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Abstract

Nonlocal symmetries for exactly integrable three-field evolutionary systems have been com-
puted. Differentiation the nonlocal symmetries with respect to x gives a few hyperbolic
systems for each evolution system. Zero curvature representations for all nonlocal systems
and for some of the hyperbolic systems are constructed.

1 Introduction

It is well known that the modified Korteweg-de Vries equation (mKdV) is the symmetry of the
sine-Gordon equation [1]. And vice versa, the sine-Gordon equation considered as the nonlocal
evolution equation ut = ∂−1

x sin u is the symmetry of the mKdV equation.
In recent years interrelations between evolution and hyperbolic systems have been studied in

terms of the Lax representations. Hyperbolic systems appear in this approach as negative flows
in hierarchies of integrable evolution systems. Hereafter we call a system integrable for brevity if
it possesses a nontrivial zero curvature representation or Lax representation. There are a lot of
papers where Lax representations are constructed for several equations. Most important among
others was [2] where the general construction for Lax representation of KdV type equations was
presented. These results were published in detail in [3] where the proofs of all theorems and
many examples were presented. We also point out [4], where it was shown how one can obtain
some popular equations using the results of [2].

This investigation has been motivated by the fact that the symmetry analysis of hyperbolic
systems is an extremely difficult task as compared with the evolutionary systems. Now a lot
of integrable evolution systems are known (see [5], for example), but the list of the known
integrable hyperbolic systems is much shorter. See for example [6] – [9] and references cited
therein. Having [1] in a mind, it may be reasonable to compute nonlocal symmetries directly
for each known evolution integrable system. Some of these symmetries, considered as evolution
equations, will belong to the hierarchy of corresponding evolution integrable system as negative
flows. Differentiating any nonlocal symmetry few times with respect to x one can obtain a
local nonevolution system. By doing so one can find several nonevolution systems belonging
to hierarchy of each integrable evolution system (see (3.3), (3.4), (3.6), (3.8) and (3.10) as an
example).

Some of nonlocal symmetries may not belong to the hierarchy of the system under consider-
ation. Such irrelevant symmetries are not commutative with the higher flows of the hierarchy.
Therefore one ought to verify commutativity of nonlocal symmetries with the higher flows of
the hierarchy. The higher flows can be found by a recursion operator or by constructing a zero
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curvature representation. Another and simpler way to prove the integrability of any symmetry
uτ = σ is to construct a nontrivial zero curvature representation for it

(Uτ − Vx + [U, V ]) uτ = σ = 0, (1.1)

where [U, V ] = UV − V U . This computation is sufficiently simple, because the matrix U is
common for all members of the hierarchy. If an evolution system is integrable and its matrix U
is known, then equation (1.1) gives a linear differential system for elements of V . This system
can be easily solved and the zero curvature representation can be obtain. If the symmetry
uτ = σ does not belong to the hierarchy, then system (1.1) is incompatible.

In this article we apply the discussed scheme to the integrable three-field evolutionary systems
that were obtained in our previous articles [9, 10, 11]. These results make it possible to find new
hyperbolic systems. The zero curvature representations for some of the new systems are found.

Section 2 introduces notation and basic notions. Section 3 is devoted to the nonlocal symme-
tries and corresponding hyperbolic systems. Section 4 contains zero curvature representations
for all nonlocal systems and selected hyperbolic systems.

2 Notation

Consider an evolution system with two independent t, x and m dependent variables uα

ut = K(t, x, u, ux, . . . , un), (2.1)

where K = {Kα, α = 1, . . . ,m} and u = {uα, α = 1, . . . ,m} are infinitely differentiable vector
functions; u ≡ u0, ux ≡ u1, uk = ∂ku/∂xk. The set of the variables uα

i is usually denoted as u
for brevity.

Definition 1. (see [5, 12, 13, 14]). A vector function σ(t, x, u, ux, . . . , uk) is said to be the
generalized symmetry of system (2.1) if it satisfies the following equation

(Dt − K∗)σ = 0, (2.2)

where

(K∗)
α
β =

∑

k>0

∂Kα

∂uβ
k

Dk
x, , Dx =

∂

∂x
+

∑

α,k>0

uα
k+1

∂

∂uα
k

, Dt =
∂

∂t
+

∑

α,k>0

(

Dk
xKα

) ∂

∂uα
k

.

Operation ∗ : K → K∗ is called the linearization one, Dx is the total differentiation operator
with respect to x, Dt is the evolutionary differentiation operator. The order of the differential
operator f∗ is called the order of the (vector-) function f .

A generalized symmetries σ are often written as the following evolutionary systems

uτ = σ(t, x, u), (2.3)

where τ is another parameter of evolution. It is possible because the compatibility condition for
equations (2.1) and (2.3) coinciding with (2.2).

Definition 2. (see [5, 12, 13, 14]). If the differentiable functions ρ and θ satisfy the following
identity

Dtρ(t, x, u) = Dxθ(t, x, u), (2.4)

for any solution u of system (2.1), then this identity is called the local conservation law of system
(2.1). The functions ρ and θ are called the conserved density and flux correspondingly. The pair
(ρ, θ) is called the conserved current.
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As the operators Dt and Dx are commutative, the functions ρ0 = Dxf and θ0 = Dtf , where
f is an arbitrary function, identically satisfy (2.4). Such currents are called trivial. Conserved
densities are always defined by modulo trivial (divergent) densities.

Let (ρ, θ) be a conserved current of a finite order. Then the following system

Dxw = ρ(t, x, u), Dtw = θ(t, x, u), (2.5)

where u is a solution of system (2.1), is compatible. The solution of this system is formally
written in the form w = D−1

x ρ. One may consider w as a new dynamical variable. It is
called weakly nonlocal or quasi-local (see [15]). We will simply write “nonlocal variables” for

brevity. We call the nonlocal variables {w(1)
i = D−1

x ρ
(0)
i }, that are constructed by means the

local conserved currents {ρ(0)
i , θ

(0)
i }, the first order nonlocal variables.

To operate with the new variables one must prolong the operators Dt and Dx:

D(1)
x = Dx + ρ

(0)
i

∂

∂w
(1)
i

, D
(1)
t = Dt + θ

(0)
i

∂

∂w
(1)
i

, (2.6)

where summation over the repeated indeces is implied. The prolonged operators are commutative

[

D
(1)
t ,D(1)

x

]

= [Dt,Dx] +
(

Dtρ
(0)
i − Dxθ

(0)
i

) ∂

∂w
(1)
i

= 0

because of (2.4) and commutatuivity Dt and Dx.

Now one may search nonlocal conserved currents. If there exists a nontrivial conserved

current {ρ(1), θ(1)} depending on t, x, u, ux, . . . , uk and w
(1)
i , and w

(1)
i cannot be removed by

a gauge transformation ρ → ρ + D
(1)
x f, θ → θ + D

(1)
t f , then we call the nonlocal variable

{w(2) = D−1
x ρ(1)} the second order nonlocal variable and so on. The new prolongation of Dt

and Dx is constructed on each step

D(n+1)
x = D(n)

x + ρ
(n)
i

∂

∂w
(n+1)
i

, D
(n+1)
t = D

(n)
t + θ

(n)
i

∂

∂w
(n+1)
i

(2.7)

and each prolongation gives the commutative operators because

[

D
(n+1)
t ,D(n+1)

x

]

= [D
(n)
t ,D(n)

x ] +
(

D
(n)
t ρ

(n)
i − D(n)

x θ
(n)
i

) ∂

∂w
(n+1)
i

,

(see also [16], for example).

If equation (2.2) with the prolonged operators Dt and Dx possesses a solution σ depending
on the nonlocal variables, then σ is called the nonlocal symmetry. We stress that there exist
nonintegrable nonlocal symmetries, and the best way to prove integrability a nonlocal symmetry
is constructing the zero curvature representation for it.

3 Nonlocal symmetries and hyperbolic systems

We consider here the exactly integrable evolutionary systems that are found in paper [11]. We
will cite these systems as “a”, . . . , “g” in accordance with the mentioned article. For the
reader’s convenience we write the evolution system under consideration in the beginning of
each subsection 2.1 – 2.7. Then we present the nonlocal variables and nonlocal symmetries in
form (2.3). All symmetries linearly depend on arbitrary parameters ci. Each nonlocal system
uτ = σ(x, u,w, ci) can be reduced to a local form, but for some parameters we obtain very
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cumbersume local systems. We set such parameters to zero and consider simplest symmetries
only.

Besides, the order of equations that may be interesting for applications is not too high. That
is why to construct the nonlocal variables we find conserved densities of the zero and first orders
only. The chains of nonlocal variables for the systems under consideration seems to be infinite.
That is why only nonlocal variables of the first and second orders are considered here.

All nonlocal systems presented below possess zero curvature representations.

3.1 System “a”

It is an exceptional case when the third order system possesses the second order symmetry:

ut = mxnx, mt = −mxx − m2
x + 2mxnx + 2mxux, nt = nxx + n2

x + 2nxux − 2mxnx.

