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Abstract

Necessary and sufficient conditions for the linearization of one-dimensional nonau-
tonomous jump-diffusion stochastic differential equations are given. Stochastic inte-
grating factor is introduced to solve the linear jump-diffusion stochastic differential
equations. Closed form solutions to certain linearizable jump-diffusion stochastic dif-
ferential equations are obtained.

1 Introduction

One-dimensional nonlinear stochastic ordinary differential equations (SODEs) arise in sci-
ence, finance and engineering [6, 2, 11, 10]. However, jump-diffusion stochastic differential
equations (JDSDEs) appear to be more realistic in cases where rare events play a promi-
nent role [8, 7]. Closed form solutions of SODEs not only allow us to study the underlying
stochastic processes but also provide means to test numerical schemes [5]. Linearizable
one-dimensional 1t6 SODEs may also be useful in the study of two-dimensional problems
[12]. Therefore analytical methods are of paramount importance.

Linearization of deterministic ordinary differential equations (ODEs) has been studied
by various authors (see for example [1, 3, 4, 13]). Linearization criteria for one-dimensional
It6 SODEs have been given by Gard [5]. However, to the best of our knowledge no work
has been done on the linearization of one-dimensional JDSDEs. Here we undertake this
task and present an analytical method which is based on linearization.
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We consider one-dimensional nonlinear nonautonomous SODEs with jump terms of the
form

dX = f(X,t)dt + g(X,)dW () + r(X,t)dP(t), X(0)=X,, t>0, (1.1)

where dW (t) is the infinitesimal increment of the Wiener process [11] and dP(t) is the
infinitesimal increment of the Poisson process [8, 7]. Here the simple Poisson process
P(t) (or P;) generates the jumps and the Wiener process W; (or W (t)) provides the
diffusion. Therefore the stochastic process X; involves both diffusion and jumps. We
assume that f(X,t), g(X,t) and r(X,t) are bounded and integrable functions. We provide
necessary and sufficient conditions for the JDSDE given in (1.1) to be linearizable via an
invertible transformation; hence, extending Gard’s theorem [5] to JDSDEs. Furthermore
we introduce the stochastic integrating factors to solve the linear JDSDEs. Finally we
provide five examples of nonlinear nonautonomous JDSDEs. We apply our theorem to
linearize the equations and then obtain their exact solutions using integrating factors.

2 Linearization
We seek transformations of the form

Y =h(X,t) (2.1)
which transforms the nonlinear JDSDE given in (1.1) into a linear equation of the type

dY = (a1(D)Y + az(t))dt + (b ()Y + ba(£))dW + (c1(t)Y + ea(t))dP(L). (2.2)

It6’s lemma [8, 7] for h(X,t) yields

2
dy = ng’ 2 + f(X, t)iahé))(( ) + 392()(, t)i8 g(; 2 dt (2.3)
+9(X, t)%);t)dw + WX +r(X,t),t) — h(X,t)] dP.
From Equations (2.2) and (2.3) we obtain
2

w + f(X, t)%ﬁ,’t) + %92()(, t)% = a1 (t)h(X,t) + az(t), (2.4)

MX +r(X,t),t) — h(X,t) = c1 (t)h(X, 1) + ca(t), (2.5)
and

g(X,t)% =bi1(t)h(X,t) + ba(t). (2.6)

We now consider Equation (2.6) and look at two cases for by (t).

Case 1 b1(t) =0
In this case the solution of Equation (2.6) is

B(X, 1) = ba(t) / g(Tlt)dX, (2.7)
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where we have chosen the arbitrary function of integration to be zero, because in stochastic
analysis change of variable is made via It6’s lemma Equation (2.3), therefore, ignoring an
arbitrary function of ¢ does not affect the transformation. Substitution of this A into
Equation (2.4) yields

62/‘%%2 </% G) dX+§—%88—§> =a1(t)Y + aa(t), (2.8)

where 52 denotes the derivative of by with respect to t. Let

/% (é) dX + g - %g—; = a(t)Y + B(1). (2.9)

Then Equation (2.8) becomes

<Z_z n bga(t)> Y +by8(t) = ar(t)Y + aa(t)

which implies that
i)g + b%a(t) = bgal(t), bgﬁ(t) = ag(t). (2.10)

