrability of equations (3.1)—(3.7) has been
proved in the papers referred to above.
2. It follows from BTs (4.11)—(4.19) that equations (3.8), (3.9), (3.10), (3.11), (3.12),
(3.13), (3.14), (3.15), and (3.17) are integrable.
3. It follows from differential substitutions (4.5)—(4.8) that equations (3.16), (3.18),
(3.21) and (3.23) are connected with the integrable equations listed in the previous
points 1,2, hence equations (3.16), (3.18), (3.21) and (3.23) are integrable too.
Thus, integrability of the five equations (3.19), (3.20), (3.22), (3.24) and (3.25)
is not proved. These equations are cumbersome and their auto-Backlund trans-
formations are even more cumbersome. Moreover, the benefit of these equations
for applications is unclear, that is why we have not computed these five Backlund
transformations.

Conclusion

For each equation from the list, eight integrability conditions have been verified. It
was found that each equation possesses at least five higher order conserved densities.
This is a weighty argument for exact integrability of all equations.

The obtained equations may be useful in future investigations of vectorial inte-
grable equations, such as, for example, the hyperbolic equations.
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Appendix. An example of an equation with ord f; = 2

The following equation satisfies six conditions of integrability:

uofy  @fs A+ Dufy gy Aujy 22
fo*  fg 3bgPupe  3b2guf g

+C> u+

3
uy = us + é(lnf)J;'U,Q +3 (

up,1h [ ~up(39+4)fa (bg® + 1)fu[2071}

B bu[zo,o] fg? 2g 3bg2u,q
L3 ; 0 (bujo,019(f fruoopupo,n) — ©g) + uy 1, fh)? "
e _ _ L
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Here g = ujp o f —1, h = b(u[Qo,o}fQ —1) =1, ¢ =upgf +a, aband c are arbitrary
constants. Besides, f is a root of the following cubic equation:

((ufo, — wpopupa) f + auog) (uoo f — 1) +ufp g™ f = 0.

This equation contains the second order function fy (because ord ¢ = 2). There are
other such terribly cumbersome examples. That is why the complete classification
of integrable equations (1.6) has not been obtained until now.
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