We consider this system instead of the original system of the third order for simplicity. This
system possesses the following 8-parametric nonlocal symmetry

uτ = c1w1 + c2w2 − c4w4 + c5w6 + c6(w1w4 − w2w6) − c7w1w2 − c8w1w4,

mτ = c1w1 + c3w3 + (c4 − c6w1)(w2w3 − w4) + c5w1w3

+ c7(w5 − w1w2) + c8(w3w5 − w1w4),

nτ = −c2w2 + (c3 + c4w2 + c5w1 − c6w1w2 + c8w5)(w3 + e−m−n)

+ w6(c6w2 − c5) + c7w5,

(3.1)

where

w1 = D−1
x e2u+n, w2 = D−1

x em−2u, w3 = D−1
x mxe−m−n,

w4 = D−1
x w3e

m−2u, w5 = D−1
x w1e

m−2u, w6 = D−1
x (w3e

2u+n + e2u−m).

We found the following simple local systems from (3.1).
A.1. If we adopt ci = 0, i > 3 in (3.1), then the following system follows:

uτ = c1w1 + c2w2, mτ = c1w1 + c3w3, nτ = −c2w2 + c3(w3 + e−m−n). (3.2)

This implies (u + n − m)τ = c3e
−m−n, therefore we introduce the new variables:

p =
1

3
(u + n − m), q =

1

3
(2u + m + 2n), r =

1

3
(2u − 2m − n).

Rewriting system (3.2) in the new variables and differentiating two of the three equations, we
obtain

qτx = c1e
r+2q + a(qx + 2rx − 6px)er−q, pτ = aer−q,

rτx = c2e
−2r−q − a(2qx + rx − 6px)er−q,

(3.3)

where a = c3/3.
A.2. One may transform system (3.2) in another manner adopting w1 = p,w2 = q, w3 = r

as the new variables. It follows from the definitions of the variables w1−3 that

n + 2u = ln px, m − 2u = ln qx, n + m = ln(pxqx), mx = pxqxrx.

Using these formulas one can easily odtain

pτx = px(2c1p + c2q + c3r) + c3q
−1
x , qτx = qx(c3r − c1p − 2c2q),

rτx = rx(c2q − c1p − 2c3r) + c1q
−1
x .

(3.4)
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One can perform this transformation for the general system (3.1), but one has to add to the
system four additional relations:

w4,x = rqx, w5,x = pqx, w6,x = rpx + q−1
x , w7,x = qrpx + qq−1

x .

Now we consider the case when ci = 0, i > 4 and c4 6= 0. The shifts w2 → w2 − c3/c4 and
w3 → w3 + c2/c4 remove the parameters c2 and c3, hence (3.1) takes the following form:

uτ = c1w1 − c4w4, mτ = c1w1 + c4(w2w3 − w4), nτ = c4w2(w3 + e−m−n). (3.5)

For (3.5) two further transformations have been found.
A.3. Setting p = w3, q = n + 2u, r = w2, and taking into account the identities px =

mxe−m−n, rx = em−2u, w1,x = eq, w4,x = prx, em+n = eqrx, one can easily reduce equations (3.5)
to the following form:

pτx = c1rx
−1 − 1

2
pxqτ +

1

2
c4e

−qpxrr
−1
x − 3

2
c4prpx,

qτx = 2c1e
q + c4(rpx − prx) + c4(rr

−1
x e−q)x,

rτx =
3

2
c4prrx − 1

2
rxqτ +

1

2
c4re

−q.

(3.6)

A.4. Introducing the new variable z = w3e
m one can find w2 from the third equation of

(3.5):

c4w2 = em+n nτ

zen + 1
.

This allows us to eliminate w2 and reduce system (3.5) to the following form:

uτx = c1e
n+2u − c4ze−2u, mτx = c1e

n+2u +
nτmx

zen + 1
,

nτx = c4e
−n−2u(zen + 1) − nτnx

zen + 1
.

(3.7)

Then differentiating the equation z = w3e
m we obtain the relations

mx =
zx

z + e−n
, zx = mx(z + e−n), zτx = mτx(z + e−n) + mx(zτ − nτe

−n),

which make it possible to to eliminate the function m from the system. To write the system
in a symmetrical form, we introduce another substitution n = ln z̄. The result is a chiral-type
system

uτx = c1z̄e2u − c4ze−2u, zτx = c1Fe2u + z̄ztzxF−1, z̄τx = c4Fe−2u + zz̄tz̄xF−1, (3.8)

where F = zz̄ + 1. Exact integrability of this system has been proved in [9].
If we set in (3.1) c4 = c6 = c7 = c8 = 0, c5 6= 0, then the shift w1 → w1−c3/c5 removes c3; the

second shift w3 → w3−c1/c5 implies w6 → w6−c1/c5w1 and removes c1. These transformations
reduce system (3.1) to the following form:

uτ = c2w2 + c5w6, mτ = c5w1w3, nτ = c5(w1e
−m−n − w6 + w1w3) − c2w2. (3.9)

We found two transformations to the local form for this system.
A.5. If we set p = w3, q = m − 2u, r = w1, then using the relations px = mxe−m−n, rx =

e2u+n, w2,x = eq, w6,x = prx + e−q, em+n = eqrx we reduce equation (3.9) to the form

pτx = c5pe−q − 1

2
pxqτ − 3

2
c5prpx,

qτx = c5(rpx − prx) − 2c2e
q − 2c5e

−q,

rτx =
3

2
c5prrx − 1

2
rxqτ + c5re

−q,

(3.10)
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different from (3.6).
The second possibility consists in performing the substitution z = −w3e

n − e−m, z̄ = em.
Eliminating w1 with the help of the second equation (3.9): c5w1 = −z̄τe

n(zz̄ + 1)−1 we obtain
system (3.8).

3.2 System “b”

ut =
1

4
uxxx +

3

2
(mxnxx − nxmxx) + 3n2

xmx − 3m2
xnx + 3uxnxmx − 1

2
u3

x,

mt = mxxx − 3mxx(ux + nx − mx) − 3

2
mxuxx − 3uxm2

x +
3

2
u2

xmx + 6uxnxmx

− 6m2
xnx + 3n2

xmx + m3
x,

nt = nxxx + 3nxx(ux + nx − mx) +
3

2
uxxnx + 3uxn2

x − 6n2
xmx +

3

2
nxu2

x

− 6uxnxmx + 3m2
xnx + n3

x.

This system possesses the following 8-parametric nonlocal symmetry

uτ = c1w1 − c2w2 + c4w4 + c5w5 + 2c6w6 + c7w7 + c8(w1w7 − w2w8),

mτ = c1w1 + c3w3 + c4w4 + c5(w5 − nxe
2(n−m+u)) + c6(w6 − w2w3)

+ c7(w7 − w3w6) + c8(w1w7 − w3w9),

nτ = c2w2 + (c3 − c6w2 − c7w6 − c8w9)(w3 + e−m−n)

+ c4(mxe2(m−n−u) − w4) − c5w5 − c6w6 + c8w2w8,

(3.11)

where

w1 = D−1
x e2n+2u, w2 = D−1

x e2m−2u, w3 = D−1
x mxe−m−n,

w4 = D−1
x m2

xe2m−2n−2u, w5 = D−1
x n2

xe2n−2m+2u, w6 = D−1
x w3e

2m−2u,

w7 = D−1
x w2

3e
2m−2u, w8 = D−1

x (e2u−2m + 2w3e
2u−m+n + w2

3e
2n+2u),

w9 = D−1
x (w2e

2u−m+n + w2w3e
2n+2u + w1w3e

2m−2u).

The simple local systems that follow from (3.18) are presented below.
B.1. Adopting ci = 0, i > 5 in (3.11) we obtain by differentiation the following hyperbolic

system:

uτx = c1e
2(n+u) − c2e

2(m−u) + c4m
2
xe2(m−n−u) + c5n

2
xe2(n−m+u),

mτx = c1e
2(n+u) + c3mxe−m−n + c4m

2
xe2(m−n−u)

− c5(nxx − 2mxnx + n2
x + 2uxnx)e

2(n−m+u),

nτx = c2e
2(m−u) − c3nxe

−m−n − c5n
2
xe

2(n−m+u)

+ c4(mxx + m2
x − 2mxnx − 2mxux)e2(m−n−u).

(3.12)

If one supposes additionally c4 = c5 = 0, then (3.11) implies (u−m+n)τ = c3e
−m−n. Therefore

the substitution p = u − m + n, q = u − m, r = u + n gives a simpler system:

pτ = c3e
q−r, rτx = c1e

2r + c3(qx − px)e
q−r, qτx = −c2e

−2q + c3(px − rx)eq−r. (3.13)

B.2. We can rewrite system (3.13) choosing p = w1, q = w2, r = w3 as new unknown
functions:

pτx = 2(c1p + c3r)px + 2c3

√

pxq−1
x , qτx = 2(c3r − c2q)qx,

rτx = (c2q − c1p − 2c3r)rx + c1

√

pxq−1
x .