We choose by(t) = 1 and so from the above equation we have a;(t) = «a(t) and as(t) = 5(t).
Equation (2.2) now becomes

dY = (a(t)Y + B(t))dt + dW + (cL(t)Y + ca(t))dP. (2.11)

However, one can obtain a simpler linear JDSDE by setting a;(t) = 0. (Of course the linear
JDSDE with a;(t) = 0 is not equivalent to the general linear equation. But this choice
leads us to determine some of the coefficient functions of the linear JDSDE beforehand.
Most importantly this choice does not affect the linearization conditions at all.) This leads
to

i)g + b%a(t) =0,

a solution of which is

bo(t) = ( / a(t)dt> o (2.12)

Here we have taken the constant of integration to be zero as this choice does not affect
the linearization criteria. The linear JDSDE now becomes

dY = B(t)ba(t)dt + by(t)dW + (c1 ()Y + ca(t))dP(t). (2.13)

The transformation (2.7) now takes the form

Y = h(X,t) = (/ a(t)dt>_1 / g(;’ X (2.14)
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Differentiation of Equation (2.9) with respect to X yields

O (1Y, D (1 109 _ 0
ot \ g 0X \g 20X) X’
Substitution of

Oh 1
0X g ([at)dt)

(from Equation (2.14)) into Equation (2.15)) leads to

DA 2 (Lrmy
ot\g) 09X \g 20X) " g(fa)dt)
After multiplying both sides of (2.17) by g(X,t) we rewrite it as

9(X, 0L =

where
o /1\ o [f 1dg
L=2(=)+ 2 (L2299},
8t<g>+6X<g 28X>

Differentiation of Equation (2.18) with respect to X gives

aix [g(X,t)L] = 0.

Now consider Equation (2.5), viz.
X +r(X,t),t) = (c1(t) + Dh(X,t) + ca(t),

and differentiate it with respect to X. We obtain

0X 0X 90X

From Equation (2.7) we have

0 bo
—h(X,t) = 9X.0)

0X
and so Equation (2.22) becomes

b2 aT(X,t) N bg
g(X +7r(X,1),1) ( 0X +1> N

We rewrite the above equation as

A = Cl(t) + 1,

(ih(X+r(X,t),t)> (ar(X,t) +1> = ih(X,t)(cl(t) L),

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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where

_(or(X,t) 9(X, 1)
A_< 0X +1> g(X +r(X,t),t)

Differentiation of Equation (2.24) with respect to X yields

B,
Sy A=0. (2.25)

Thus the Equations (2.20) and (2.25) are the linearization conditions.

Case 2 bi(t) #0
The solution of (2.6) in this case becomes

h(X,t) = —Zf—gg + K (#) exp [bl ) / ﬁdX]. (2.26)

Without loss of generality we choose K (t) =1 and ba(t) = 0 because it does not affect the
linearization conditions. Thus

1
h(X,t) =exp [b t /7dX]. 2.27
() =exp ) [ s (2.27)
Substitution of h(X,t) into Equation (2.4) yields

U% <gl();§t1)> dX + by (g - %g—)’;) + g] exp [bl(t)/ @dX} — ()Y +ag(t).
(2.28)

We set

T exp [bl ) / Q(Tl’t)dX} — ()Y + (1), (2.29)

where

T:bl(t)/g(Tl’t)dX—kbl(t)/% <g(;’t))dX+b1 (g—%g—)’;) +§. (2.30)

We now have

Y)Y +6(t) = a1 (t)Y + az(t),
which leads to
ar(t) = (1), ax(t) =o(t).
Differentiation of Equation (2.29) with respect to X yields

o  bi(t)
X ' g(X,1)

(2.31)
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and from Equation (2.30) we obtain

oT  bi(t)
X g(X.1)

+ by (t)L. (2.32)

From Equations (2.31) and (2.32) we have

ba(t) + by ()g(X, )L + by (T = 4(£)bi (1) (2.33)

By first differentiating Equation (2.33) with respect to X and then using Equation (2.32),
we obtain

b (t) + g(X, t)aiX(g(X, t)L) + by (t)g(X,t)L = 0. (2.34)

