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Abstract

In this note we introduce the concept of (¢, ¢’)-holomorphic map between two almost
quaternionic Hermitian manifolds. We prove that a (o, ¢’)-holomorphic map between
two quaternionic Kéahler manifolds with a certain property is a harmonic map and
give some conditions for the stability of such a map.

1 Introduction

The quaternionic structures generalize much relevant properties for 4-dimensional semi-
Riemannian manifolds to higher 4n-dimensional manifolds, some of them being relevant
for mathematical physics. We consider the quaternionic Kahler manifolds which have the
property to be Einstein manifolds and other remarkable properties [1, 4, 5, 16, 20]. R.
Penrose founded out a twistor programme [19] using twistor correspondence for transform-
ing conformal invariant fields given on Minkowski complex space into objects of complex
geometry that are defined on the twistor space.

It is well known that the twistor theory is closely connected with the existence of
canonical quaternionic structures on 4-dimensional oriented semi-Riemannian manifolds.
L. Berard-Bergery [3], S. Salamon [20] and others authors extended the theory to 4n-
dimensional quaternionic manifolds. On other hand, an interesting mechanism for space-
time compactification in the theory of Kaluza-Klein type is proposed in the form of a
nonlinear sigma model, i.e. harmonic map. The general solutions of this model can
be expressed in terms of harmonic maps satisfying the Einstein equations. The idea of
coupling the Einstein field equation to harmonic map seems to appear firstly in the paper
of V. de Alfaro, S. Fubini and G. Furlan [9].

Roughly speaking, a quaternionic Kéhler manifold is an oriented 4n-dimensional Rie-
mannian manifold whose restricted holonomy group is contained in the subgroup Sp(n)Sp(1)

Copyright (© 2008 by S Ianus, R Mazzocco and G E Vilcu



2 S Tanug, R Mazzocco and G E Vilcu

of SO(4n). These manifolds are of special interest because Sp(n)Sp(1) is included in the
list of Berger of possible holonomy groups of locally irreducible Riemannian manifolds
that are not locally symmetric [4]. On the other hand, the study of harmonic maps was
initiated by J. Eells and J.H. Sampson [10] and this topic has been intensively studied
later by several authors. In Section 2 we recall the definitions of quaternionic manifolds
and harmonic maps.

There exists now a rich literature concerning the holomorphic maps between almost
hermitian manifolds and also between almost contact metric manifolds. In Section 3 we
extend this concept in quaternionic setting. Thus, we introduce the notion of (o,0’)-
holomorphic map between two almost quaternionic hermitian manifolds and study this
kind of maps. In particular, we prove that they are harmonic maps under some hypothesis.

A harmonic map is said to be stable if the second variation of the energy is non-
negative for any smooth variation of the map. The stability of harmonic maps it is of
great interest in geometry and mathematical physics [2, 13, 21] and it has been studied
in Riemannian geometry [17, 22|, in complex geometry [6, 18], and in contact geometry
[14, 15]. Motivated by these considerations, in Section 4 we give some conditions for the
stability of a harmonic map between two quaternionic Kéhler manifolds.

Owing to the remarkable properties of quaternionic Kéahler manifolds, the results ob-
tained can have important applications in string theory, solitons, theory of liquid crystals,
gravity and general relativity.

2 Preliminaries

Let M be a differentiable manifold of dimension n and assume that there is a rank 3-
subbundle o of End(T M) such that a local basis {.Ji, J2, J3} exists of sections of ¢ satis-
fying for all a € {1,2,3}:

T2 = —1d, JoTui1 = —Jus1Ja = Jaia, (2.1)

where the indices are taken from {1,2,3} modulo 3.

Then the bundle o is called an almost quaternionic structure on M and {Ji, Jo, J3} is
called a canonical local basis of o. Moreover, (M, o) is said to be an almost quaternionic
manifold. It is easy to see that any almost quaternionic manifold is of dimension n = 4m
and orientable.

A Riemannian metric g on M is said to be adapted to o if it satisfies:

9(Jo X, JY)=g(X,Y),Va € {1,2,3} (2.2)

for all vector fields X,Y on M and any canonical local basis {J1, J2, J3} of o. Moreover,
(M,0o,g) is said to be an almost quaternionic Hermitian manifold.