(3.14)
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Then we consider system (3.11), with c2 = c4 = c5 = c8 = 0 and c7 6= 0. The shift w3 → w3+a
implies w6 → w6 + aw2, w7 → w7 + 2aw6 + a2w2, hence we obtain c6 = 0 by setting a = −c6/c7.
The second shift w6 → w6 + c3/c7 removes c3 and we obtain the simple system:

uτ = c1w1 + c7w7, mτ = c1w1 + c7(w7 − w3w6), nτ = −c7w6(w3 + e−m−n). (3.15)

The further transformations can be performed in two manners.
B.3. The substitution z = w3e

m, z̄ = en (see point A.4.) reduces system (3.15) to the
following form:

uτx = c1z̄
2e2u + c7z

2e−2u, zτx = F−1z̄zτzx + c1F z̄e2u, z̄τx = F−1zz̄τ z̄x − c7Fze−2u, (3.16)

where F = zz̄ + 1. Exact integrability of this system has been proved in [11].
B.4. Substitution p = w3, q = n + u, r = w6 reduces system (3.15) to another form:

pτx = c1e
q

√

pr−1
x − pxqt + c7pxr(p − e−q

√

pr−1
x ),

qτx = c1e
2q − c7pxr − c7(re

−q

√

pr−1
x )x, rτx = rx(p−1px − 2c7rp).

(3.17)

3.3 System “c”

ut = 2mxxnx − mxnxx + mxnx(4ux + 3mx − 3nx),

mt = mxxx + uxxmx − 3mxx(nx − mx − ux) + 3mxnx(nx − 2ux)

− m2
x(5nx − 3ux) + mx(m2

x + 2u2
x),

nt = nxxx − 2uxxnx + 3nxx(nx − mx − ux) + 3mxnx(mx + 2ux)

− n2
x(5mx + 3ux) + nx(n2

x + 2u2
x).

This system possesses the following 10-parametric nonlocal symmetry:

uτ = c1w1 − c2w2 + c4w4 − c5w5 + 2c6w7 + c7w10

+ c8

(

w8 + 2w2(w5 + w7) − 2w1w5 − 4w6

)

+ 2c9(w2w8 − 2w1w6)

− 2c10(w1w
2
5 − w2w5w7 + 2w6w7 − w5w8),

mτ = c2w2 + c4(nxe2n−2m−2u − w4) − c6w7 − c7w10 + c9(w9 − 2w2w8)

+
(

c3 + c5w2 + c6w1 + c7w7 + c8w2(w1 + w2) + c9w1w
2
2

)

(e−m−n + w3)

+ c10(2w1w2w5 − 2w2w8 + w2
2w7 − 2w1w6 + w9)(e

−m−n + w3)

+ c8(2w6 − 2w2w5 − w2w7) + 2c10w7(w6 − w2w5),

nτ = c1w1 + c3w3 + c4w4 + c5(w2w3 − w5) + c6(w7 + w1w3) + c7w3w7

+ c8(w
2
2w3 − 2w1w5 − 2w6 + w1w2w3 + w8) + c9(w9 − 4w1w6 + w1w

2
2w3)

− c10

(

2(w2w3 − w5)(w8 − w1w5) + 2w6(w7 + w1w3) − w2
2w3w7 − w3w9

)

.

(3.18)

It is denoted here

w1 = D−1
x e2(m+u), w2 = D−1

x en−u, w3 = D−1
x nxe

−m−n,

w4 = D−1
x n2

xe2(n−m−u), w5 = D−1
x w3e

n−u,

w6 = D−1
x w2w3e

n−u, w7 = D−1
x

(

em−n+2u + e2(m+u)w3

)

,

w8 = D−1
x

(

w2e
m−n+2u + w2w3e

2(m+u) + w1w3e
n−u

)

,

w9 = D−1
x w2

(

w2e
m−n+2u + w2w3e

2(m+u) + 2w1w3e
n−u

)

,

w10 = D−1
x

(

e2(u−n) + 2w3e
m−n+2u + w2

3e
2(m+u)

)

.
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The simple local systems that follow from (3.18) are presented below.
C.1. Adopting ci = 0, i > 4 in (3.18) we obtain by differentiation the following hyperbolic

system:

uτx = c1e
2(m+u) − c2e

n−u + c4n
2
xe2(n−m−u),

mτx = c2e
n−u − c3mxe−m−n + c4e

2(n−m−u)(n2
x − 2mxnx − 2nxux + nxx),

nτx = c1e
2(m+u) + c3nxe

−m−n + c4n
2
xe

2(n−m−u).

(3.19)

If additionally c4 = 0 in (3.18), then (m − n + u)τ = c3e
−m−n. Therefore for the new unknown

functions p = m − n + u, q = m + u, r = n − u the system takes a simpler form:

pτ = c3e
−q−r, qτx = c1e

2q − c3(px + rx)e−q−r, rτx = c2e
r + c3(qx − px)e

−q−r. (3.20)

C.2. If we set c4 = 0, c5 6= 0 and ci = 0 for i > 5 in (3.18), then the shifts w3 → w3 −
c2/c5, w5 → w5 − c2/c5w2 and w2 → w2 − c3/c5 remove c2 and c3, thus system (3.18) takes the
simple form:

uτ = c1w1 − c5w5, mτ = c5w2(e
−m−n + w3), nτ = c1w1 + c5(w2w3 − w5). (3.21)

The substitution z = w3e
n, z̄ = em (see point A.4.) reduces system (3.21) to the following form:

uτx = c1z̄
2e2u − c5ze−u, zτx = c1F z̄e2u + F−1z̄ztzx, z̄τx = c5Fe−u + F−1zz̄tz̄x, (3.22)

where F = zz̄ + 1. Exact integrability of this system has been proved in [11].
C.3. For the new unknown functions p = w2, q = w3, r = m + u system (3.21) has another

form:

pτx = c5pqpx, rτx = c1e
2r + c5pqx + c5(e

−rpp−1
x )x,

qτx = (c1e
r + c5e

−rpqx)p
−1
x − qxrτ − c5pqqx.

(3.23)

3.4 System “d”

ut = −1

2
uxxx + 3n2

xmx +
3

2
mxnxx − 3

2
nxmxx − 3m2

xnx +
1

4
u3

x +
9

2
uxnxmx,

mt = mxxx − 3mxx(nx + ux − mx) − 3

2
mxuxx +

9

4
u2

xmx − 9

2
m2

xnx − 3uxm2
x

+ 6uxnxmx + 3n2
xmx + m3

x,

nt = nxxx + 3nxx(nx + ux − mx) +
3

2
uxxnx +

9

4
u2

xnx − 9

2
n2

xmx + 3uxn2
x

− 6uxnxmx + 3m2
xnx + n3

x.

This system possesses the following 11-parametric nonlocal symmetry:

uτ = c1w1 + c2w2 − c4w4 + 2c5(w1w4 − 2w5) + c6w6 + 2c7(2w7 − w2w6)

+ c8(w1w6 − w2w4) + 2c9(w1w8 − w2w11) + c10(2w5w2 − 2w1w9 + w11)

+ c11(2w1w7 + w8 − 2w2w9),

mτ = c2w2 + c3w3 + c4(w1w3 − w4) + c5(w
2
1w3 − 2w5) + c6w2w3

+ c7(w
2
2w3 − 2w2w6 + 2w7) + c9(w

2
1w

2
2w3 + 2w10 − 2w2w11)

+ c8w2(w1w3 − w4) + c10w2(2w5 − w2
1w3) + c11(w1w

2
2w3 + w8 − 2w2w9),

nτ =
(

c3 + c4w1 + c5w
2
1 + c6w2 + c7w

2
2 + c8w1w2 + c9w

2
1w

2
2 − c10w

2
1w2

+ c11w1w
2
2

)

(w3 + e−m−n) − c1w1 + 2c5(w5 − w1w4) − c6w6

− 2c7w7 − c8w1w6 + 2c9(w10 − w1w8) + c10(2w1w9 − w11) − 2c11w1w7.

(3.24)
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It is denoted here

w1 = D−1
x em−u, w2 = D−1

x en+u, w3 = D−1
x mxe

−m−n, w4 = D−1
x w3e

m−u,

w5 = D−1
x w1w3e

m−u, w6 = D−1
x

(

w3e
n+u + eu−m

)

, w7 = D−1
x w2

(

w3e
n+u + eu−m

)

,

w8 = D−1
x w2

(

2w1e
u−m + 2w1w3e

n+u + w2w3e
m−u

)

,

w9 = D−1
x

(

w1e
u−m + w1w3e

n+u + w2w3e
m−u

)

,

w10 = D−1
x w1w2

(

w1e
u−m + w1w3e

n+u + w2w3e
m−u

)

,

w11 = D−1
x w1

(

w1e
u−m + w1w3e

n+u + 2w2w3e
m−u

)

The simple local systems that follow from (3.24) are presented below.
D.1. Adopting ci = 0, i > 3 in (3.24) we obtain by differentiation the following hyperbolic

system:

pτ = c3e
q−r, qτx = c1e

−q + c3(px − rx)eq−r, rτx = c2e
r + c3(qx − px)eq−r, (3.25)

where p = n − m + u, q = u − m, r = u + n.
D.2. If ci = 0, i > 4 and c4 6= 0 in (3.24), then the shifts w1 → w1 + c3/c4, w3 → w3 −

c1/c4, w4 → w4 − c1/c4w1 remove c1 and c3, and the system reads:

uτ = c2w2 − c4w4, mτ = c2w2 + c4(w1w3 − w4), nτ = c4w1(w3 + e−m−n). (3.26)

The substitution z = w3e
m, z̄ = en (see point A.4.) reduces this system to the following form

uτx = c2z̄eu − c4ze−u, zτx = c2Feu + F−1z̄ztzx, z̄τx = c4Fe−u + F−1zz̄tz̄x, (3.27)

where F = zz̄ + 1. Exact integrability of this system has been proved in [10].
D.3. The substitution p = w1, q = w3, r = m + n reduces system (3.26) to the following

form:

pτx = c4pqpx, qτx = c2p
−1
x − qxrτ + c4e

−rpqx,

rτx = c2e
rp−1

x + 2c4pqx + c4qpx + c4(pe−r)x.
(3.28)

D.4. If c5 6= 0 and ci = 0 for i > 5 in (3.24), then the shift w1 → w1 − c4/(2c5) removes c4.
Adopting also c2 = 0 for simplicity, we obtain:

uτ = c1w1 + 2c5(w1w4 − 2w5), mτ = c3w3 + c5(w
2
1w3 − 2w5),

nτ = −c1w1 + (c3 + c5w
2
1)(w3e

−m−n) + 2c5(w5 − w1w4).