Differentiation of the above equation with respect to X gives

9
0X

0 0

(90605 (X000 ) + 8100 % (oX.00L) =

Solving for by(t), we obtain

0 0

av g(X,t)—(g(X,t)L)
bi(t) = — 2% ( A > (2.35)

% (9(X.0)L)

and differentiation with respect to X yields

aiXM:o, (2.36)
where
5 |90 55 (ax.0D)|
) - X g 8’ ax b
—~ l9(X,t)L]

0X

The transformation given in Equation (2.27) is

1
h(X,t) =exp <b t /7dX). 2.37
( ) 1( ) g(X, t) ( )
Differentiation of Equation (2.37) with respect to X yields
0 bi(t) / 1
—h(X,t) = bi(t dX ). 2.38

Substitution of (2.38) into (2.22) leads to

o(X +bi(<?<, 0,1 <bl Oy Fresaixy dX> (aé))i 2 1)
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1

= JX.0) exp <b1 (t) / de) (c1(t) +1) (2.39)

or in terms of A we have

Aexp (bl(t) ( / = +T1(X’t)’t)dX _ / Q(Tl’t)dX) > — () +1).  (240)

Differentiation of Equation (2.40) with respect to X yields

(§%0+”“<mx+ixmw‘m§w>:0

and solving for b;(t) we obtain

(%)

—bi(t) = A( T T ) (2.41)
9(X +r(X,1)t)  g(X,t)
Now differentiation of the above equation with respect to X yields
0

—_B= 2.42

ax > = (2.42)
where

(o)
B(t) =

1 1
A(mx+mxw¢y‘mxw>

Thus Equations (2.36) and (2.42) are the linearization conditions.
We now state the theorem which we have proved above.

Theorem 1. The nonlinear jump-diffusion stochastic ordinary differential equation
dX = f(X,t)dt + g(X,t)dW (t) + r(X,t)dP(t),

is linearizable if and only if the conditions (2.20), (2.25) or (2.36), (2.42) are satisfied.

3 Solution to linear JDSDESs

Although there are other methods such as variation of parameters available (see for in-
stance [11]) for the integration of one-dimensional It6 SODESs, here we make use of stochas-
tic integrating factors for linear JDSDEs.

Definition 1. The function p = p(t, W, P) with the property
d(uY') = Dy (t)dt + Do(t)dW + Ds(t)dP

is called an integrating factor for the one-dimensional linear JDSDE (2.2).
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We now consider the chain rule [§]
d(pY) = pdY +Ydp+ dYdp. (3.1)

Here dp and dudY are given by [7]

_(op 1 0% ou
and
0
dudY = ﬁ(blY +bo)dt + (WP + 1) — u(P))(e1Y + c2)dP, (3.3)

respectively, where

p(t, W,P)=u(P) and  p(t,W,P+1)=u(P+1).
Using the multiplication rules [7] we obtain

dtdP(t) =0, dP(t)dW(t)=0, dP™(t)=dP,

dtdW (t) =0, dW()dW(t) =dt and dW™(t) = 0.

Equation (3.1) can now be written as

2
) = {[mn+ %+ S+ o) ¥+ (aalOn+ taie) bz
+ { [b1(t),u + (‘f—lﬁ[i/} Y + bz(t)u} aw

HlerOp + (WP +1) = u(P)) + 1 (t)(u(P + 1) — u(P))]Y
+[ea(t)p + c2(t) (u(P + 1) — pu(P))]}dP.

The right hand side of the above equation should not involve the variable Y to comply
with the definition of the integrating factor. Thus we must have

2
ar () + g—é‘ + %gwﬁ; + g—v’;bl(t) ~0, (3.5)
bi(t)p + ;—‘f{/ =0 and (3.6)
(1+ et (O)n(P + 1) = u(P). (3.7)

We now solve the Equations (3.5)—(3.7). To achieve this goal we let
w(t, W, P) = My (t, W)Ms(t, P).
Equation (3.7) now is

(1+ c1(£))Ma(P + 1) = My(P). (3.8)
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By letting M = o (no extra constant of integration is needed in integrating factor) in
Equation (3.8) we obtain