If the bundle o is parallel with respect to the Levi-Civita connection V of ¢, then
(M,o,g) is said to be a quaternionic Kéhler manifold. Equivalently, locally defined 1-
forms w1, wo, w3 exist such that we have:

VxJo = wa+2(X)Ja+1 - wa+1(X)Ja+2a (23)

for any vector field X on M, where the indices are taken from {1,2,3} modulo 3.
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The second fundamental form o of a map f : (M, g) — (NN, g’) between two Rieman-
nian manifolds is defined by: af(X,Y) = %Xf*Y — [« VxY, for any vector fields X,Y on
M, where V is the Levi-Civita connection of M and V is the pullback of the connection
V' of N to the induced vector bundle f~'(TN): Vxf.Y = V' x f+Y. The tension field
7(f) of f is defined as the trace of ay, i.e.:

m

T(f)z = Zaf(ei,ei), (2.4)

i=1

where {e1, e, ...,ep,} is a local orthonormal frame of T, M, x € M. We say that f is a
harmonic map if and only if 7(f) vanishes at each point x € M.

3 Harmonic maps between almost quaternionic Hermitian
manifolds

Definition 1. Let (M, 0, g) and (N,0’,¢') be two almost quaternionic Hermitian mani-
folds. A map f : M — N is called a (o,0’)-holomorphic map at a point # € M if for
any J € o, exists J' € O'}(x) such that f, oJ = J' o f,. Moreover, we say that f is a
(0,0")-holomorphic map if f is a (o, 0’)-holomorphic map at each point 2z € M.

Theorem 1. Let (M, 0,g) and (N, o', g") be two almost quaternionic Hermitian manifolds.
If f: M — N is a (0,0")-holomorphic map, then we have:

JL(T(f)) = fuldivdy) — trace, f*V'JL, (3.1)

for all a € {1,2,3}, for any canonical local basis {Jy,Ja, J3} of o and corresponding local
basis {J1, J5, J5} of 0.

Proof. Let {eq,...,em, Ji€1, ..., Ji€m, J2€1, ..., Ja€m, J3€1, ..., Js€, } be an orthonormal ba-
sis of T, M, x € M. It is easy to obtain:

m

Z f*veijaei - i f*vJaeiei

- Z J&Ve,f*ez + Z Z f*nge,J Jﬁez

foldivda) = Jo(7(f))

1=1 f#«
m 3 _
ZZJ&vJﬁeif*Jﬁei' (3.2)
i=1 f=1
Also, we have:
m m 3
traceg f*V'J), = Z( O (feei) + Z Z vf*JBe )(fidgei),

=1 =1 I@:l
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and since f is a (o, 0’)-holomorphic map, we obtain:
m " m " m "
tracegf*V'J& = Z veif*Jozei - Z J&veif*ei - Z VJaeif*ei
i=1 i=1 i=1

m m 3
AN Ve fidadgei = D TAN gpe frdpes. (3.3)
i=1 B#o i=1 =1

On the other hand, from:

6Xf*yv _%Yf*X = f*[X,Y]

we derive:
Zeeif*t]aei _Z%Jaeif*ei = Zf*[eiaJOéei]' (34)
i=1 i=1 i=1

From (3.3) and (3.4) we deduce:
tTacegf*V,J& = Z fles, Jaei] — Z J(/x%eif*ei
i=1 i=1
m _ m 3 _
+ Z Z VJBeif*Janei — Z Z J&VJBeif*Jﬁei. (3.5)
i=1 B#a i=1p=1

Now, from (3.2) and (3.5) we obtain:

m

fe(divdy) — JL(T(f)) = tracey f*V'J., — Z Z ayr(Jgei, JaJge;). (3.6)
i=1 B#a

But, since the second fundamental form oy of f is a symmetric form, we remark that:
m
Z Z af(Jﬁei, JaJﬁei) = 0. (3.7)
i=1 B£a