Introducing the new unknown functions p = w1, q = w3, r = m + n one can reduce this system
to the following form:

pτx = px

(

rτ − c3(q + e−r) − c5p
2e−r + 2c5w

)

, wx = pqpx, (w = w5),

qτx = qx(c3 + c5p
2)e−r − qxrτ ,

rτx = p−1pxrτ + 2c5p
2qx + c5p(pe−r)x + c3(2qx − rxe−r) − c3p

−1px(2q + e−r).

(3.29)

Remark. If c6 6= 0 and the other ci = 0 for i > 4 in (3.24), then there exist shifts along w3

and w2 that reduce the system to the following form:

uτ = c1w1 + c6w6, mτ = c6w2w3, nτ = −c1w1 + c6w2(w3 + e−m−n) − c6w6.

This system is reducible to the forms (3.27) or (3.28) by the substitutions z = em, z̄ = −w3e
n −

e−m or p = −w2, q = −w3 − e−m−n, r = m + n correspondingly.



598 A G Meshkov

3.5 System “e”

ut = uxxx − 2u3
x − 6uxnxmx,

mt = mxxx + 3mxx(mx − nx) − 6m2
xnx − 6u2

xmx + 3n2
xmx + m3

x,

nt = nxxx − 3nxx(mx − nx) − 6n2
xmx − 6u2

xnx + 3m2
xnx + n3

x.

This system possesses the following 12-parametric nonlocal symmetry:

uτ = c1w1 + c2w2 + c4mxem−n + c5nxe
−m+n + c6w6 + c7w7 + c8w8 + c9w9

+ c10(w1w7 − w2w6) + c11(w1w9 − w2w8) + c12(w6w7 − 4w2w8),

mτ = c1w1 − c2w2 + c3w3 + 2c4w4 + 2c5(uxe−m+n − w5) + 2c6w1w3

− 2c7w2w3 + c8(w3w6 − w8) + c9(w9 − w3w7)

+ c10(w2w6 − w10 + w1w7 − 2w3w1w2) + c11(w2w8 + w1w9 − w3w10)

+ 2c12(2w2w8 − w3w10 − w2w3w6 + w1w3w7),

nτ = c1w1 − c2w2 + 2c4(uxem−n − w4) + 2c5w5 − c8w8 + w9c9

+
(

w3 + e−m−n
)(

c3 + 2c6w1 − 2c7w2 + c8w6 − c9w7

− 2c10w1w2 − c11w10 − 2c12(w10 + w2w6 − w1w7)
)

+ c10(w2w6 − w10 + w1w7) + c11(w2w8 + w1w9) + 4c12w2w8.

(3.30)

It is denoted here

w1 = D−1
x em+n+2u, w2 = D−1

x em+n−2u, w3 = D−1
x mxe−m−n,

w4 = D−1
x uxmxem−n, w5 = D−1

x uxnxen−m,

w6 = D−1
x

(

2w3e
m+n+2u + e2u

)

, w7 = D−1
x

(

2w3e
m+n−2u + e−2u

)

,

w8 = D−1
x w3

(

w3e
m+n+2u + e2u

)

, w9 = D−1
x w3

(

w3e
m+n−2u + e−2u

)

,

w10 = D−1
x

(

w2e
2u + 2w2w3e

m+n+2u + w1e
−2u + 2w1w3e

m+n−2u
)

.

The simple local systems that follow from (3.30) are presented below.
E.1. Adopting ci = 0, i > 5 in (3.24) we obtain by differentiation the following hyperbolic

system:

uτx = c1e
m+n+2u + c2e

m+n−2u

+ c4e
m−n(mxx + m2

x − mxnx) + c5e
n−m(nxx − mxnx + n2

x),

mτx = c1e
m+n+2u − c2e

m+n−2u + c3mxe−m−n

+ 2c4uxmxe
m−n + 2c5e

n−m(uxx − uxmx),

nτx = c1e
m+n+2u − c2e

m+n−2u − c3nxe−m−n

+ 2c4e
m−n(uxx − uxnx) + 2c5uxnxe−m+n.

(3.31)

E.2. If additionally c4 = c5 = 0 in (3.31), then (n − m)τ = c3e
−m−n. Therefore for the new

unknown functions p = n−m, q = u− 1
2(m + n), r = u+ 1

2(m + n) the system takes the simpler
form:

pτ = c3e
q−r, qτx = 2c2e

−2q +
c3

2
pxe

q−r, rτx = 2c1e
2r − c3

2
pxeq−r. (3.32)

E.3. If (c6, c7) 6= 0 and the other ci = 0 in (3.30), then we obtain:

uτ = c6w6 + c7w7, mτ = 2w3(c6w1 − c7w2), nτ = 2(c6w1 − c7w2)
(

w3 + e−m−n
)

.
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The substitution z = w3e
m, z̄ = en (see point A.4.) reduces this system to the following form:

uτx = (1 + 2zz̄)(c6e
2u + c7e

−2u),

zτx = F−1z̄zτzx + 2zF (c6e
2u − c7e

−2u),

z̄τx = F−1zz̄τ z̄x + 2z̄F (c6e
2u − c7e

−2u),

(3.33)

where F = zz̄ + 1. Exact integrability of this system has been proved in [11].

3.6 System “f”

ut = −1

2
uxxx +

3

2
(mxnx)x − 3uxnxmx + ux

3,

mt = mxxx + 3mxx(mx − nx) − 3uxxmx − 3ux
2mx − 3m2

xnx + 3n2
xmx + m3

x,

nt = nxxx − 3nxx(mx − nx) − 3uxxnx − 3ux
2nx − 3n2

xmx + 3m2
xnx + n3

x.

This system possesses the following 11-parametric nonlocal symmetry:

uτ = c1w1 + c2w2 + c4w1w2 + c5w5 + c6(2w6 + w2
1w2 − 2w1w4)

+ c7w7 + c8w1w7 + c9(w9 − 2w1w8) + c10w1w5 + c11(w11 − 2w1w10),

mτ = c2w2 + c3w3 + c4(w1w2 − w4) + 2c5w2w3 + c6(w
2
1w2 − 2w6)

+ c7(w3w5 − w7) + c8(w3w8 − w10) − 2c9w3(w
2
1w2 − 2w6)

+ 2c10w3(w1w2 − w4) + c11(w11 − w3w9),

nτ = c2w2 + c4(w1w2 − w4) + c6(w
2
1w2 − 2w6) − c7w7 − c8w10

+ c11w11 +
(

w3 + e−m−n
)(

c3 + 2c5w2 + c7w5 + c8w8 − c11w9

+ 2c9(2w6 − w2
1w2) + 2c10(w1w2 − w4)

)

.

(3.34)

It is denoted here

w1 = D−1
x e−2u, w2 = D−1

x em+n+2u, w3 = D−1
x mxe−m−n, w4 = D−1

x w2e
−2u,

w5 = D−1
x e2u

(

1 + 2w3e
m+n

)

, w6 = D−1
x w1w2e

−2u, w7 = D−1
x w3e

2u
(

1 + w3e
m+n

)

,

w8 = D−1
x w1e

2u
(

1 + 2w3e
m+n

)

, w9 = D−1
x w2

1e
2u

(

1 + 2w3e
m+n

)

,

w10 = D−1
x w1w3e

2u
(

1 + w3e
m+n

)

, w11 = D−1
x w2

1w3e
2u

(

1 + w3e
m+n

)

.

The simple local systems that follow from (3.34) are presented below.

F.1. Adopting ci = 0, i > 3 in (3.34) we obtain by differentiation the following hyperbolic
system:

pτ = c3e
−q, qτx = 2c2e

q+2u − c3pxe−q, uτx = c1e
−2u + c2e

q+2u, (3.35)

where p = n − m, q = n + m.

F.2. In the case ci = 0, i > 4 we obtain the third order system:

pτ = c3e
−q,

(

e−q−2uqτx

)

x
= 2c4e

−2u − c3

(

pxe−2u−q
)

x
,

[

e2u(2uτx − qτx)
]

x
= c3

(

pxe2u−q
)

x
+ 2c4e

2u+q.
(3.36)

Here p and q are the same as in F.1.
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F.3. If one introduces the new unknown functions p = n − m, y = w1, z = w2, then system
(3.36) takes a simpler form:

pτ = c3(yxzx)−1, yτx = −2yx(c1y + c2z + c4yz),
(

z−1
x zτx

)

x
= 2c1yx + 4c2zx + 4c4yzx + 2c4zyx − pxpτ .

(3.37)

F.4. If c4 = 0, ci = 0 for i > 5, and c5 6= 0 in (3.34), then two shifts along w2 and w3 remove
c2 and c3 and we obtain the following system:

uτ = c1w1 + c5w5, mτ = 2c5w2w3, nτ = 2c5w2(w3 + e−m−n).

The substitution z = w3e
m, z̄ = en (see point A.4.) reduces this system to the following form

uτx = c1e
−2u + c5(2zz̄ + 1)e2u,

zτx = F−1z̄zτzx + 2c5zFe2u,

z̄τx = F−1zz̄τ z̄x + 2c5z̄F e2u,

(3.38)

where F = zz̄ + 1. Exact integrability of this system has been proved in [11].

3.7 System “g”

ut = mxnxx + nxmxx − 4uxnxmx,

mt = mxxx + 3mxx(mx − nx) − 2mxuxx − 4ux
2mx − 4m2

xnx + 3n2
xmx + m3

x,

nt = nxxx − 3nxx(mx − nx) − 2nxuxx − 4ux
2nx − 4n2

xmx + 3m2
xnx + n3

x.

This system possesses the following 10-parametric nonlocal symmetry:

uτ = c1w1 + c2w2 + c4w4 + c5(2w2w4 − w5) + c6w6 + c7(2w2w6 − w7)

+ c8(2w1w2 − w8) + c9w1(w1w2 − w8)

+ c10(4w1w2w6 − w2w
2
4 − 2w1w7 + w4w5 − 2w6w8),

mτ = c1w1 + c3w3 + 2c4w1w3 + 2c5w3w8 + c6(w3w4 − w6) + c7(w3w5 − w7)

+ c8w8 + c9(2w9 − w1w8) + 2c10(w1w3w5 − w3w4w8 + w6w8 − w1w7),

nτ = c1w1 − c6w6 − c7w7 + c8w8 + c9(2w9 − w1w8) + 2c10(w6w8 − w1w7)

+
(

c3 + 2c4w1 + 2c5w8 + c6w4 + c7w5 + 2c10(w1w5 − w8w4)
)(

w3 + e−m−n
)

.

(3.39)

It is denoted here

w1 = D−1
x em+n+2u, w2 = D−1

x e−4u, w4 = D−1
x e2u

(

1 + 2w3e
m+n

)

,

w3 = D−1
x mxe−m−n, w5 = D−1

x w2e
2u

(

1 + 2w3e
m+n

)

, w6 = D−1
x w3e

2u
(

1 + w3e
m+n

)

,

w7 = D−1
x w2w3e

2u
(

1 + w3e
m+n

)

, w8 = D−1
x w2e

m+n+2u, w9 = D−1
x w1w2e

m+n+2u.

The simple local systems that follow from (3.34) are presented below.

G.1. Adopting ci = 0, i > 3 in (3.39) we obtain by differentiation the following hyperbolic
system:

pτ = c3e
−q, qτx = 2c1e

q+2u − c3pxe−q, uτx = c1e
q+2u + c2e

−4u, (3.40)

where p = n − m, q = n + m.
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G.2. If ci = 0, i > 4 and c4 6= 0 in (3.39), then one can remove c1 and c3 using the shifts
along w1 and w3. This gives the following system:

uτ = c2w2 + c4w4, mτ = 2c4w1w3, nτ = 2c4w1(w3 + e−m−n). (3.41)

The substitution z = w3e
m, z̄ = en (see point A.4.) reduces this system to the following form:

uτx = c2e
−4u + c4(2zz̄ + 1)e2u,

zτx = F−1z̄zτzx + 2c4zFe2u,

z̄τx = F−1zz̄τ z̄x + 2c4z̄F e2u,

(3.42)

where F = zz̄ + 1. Exact integrability of this system has been proved in [11].
G.3. If (c1, c2, c3, c8) 6= 0 and the other ci = 0 in (3.39), then introducing the new unknown

functions p = w1, q = w2, r = n − m we can reduce the system to the following form:

rτ = c3px
√

qx, (p−1
x pτx)x = 4c1px + 2c2qx + 4c8(pq)x − c3rx

px
√

qx

,

(q−1
x qτx)x = −4c1px − 4c2qx − 8c8pqx − 4c8qpx.

(3.43)

We prove in the next section that zero curvature representations exist for all presented above
nonlocal systems.

4 Zero curvature representations

Here we present matricies U and V that form the zero curvature representations (1.1) for nonlocal
and selected local systems from the previous section. The matrices U from [9, 10, 11] are written
in a slightly different form for completeness. A spectral parameter is denoted as λ everywhere.

A. Elements of the hierarchy of system “a” possess the zero curvature representations with
the following common matrix U :

U =





qx 0 mx

λ −qx − rx λ
0 1 rx



 . (4.1)

where

q =
1

3
(2u + m + 2n), r =

1

3
(2u − 2m − n).

Performing the gauge transformation U0 = S−1(US − Sx), where
S = diag {eq, e−q−r, er}, we obtain a matrix which is more appropriate for system (3.1):

U0 =





0 0 mxe−m−n

λen+2u 0 λe2u−m

0 em−2u 0



 .

Then setting U = U0, V = V (wi) in (1.1), we solve that equation and find the components of V :

V11 =
1

3
(c6 − 2c8)λ

−1 − c1w1 − c3w3 + (w2w3 − w4)(c6w1 − c4)

− c5w1w3 + c7(w1w2 − w5) + c8(w1w4 − w3w5),

V22 =
1

3
(c8 − 2c6)λ

−1 + c1w1 + c2w2 − c4w4 + c5w6

+ c6(w1w4 − w2w6) − w1(c7w2 + c8w4),
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V33 =
1

3
(c8 + c6)λ

−1 − c2w2 + w3(c3 + c4w2) + c5(−w6 + w3w1)

+ w2c6(w6 − w1w3) + w5(c7 + c8w3),

V12 = λ−1
(

c1 + c5w3 + c6(w4 − w2w3) − c7w2 − c8w4

)

, V13 = (c7 + c8w3)λ
−1,

V21 = c6w1 − c4 − c8w1, V23 = c4w3 − c2 + c6(w6 − w3w1) + w1(c7 + c8w3),

V31 = c6w1w2 − c3 − c4w2 − c5w1 − c8w5, V32 = (c5 − c6w2)λ
−1.

So, system (3.1) is integrable and any of its corollaries are integrable too. In particular, system
(3.3) possesses the zero curvature representation with matrix (4.1), where mx = qx − 2px, and
the following matrix V :

V =







2aer−q c1λ
−1e2q+r 0

0 −aer−q −c2e
−q−2r

−3aer−q 0 −aer−q






.

B. Elements of the hierarchy of system “b” possess the zero curvature representations with
the following common matrix U :

U =









mx − ux 1 −mx −1
0 ux + nx 0 −mx

0 1 −ux − nx −1
λ 0 0 ux − mx









. (4.2)

Using it we find the zero curvature representation for (3.11) with the following matrices

U0 =









0 e2u−m+n −mxe
−m−n −e2u−2m

0 0 0 −mxe
−m−n

0 e2u+2n 0 −e2u−m+n

λe2m−2u 0 0 0









,

which is gauge equivalent to (4.2), and the following matrix V = (Vij):

V11 = c6(w6 + w2w3) − c2w2 − c3w3 + c7w3w6 + c8

(

1/(2λ) − w2w8 + w3w9

)

,

V22 = c6(w2w3 − w6) − c1w1 − c3w3 + c7(w3w6 − w7) + c8

(

1/(2λ) − w1w7 + w3w9

)

,

V33 = −V22, V44 = −V11, V12 = −λ−1(c6 + c7w3 + c8w1w3),

V13 = λ−1c8w3 + c5nxe
n−3m+2u, V14 = λ−1(c2 − 2c6w3 − c7w

2
3) + λ−1c8(w8 − w1w

2
3),

V21 = −c8w2w3 − λc5e
n−m, V23 = c1 + λc5e

−2m + c8(w7 − w2w
2
3),

V24 = V13, V31 = c3 − c6w2 − c7w6 − c8w9, V32 = c4e
2m + λ−1(c7 + c8w1),

V34 = λ−1(c6 + c7w3 + c8w1w3), V41 = c8w2 − λc5e
2n, V42 = V31, V43 = −V21.