The proof is now complete from (3.6) and (3.7). [

Theorem 2. Let (M,o,g) and (N,o’,g") be two quaternionic Kdhler manifolds. If f :
M — N is a (0,0")-holomorphic map such that, for any local section J € I'(c) and
corresponding J' € T'(c’) one has (V}*XJ’) o fu = fro(VxJ), for any local vector field X
on M, then f is a harmonic map.
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Proof. Since M is a quaternionic Kahler manifold, we obtain:

m

dive = Y [wap1(Jataei) = wara(Jatiei)le:
i=1

+ Z[WaJrl (Jar1€i) + wara(Jaroei)](Jaei)
i—1

+ Z[wa-f—Q(ei) - Woz-i—l(Jaei)] (Ja+1ei)

Zwaﬂ (e;) + wat2(Ja€i)](Jat26i). (3.8)

Similarly we find:

m

tracegf*V'J; = Z[w;-i-l(f*t]a—i&ei) - w:x—f—Q(f*Joz-i-lei)]f*ei

i=1

+ Z[W&H(f*l]aﬂei) + Wi o (Fedat2€)](frdaes)
i—1

+ Z[W;-i-Q(f*ei) - w:x-f—l(f*']aei)](f*JaJrlei)
=1

- Z[W;H(f*ei) + waga(fedaed)](feJataer). (3.9)
i=1
On another hand, from (Vv Jg) o fi = fi o (VxJa), we obtain wy, o fu = wq, Va €
{1,2,3}, and from (3.8) and (3.9) we derive:

fo(divdy) — trace, f*V'J, = 0. (3.10)

Now, from (3.1) and (3.10), we deduce 7(f) = 0 and thus we conclude that f is a
harmonic map. |

4 On the stability of the (¢, ¢’)-holomorphic maps

Let (M, g) be a compact Riemannian manifold and let f : (M, g) — (N, h) be a harmonic
map. The energy of f is defined by E(f) = [, e(f)Vy, where 9, is the canonical measure
associated with the metric g and e(f), = %tm,ce(f*h)x, Ve e M.

We consider now {fs,t}s,te(—e,e) a smooth two-parameter variation of f such that foo =
f and let VW € T'(f~}(TN)) be the corresponding variational vector fields: V =
%(fs s=0,0), W = 8t(f3t)| —(0,0)- The Hessian of a harmonic map f is defined

by: Hf(v W) asat( (fst))’(st) 0,0)-

The index of a harmonic map f (M, g) — (N, h) is defined as the dimension of the
largest subspace of I'(f~}(T'N)) on which the Hessian H is negative definite. A harmonic
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map f is said to be stable if the index of f is zero and otherwise, is said to be unstable.
We recall the next second variation formula obtained by E. Mazet and R.T. Smith:

H VW) = [ 1), )9, (41)

where Jy is the Jacobi operator of f (see [2]).

Let (M*™, 0, g) be a compact quaternionic Kihler manifold, (N4", o, h) be a quater-
nionic Kéhler manifold with scalar curvature p’ and f: M — N be a (o, 0’)-holomorphic
map. After some long but straightforward computation, we obtain:

1 ~
[ wam v, = 3 / WDV, DY), — / h(VMV,Jévwg
M M M

+Z (Ve Vo (Ve IV + Zh(vmv, (Vipdae: T3 V)]0,
a=1

(4.2)
for all 3 € {1,2,3}, where DV : T(TM) — T'(f~}(T'N)) is given by:
DV(X) =V ,xV — J;VxV, VX € T(TM).

Theorem 3. Let (M*™, 0, g) and (N*", 0, ¢') be two quaternionic Kihler manifolds such
that M is compact, N has non positive scalar curvature and, in any point p € M, exists a
basis {J1, J2, J3} of op such that one of Ji, Jo or Js is parallel. If f : M — N is a (0,0")-
holomorphic map such that, for any local section J € T'(c) and corresponding J' € T'(o”)
one has ( 'f*XJ') o fi = fxo(VxJ), for any local vector field X on M, then f is stable.

Proof. From (4.2) we obtain:

1
/Mh(Jf(V),V)ﬂg - 2 /Mh(DV,DV)ﬁg

nHi/ (feei,V 19+Z/ (faTaes, V)20,).

(4.3)
From (4.1) and (4.3) we obtain:
Hy(V,V) >0,V € T(f HTN))
and then we deduce that f is a stable harmonic map. |
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