Hence system (3.11) is integrable and any of its corollaries are integrable too. In particular,
system (3.13) possesses the zero curvature representation with matrix (4.2), where u = r + q −
p,m = r − p, n = p − q, and the following matrix V :

V =











0 0 0 c2λ
−1e−2q

0 c3e
q−r c1e

2r 0

c3e
q−r 0 −c3e

q−r 0

0 c3e
q−r 0 0











.
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C. Elements of the hierarchy of system “c” possess the zero curvature representations with
the following common matrix U :

U =













−qx 0 0 λ 0
0 −rx −1 0 0
1 0 0 0 −1
0 −mx −1 qx 0

−mx 0 0 0 rx













. (4.3)

where q = m + u, r = n − u. Using it we find the zero curvature representation for (3.18) with
the matrix U0

U0 =













0 0 0 λe2(m+u) 0
0 0 −en−u 0 0

e−m−u 0 0 0 −en−u

0 −mxe−m−n −e−m−u 0 0
−mxe−m−n 0 0 0 0













,

which is gauge equivalent to (4.3), and the following matrix V :

V12 = −c4λen−m − 2(c8 + c9w1 + c10w7), V14 = c4λe2n,

V13 = −c5 − c8(w1 + 2w2) − 2c9w1w2 − 2c10(w1w5 + w2w7 − w8),

V15 = −c3 − c5w2 − c6w1 − c7w7 − c8w2(w2 + w1) − c9w
2
2w1

− c10(2w1w2w5 − 2w8w2 + w7w
2
2 − 2w1w6 + w9),

V21 = λ−1(c6 + c7(e
−n−m + w3) + c8w2 + c9w

2
2 + 2c10(w5w2 − w6)), V23 = 0,

V24 = V15, V25 = −c7λ
−1, V31 = −λ−1(c8 + 2c9w2 + 2c10w5),

V32 = −(e−n−m + w3)(c5 + c8(w1 + 2w2) + 2c9w1w2 + 2c10(w2w7 − w8 + w5w1))

− c2 + c8(2w5 + w7) + 2c9w8 + 2c10w7w5,

V34 = c5 + c8(w1 + 2w2) + 2c9w1w2 + 2c10(w2w7 − w8 + w5w1), V35 = 0,

V41 = λ−1(e−n−m + w3)
(

2c6 + c7(w3 + e−n−m) + 2c8w2 + 2c9w
2
2 + 4c10(w5w2 − w6)

)

− λ−1(−c1 + 2c8w5 + 4c9w6 + 2c10w
2
5),

V42 = −c4e
n−3m−2unx − 2c9λ

−1 − 2c10λ
−1(e−n−m + w3),

V43 = −λ−1(c8 + 2c9w2 + 2c10w5), V52 = −λc4e
−2m,

V45 = λ−1(−c6 − c7(e
−n−m + w3) − w2c8 − c9w

2
2 − 2c10(w5w2 − w6)),

V51 = −c4e
n−3m−2unx + 2c9λ

−1 + 2c10λ
−1(e−n−m + w3),

V53 = −(e−n−m + w3)(c5 + c8(w1 + 2w2) + 2w1w2c9 + 2c10(w2w7 − w8 + w5w1))

− c2 + c8(2w5 + w7) + 2c9w8 + 2c10w7w5,

V54 = −2c8 − 2c10w7 − 2w1c9 + λc4e
n−m, V33 = −4c10/(5λ),

V11 = F + c1w1 − c5w5 + c6w7 − c8(−w8 + 2w6 + 2w5w1) − c9(−w9 + 4w1w6)

− 2/5c10(5w7w6 − 5w5w8 + 5w2
5w1 − 3λ−1),
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V22 = F + c2w2 − c6w7 − c7w10 − c8(2w5w2 + w2w7 − 2w6) − c9(−w9 + 2w8w2)

− 2/5c10(−5w7w6 + 5w7w5w2 + 2λ−1),

V44 = −F − c1w1 + c5w5 − c6w7 + c8(−w8 + 2w6 + 2w5w1) + c9(−w9 + 4w1w6)

+ 2/5c10(5w7w6 − 5w5w8 + 5w2
5w1 + 3λ−1),

V55 = −F − c2w2 + c6w7 + c7w10 + c8(2w5w2 + w2w7 − 2w6) + c9(−w9 + 2w8w2)

+ 2/5c10(−5w7w6 + 5w7w5w2 − 2λ−1),

F = (e−n−m + w3)(c3 + c5w2 + c6w1 + c7w7 + c8w2(w2 + w1) + c9w1w
2
2

+ c10(−2w1w6 − 2w8w2 + 2w1w2w5 + w9 + w7w
2
2)).

This means that any local system obtained from (3.18) is integrable. In particular, system (3.20)
has the zero curvature representation with matrix (4.3) and the following matrix V :

V =

















0 0 0 0 −c3e
−q−r

0 c3e
−q−r 0 −c3e

−q−r 0

0 −c2e
r 0 0 0

c1λ
−1e2q 0 0 0 0

0 0 −c2e
r 0 −c3e

−q−r

















.

D. Elements of the hierarchy of system “d” possess the zero curvature representations with
the following common matrix U :

U =











−f −λ 0 −1

−1 −g 1 0

−mx 0 f −1

0 0 λ g











, (4.4)

where 2f = mx + nx, 2g = nx − mx + 2ux. Using it we find the zero curvature representation
for (3.24) with the matrix U0

U0 =









0 −λem−u 0 −en+u

−eu−m 0 en+u 0
−mxe

−m−n 0 0 −eu−m

0 0 λem−u 0









,
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which is gauge equivalent to (4.4), and the following matrix V :

V12 =
1

2
(w2

1c10 − w1c8 − c6) − c7w2 − c9w
2
1w2 − c11w1w2,

V13 = c3 + c4w1 + c5w
2
1 + c6w2 + c7w

2
2 + c8w1w2 + c9w

2
1w

2
2 − c10w

2
1w2 + c11w1w

2
2,

V14 = −1

2
λ−1(c4 + 2c5w1 + c8w2 + 2c9w1w

2
2 − 2c10w1w2 + c11w

2
2),

V21 =
1

2
c1λ

−1 − 1

2
c4λ

−1w3 + c5λ
−1(w4 − w1w3) +

1

2
c8λ

−1(w6 − w2w3)

+ c9(w8 − w1w
2
2w3 + λ−1w2)λ

−1 +
1

2
c10(2w1w2w3 − 2w9 − λ−1)λ−1

+
1

2
c11λ

−1(2w7 − w2
2w3),

V23 = −λ−1(c5w1 − c10w1w2 + c9w1w
2
2) −

1

2
λ−1(c4 + c8w2 + c11w

2
2),

V24 = λ−2(c5 + c9w
2
2 − c10w2), V31 = c9λ

−2,

V32 =
1

2
c2 +

1

2
c6w3 + c7(w2w3 − w6) + c9(w1λ

−1 − w11 + w2
1w2w3)

+
1

2
c8(w1w3 − w4) +

1

2
c10(2w5 − w2

1w3) +
1

2
c11(2w1w2w3 − 2w9 + λ−1),

V34 = −1

2
c1λ

−1 +
1

2
λ−1c4w3 + c5λ

−1(w1w3 − w4) +
1

2
c8λ

−1(w2w3 − w6)

+ c9λ
−1(w1w

2
2w3 − w8 + w2λ

−1) − 1

2
c10λ

−1(2w1w2w3 − 2w9 + λ−1)

+
1

2
c11λ

−1(w2
2w3 − 2w7),

V41 = −1

2
c2 −

1

2
c6w3 + c7(w6 − w2w3) + c9(w1λ

−1 + w11 − w2
1w2w3)

+
1

2
c8(w4 − w1w3) +

1

2
c10(w

2
1w3 − 2w5) +

1

2
c11(λ

−1 − 2w1w2w3 + 2w9),

V42 = c7 + c9w
2
1 + c11w1,

V43 = −1

2
c6 − c7w2 −

1

2
c8w1 − c9w

2
1w2 +

1

2
c10w

2
1 − c11w1w2,

V11 = −1

2
c1w1 +

1

2
c2w2 + c3w3 +

1

2
c4(2w1w3 − w4) + c5w1(w1w3 − w4)

+
1

2
c6(2w2w3 − w6) −

1

4
c8(λ

−1 − 4w1w2w3 + 2w1w6 + 2w2w4)

+ w2c7(w2w3 − w6) − c9(w1w8 − w2
1w

2
2w3 + w2w11 − 2w10 + w1w2λ

−1)

− 1

2
c10(2w

2
1w2w3 − 2w1w9 + w11 − 2w2w5 − w1λ

−1)

+
1

2
c11(2w1w

2
2w3 + w8 − 2w1w7 − 2w2w9 − w2λ

−1),

V22 =
1

2
c1w1 +

1

2
c2w2 −

1

2
c4w4 + c5(w1w4 − 2w5) +

1

2
c6w6 + c7(2w7 − w2w6)

+
1

4
c8(λ

−1 − 2w2w4 + 2w1w6) + c9(w1w8 − w2w11 + w1w2λ
−1)

+
1

2
c10(2w2w5 − 2w1w9 + w11 − w1λ

−1) +
1

2
c11(w2λ

−1 − 2w2w9 + w8 + 2w1w7),
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V33 =
1

2
c1w1 −

1

2
c2w2 − c3w3 +

1

2
c4(w4 − 2w1w3) + c5w1(w4 − w1w3)

+
1

2
c6(w6 − 2w2w3) +

1

4
c8(2w1w6 + 2w2w4 − 4w1w2w3 − λ−1)

+ c7w2(w6 − w3w2) + c9(w1w8 − w2
1w

2
2w3 + w2w11 − 2w10 − w1w2λ

−1)

+
1

2
c10(2w

2
1w2w3 − 2w1w9 + w11 − 2w2w5 + w1λ

−1)

− 1

2
c11(2w1w

2
2w3 + w8 − 2w1w7 − 2w2w9 + w2λ

−1),

V44 = −1

2
c1w1 −

1

2
c2w2 +

1

2
c4w4 + c5(2w5 − w1w4) −

1

2
c6w6 + c7(w2w6 − 2w7)

+
1

4
c8(2w2w4 − 2w1w6 + λ−1) + c9(w2w11 − w1w8 + w1w2λ

−1)

− 1

2
c10(2w2w5 − 2w1w9 + w11 + w1λ

−1) +
1

2
c11(2w2w9 − 2w1w7 − w8 + w2λ

−1).

This means that any local system obtained from (3.24) is integrable. In particular, system
(3.25) has the zero curvature representation with matrix (4.4), where ux = qx + rx − px,mx =
rx − px, nx = px − qx, and the following matrix V :

V =











−1
2c3e

q−r 0 c3e
q−r 0

1
2c1λ

−1e−q −1
2c3e

q−r 0 0

0 1
2c2e

r 1
2c3e

q−r −1
2c1λ

−1e−q

−1
2c2e

r 0 0 1
2c3e

q−r











.

E. Elements of the hierarchy of system “e” possess the zero curvature representations with
the following common matrix U :

U =











qx 0 1 1

−2λmx rx 0 λ

−λ 1 −rx 0

0 −1 2mx −qx











, (4.5)

where q = u − 1
2(m + n), r = u + 1

2(m + n). Using it we find the zero curvature representation
for (3.30) with the matrix U0

U0 =









0 0 e−2u em+n−2u

−2λmxe−m−n 0 0 λe−2u

−λe2u em+n+2u 0 0
0 e2u 2mxe−m−n 0









,

which is gauge equivalent to (4.5), and the following matrix V :

V44 = −V11 = 2c2w2 − c3w3 + c6(w6 − 2w3w1) + c7(w7 + 2w3w2) + c8(2w8 − w3w6)

+ c9w3w7 + c10(w10 − 2w2w6 + 2w1w2w3) −
1

4
c11(λ

−1 + 8w2w8 − 4w3w10)

− c12(λ
−1 − w6w7 + 8w2w8 − 2w3w10 + 2w1w3w7 − 2w2w3w6),

V33 = −V22 = 2c1w1 + c3w3 + c6(w6 + 2w1w3) + c7(w7 − 2w3w2) + c8w3w6

+ c9(2w9 − w3w7) − c10(w10 − 2w1w7 + 2w1w2w3)

+
1

4
c11(λ

−1 + 8w1w9 − 4w3w10) + c12(w6w7 − 2w3w10 + 2w1w3w7 − 2w2w3w6),
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V12 =
1

2
λ−1(c3 + c8w6 − c9w7 − c11w10) + λ−1(c6w1 − c7w2 − c10w1w2)

+ c12λ
−1(w1w7 − w2w6 − w10),

V13 = λ−1
(

− 2c5λen−m−2u − c6 − c8w3 + c10w2 + c11w2w3 + c12(4w2w3 − w7)
)

,

V14 = −c4e
−2u+2m − c5e

2n−2u +
1

2
λ−1(c8 − c11w2 − 4c12w2),

V21 = −4c5λuxe−2m − c10 − c11w3 − 2c12w3,

V23 = 2c1 − 4c5λe−2u−2m + 4c6w3 + 2c8w
2
3 + 2c10(w7 − 2w2w3) + 2c11(w9 − w2

3w2)

+ 4c12w3(w7 − 2w2w3),

V24 = −2c5λen−m−2u − c6 − c8w3 + c10w2 + c11w2w3 + c12(4w2w3 − w7),

V31 = −2c5λen+2u−m − c7 − c9w3 − c10w1 − c11w1w3 − c12w6,

V32 = c4e
2m+2u + c5e

2n+2u − 1

2
λ−1(c9 + c11w1),

V34 = −1

2
c3 − c6w1 + c7w2 −

1

2
c8w6 +

1

2
c9w7 + c10w1w2 +

1

2
c11w10

+ c12(w2w6 + w10 − w1w7),

V41 = −2c2 + 4λc5e
2u−2m − 4c7w3 − 2c9w

2
3 + 2c10(w6 − 2w1w3)

+ 2c11(w8 − w1w
2
3) + 4c12(2w8 − w3w6),

V42 = −2c5e
n+2u−m − λ−1(c7 + c9w3 + c10w1 + c11w1w3 + c12w6),

V43 = 4c5uxe−2m + λ−1(c10 + c11w3 + 2c12w3).

This means that any local system obtained from (3.30) is integrable. In particular, system
(3.32) has the zero curvature representation with matrix (4.5), where m = (r − p − q)/2, and
the following matrix V :

V =











−1
2c3e

q−r 1
2c3λ

−1eq−r 0 0

0 1
2c3e

q−r 2c1e
2r 0

0 0 −1
2c3e

q−r −1
2c3e

q−r

−2c2e
−2q 0 0 1

2c3e
q−r











.

F. Elements of the hierarchy of system “f” possess the zero curvature representations with
the following common matrix U :

U =











−ux − 1
2qx −λ −1 0

1 ux − 1
2qx 0 0

0 2λmx ux + 1
2qx λ

2mx 0 1 1
2qx − ux











, (4.6)

where q = m + n. Using it we find the zero curvature representation for (3.30) with the matrix

U0 =











0 −λe2u −em+n+2u 0

e−2u 0 0 0

0 2λmxe−m−n 0 λe−2u

2mxe−m−n 0 e2u 0











,
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which is gauge equivalent to (4.6), and the following matrix V :

V12 = −c1 − c4w2 + 2c6(w4 − w1w2) − c8w7 + c9(2w8 − λ−1)

− c10w5 + c11(2w10 − λ−1w3), V13 = c11(2λ
2)−1,

V14 = −1

2
c3 − c5w2 −

1

2
c7w5 +

1

4
c8(λ

−1 − 2w8)

+ c9(w
2
1w2 − 2w6) + c10(w4 − w1w2) +

1

2
c11(w9 − w1λ

−1),

V21 = −λ−1(c5 + c7w3 + c8w1w3 − c9w
2
1 + c10w1 − c11w

2
1w3),

V23 = −1

2
λ−1(c3 + 2c5w2 + c7w5) −

1

4
c8λ

−2(1 + 2λw8)

+ c9λ
−1(w2

1w2 − 2w6) + c10λ
−1(w4 − w1w2) +

1

2
c11λ

−2(w1 + λw9),

V24 =
1

2
λ−1(c7 + c8w1 − c11w

2
1), V31 = −2c2 − 2c4w1 − 4c5w3

− 2w2
3(c7 + c8w1 − c11w

2
1) + 2w2

1(2c9w3 − c6) − 4c10w1w3,

V32 = c4 + 2c6w1 + w2
3(c8 − 2c11w1) − 4c9w1w3 + 2c10w3,

V34 = c5 + c7w3 + c8w1w3 − w2
1(c9 + c11w3) + c10w1,

V41 = −λ−1
(

c4 + 2c6w1 + 2c10w3 + w2
3(c8 − 2c11w1) − 4c9w1w3

)

,

V42 = 2λ−1(c6 − 2c9w3 − c11w
2
3),

V43 = −λ−1
(

c1 + c4w2 + 2c6(w1w2 − w4) + c8w7

)

+ c9λ
−2(1 + 2λw8)

− c10λ
−1w5 + c11λ

−2(w3 + 2λw10),

V11 = c1w1 + 2c2w2 + c3w3 + c4(2w1w2 − w4) + c5(2w2w3 + w5)

+ 2c6w1(w1w2 − w4) + c7w3w5 + c8(w1w7 − (2λ)−1w3 + w3w8 − w10)

+ c9(λ
−1w1 − 2w1w8 + 4w3w6 + w9 − 2w2

1w2w3)

+ c10(w1w5 − 2w3w4 − (2λ)−1 + 2w1w2w3)

+ c11(λ
−1w1w3 − 2w1w10 + 2w11 − w3w9),

V22 = −c1w1 + c3w3 − c4w4 + c5(2w2w3 − w5) + 2c6(w1w4 − 2w6)

+ c7(w3w5 − 2w7) + c8((2λ)−1w3 − w1w7 + w3w8 − w10)

+ c9(2w1w8 + 4w3w6 − w9 − 2w2
1w2w3 − λ−1w1)

+ c10((2λ)−1 − w1w5 − 2w3w4 + 2w1w2w3)

− c11(λ
−1w1w3 − 2w1w10 + w3w9),

V33 = −c1w1 − 2c2w2 − c3w3 + c4(w4 − 2w1w2) − c5(2w3w2 + w5)

+ 2c6w1(w4 − w1w2) − c8((2λ)−1w3 + w1w7 + w3w8 − w10)

− c7w3w5 + c9(2w1w8 − 4w3w6 − w9 + 2w2
1w2w3 + λ−1w1)

− c10((2λ)−1 + w1w5 − 2w3w4 + 2w1w2w3)

+ c11(λ
−1w1w3 + 2w1w10 − 2w11 + w3w9),

V44 = c1w1 − c3w3 + c4w4 + c5(w5 − 2w2w3) + 2c6(2w6 − w1w4)

+ c7(2w7 − w3w5) + c8((2λ)−1w3 + w1w7 − w3w8 + w10)

+ c9(w9 − 2w1w8 − 4w3w6 + 2w2
1w2w3 − λ−1w1)

+ c10(w1w5 + 2w3w4 + (2λ)−1 − 2w1w2w3)

+ c11(w3w9 − λ−1w1w3 − 2w1w10).
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This means that any local system obtained from (3.34) is integrable. In particular, system (3.35)
has the zero curvature representation with matrix (4.6), where 2m = q − p, and the following
matrix V :

V =











−1
2c3e

−q −c1e
−2u 0 −1

2c3e
−q

0 −1
2c3e

−q −1
2c3λ

−1e−q 0

−2c2e
q+2u 0 1

2c3e
−q 0

0 0 −c1λ
−1e−2u 1

2c3e
−q











.

G. Elements of the hierarchy of system “g” possess the zero curvature representations with
the following common matrix U :

U =

















mx + nx −nx 0 0 0

0 0 −1 0 −nx

0 0 2ux λ 0

2 −1 0 −2ux 0

0 0 −2 0 −mx − nx

















. (4.7)

Using it we find the zero curvature representation for (3.39) with the matrix U0

U0 =













0 −nxe
−m−n 0 0 0

0 0 −e2u 0 −nxe
−m−n

0 0 0 λe−4u 0
2em+n+2u −e2u 0 0 0

0 0 −2em+n+2u 0 0













which is gauge equivalent to (4.7), and the following matrix V :

V11 = −F1 − 4c10(5λ)−1, V55 = F1 − 4c10(5λ)−1,

V22 = −4c10(5λ)−1, V33 = 6c10(5λ)−1 − F2, V44 = 6c10(5λ)−1 + F2,

F1 = 2
(

c3 + 2c4w1 + 2c5w8 + c6w4 + c7w5 + 2c10(w1w5 − w4w8)
)

(w3 + e−m−n)

+ 2c1w1 − 2c6w6 − 2c7w7 + 2c8w8 + 2c9(2w9 − w1w8) + 4c10(w6w8 − w1w7),

F2 = 2c1w1 + 2c2w2 + 2c4w4 + 2c5(2w2w4 − w5) + 2c6w6

+ 2c7(2w2w6 − w7) + 2c8(2w1w2 − w8) + 2w1c9(w1w2 − w8)

− 2c10(2w6w8 + 2w1w7 − w4w5 + w2w
2
4 − 4w1w2w6),

V12 = 0, V15 = −1

2
c9λ

−1,

V13 = λ−1
(

2(c10w4 − c5)(w3 + e−m−n) − (c7 + 2c10w1)(w3 + e−m−n)2

− c8 − c9w1 − 2c10w6

)

,

V14 =
(

c6 + c7w2 + 2c10(w1w2 − w8)
)

(w3 + e−m−n)2

+ 2
(

c4 + c5w2 + c10(w5 − w2w4)
)

(w3 + e−m−n)

+ c1 + c8w2 + c9(w1w2 − w8) + 2c10(w2w6 − w7),

V21 = −2c3 − 4c4w1 − 4c5w8 − 2c6w4 − 2c7w5 − 4c10(w1w5 − w4w8),

V23 = 2λ−1
(

c10w4 − c5 − (c7 + 2w1c10)(w3 + e−m−n)
)

,
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V24 = 2
(

c6 + c7w2 + 2c10(w1w2 − w8)
)

(w3 + e−m−n) + 2c4 + 2c5w2

+ 2c10(w5 − w2w4),

V25 = 0, V31 = −2c6 − 2w2c7 − 4c10(w1w2 − w8), V32 = V24,

V34 = 0, V35 = −V14, V41 = −2λ−1(c7 + 2c10w1),

V42 = 2λ−1
(

(c7 + 2c10w1)(w3 + e−m−n) + c5 − c10w4

)

,

V43 = −2λ−1
(

c2 + 2c5w4 + 2c7w6 + 2c8w1 + c9w
2
1 + c10(4w1w6 − w2

4)
)

,

V51 = 0, V53 = −2λ−1(c7 + 2c10w1),

V52 = −2c3 − 4c4w1 − 4c5w8 − 2c6w4 − 2c7w5 − 4c10(w1w5 − w4w8),

V54 = 2c6 + 2c7w2 + 4c10(w1w2 − w8).

This means that any local system obtained from (3.39) is integrable. In particular, system (3.40)
has the zero curvature representation with matrix (4.7), where 2m = q − p, 2n = p + q, and the
following matrix V :

V =

















−pτ 0 0 c1e
q+2u 0

−2pτ 0 0 0 0

0 0 0 0 −c1e
q+2u

0 0 −2λ−1c2e
−4u 0 0

0 −2pτ 0 0 pτ

















.

Conclusion

It has been proved in [9, 10, 11] that the zero curvature representations found there are nontrivial.
As all zero curvature representations presented here contain the same U-matrices by modulo of
a gauge transformation, then all zero curvature representations constructed here are nontrivial
too.

The method that is used here for constructing several exactly integrable hyperbolic systems
can be applied to other integrable evolution systems. This method of obtaining integrable
hyperbolic systems is much easier than direct classification.

If some of the hyperbolic systems presented in this paper are interesting from the application
viewpoint, their zero curvature representations can be easily found as shown.

All computations were performed with the help of package JET [17].

Acknowledgments. I am grateful to Prof. V. V. Sokolov for useful discussions. This research
was supported by the Russian Foundation for Basic Research (grant 05-01-00775).

References

[1] Kumei S, Invariance transformation, invariance group transformations, and invariance
groups of the sine-Gordon equations, J. Math. Phys., 16, no 12, (1975), 2461–2468.

[2] Drinfel’d V G and Sokolov V V, Equations of Korteweg-de Vries type and simple
Lie algebras, Dokl. Akad. Nauk SSSR, 258, no 1, (1981), 11–16; English translation: Sov.
Math. Dokl., 23, (1981), 457.

[3] Drinfel’d V G and Sokolov V V, Lie algebras and equations of Korteweg-de Vries
type. Itogi nauki i tekhniki. Sovrem. probl. matem., Moskow: VINITI, 24, (1984), 81–180;
English translation: Sov. Math., 30, (1985), 1975–2036.



On nonlocal symmetries of integrable three-field evolutionary systems 611

[4] Wilson G, The affine Lie algebra C
(1)
2 and an equation of Hirota and Satsuma, Phys. Lett.,

A89, no 7, (1982), 332– 334.

[5] Mikhailov A V, Shabat A B and Sokolov V V, The symmetry approach to clas-
sification of integrable equations, What is Integrability ? (Springer Series in Nonlinear
Dynamics), (Berlin: Springer), 1991, 115.

[6] Zhiber A V and Shabat A B, Klein-Gordon equations with a nontrivial group, Sov. Phys.
Dokl., 247, no 5, (1979), 1103–1107.

[7] Zhiber A V and Sokolov V V, Exactly integrable hyperbolic equations of Liouville type,
Russian Math. Surveys, 56, no 1, (2001), 63–106.

[8] Demskoi D K and Meshkov A G, New integrable string-like fields in 1+1 dimensions, in:
Proc. 2nd Int. Conf. Quantum Field Theory and Gravity (July 28August 2, 1997, Tomsk,
Russia, I. L. Bukhbinder and K. E. Osetrin, eds.), Tomsk:Tomsk Pedagogical Univ. Press,
1998, 282–285.

[9] Demskoi D K and Meshkov A G, Lax representation for a triplet of scalar fields, Theor.
Math. Phys., 134, no 3, (2003), 351–364.

[10] Demskoi D K and Meshkov A G, Zero-curvature representation for a chiral-type three-
field system, Inverse Problems, 19, (2003), 563–571.

[11] Demskoi D K, Marikhin V G and Meshkov A G, Lax representations for triplets of
two-dimensional scalar fields of the chiral type, Theor. Math. Phys., 148, no 2, (2006),
1034–1048.

[12] Ibragimov N H, Application of transformation groups in mathematical physics, Moskow:
Nauka, 1983 (in Russian).

[13] Lie group analysis of differential equations. CRC handbook, Ed. Ibragimov N.H., London,
Tokyo: CRC press, 1, 1994; 2, 1995.

[14] Olver P J, Applications of Lie groups to differential equations, Berlin: Springer, 1986.

[15] Sokolov V V and Svinolupov S I, Weak nonlocalities in evolution equations, Math.
Notes, 48, no 5-6, (1991), 1234–1239.

[16] Sergyeyev A, On recursion operators and nonlocal symmetries of evolution equations,
Hroc. Sem. Diff. Geom., Math. Publications, V. 2, D. Krupka, ed., Silesian University in
Opava, Opava, 2000, 159–173.

[17] Meshkov A G, Tools for Symmetry Analysis of PDEs. Differential Equations and Control
Processes. Electronic Journal., 1, (2002), http://www.unilib.neva.ru/lib/ejournals.html