_ 1
Cl+ta(t)’

which leads to

1
My(t,P) = —— 3.9
= Gam? 3
The solution to Equation (3.6) is
exp[—b1 (H)Wr 4 q(t)]
t, W, P) = . 3.10
o ) At a@)? (3.10)
Substitution of (3.10) into Equation (3.5) leads to
dg  bi(t) Péq(t)
i LA
dt 2 (1+ci(2))
the solution of which is
L t [ P(s)éas)
9 s)é1(s
1 _ _ 11
q(t) 5 /bl(s)ds /al(s)ds—i— T+ c1(s) ds (3.11)
0 0 0
Thus from Equations (3.10) and (3.11) we obtain
L | [ P(s)éa()
— (1+a() " —b2d—/ ds — by ()W, /&d.:ﬂz
p=ra®) e |5 [ [a@ds-nowi+ [ T8 ) @1
0 0 0
Invocation of (3.12) in (3.4) gives
A(Y) = (as(t) — by (Oba(O)p(P)dt + by(B)u(PYAW + co(t)u(P + 1)dP  (3.13)
and integration yields the solution
¢ t ¢
0 0 0

4 Applications

We now consider some linearizable nonlinear nonautonomous jump-diffusion equations.
We give calculations in detail for the first example. The other examples are partially
discussed and the solutions are given in Table 1. Our first example is from [9] and is

3 1
Z752X% + —t3> dP, X(0) = X (4.1)

1.1 2 3 .2
dX:§X3dt+X3dW—l—(§tX3+ 3
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As it is seen below, Equation (4.1) satisfies the linearization criteria (2.20) and (2.25).

We have
0 2 o (1. 1 10 _2
(875 (‘{ 3)+ax (3‘ 3‘56}(‘“))] =0

win

o X0 = 7 |x

and

axA=ox (5“ St X ”1)7 =0

Hence the transformation

X 1 1 1
Y:h(X):/ —2dX:3X§—3XO3
Xo X3

linearizes the Equation (4.1) and we obtain
3
dY =dW + Eth.

Integration gives
3 t
Y =W;+ —/ sdP(s).
2 Jo

Hence the solution X; is given by

1o 1 [t 3
X, = X03—|——Wt+—/ sdP(s)
3 2 /s

Our second example is taken from [2] but with an additional jump term and is
AX = a (8~ 2)dt+ o X3W + (oX3t+ afi?) dP, X (0) = Xo, (4.2)

Using the transformation

Y:\/%_Q<X%—X§), (022\/07@, (4.3)
we see that Equation (4.2) is transformed into

dy = —%Ydt + dW + tdP. (4.4)
Integration of (4.4) and use of (4.3) lead to the solution given in Table 1. The third example
which we present is from [11]. It is a mean-reverting Ornstein-Uhlenbeck equation with

an additional jump term. We have

dX = pX (0 (t) —In X) dt + pX2dW +  (t) XdP, X(0) = X, (4.5)
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Table 1: 1
Linearizable Equations and Solutions
Equation dX = a(ﬁ—X)dt—i—aX%dW—i— (JX%t—i-OéﬁtQ) dP
L Solution
Criteria ) ' ' 2
(2.20,2.25) X, = (Xg + ape 3" [f e25dW, + fse‘isdPsD
0 0
Equation dX = pX (0(t) — In X) dt + pX2dW +  (t) XdP
- Solution
Criteria " ¢ ¢
(2.20,2.25) X = Xgexp [pe“t (f(g + @)ef”ds + [ersdW, + % [In(1+¢(s)) e“sdPSH
0 0 0
Equation dX =&)X (n(t) — X)dt +5XdW + X (t) XdP
Solution
¢ ~1
Criteria Xe = XoV (t) (f £(s) ¥ (s) ds) ,
(2.36,2.42) . 0 .
— A(s
W (1) = (5p7) " exp L)f (5 (s)n (s) + ﬁg) ds — 15% — 6Wt]
4
Equation dX = (a ) X1+ §b2X%) dt + bX1dW + ((Xi + bt%) - X> P
- Solution
Criteria . ¢ : 4
= 1
(2.20,2.25) X, = [X(;l + 1 [a(s)ds+ oW + bfsEdPs]
0 0
The transformation given by
y=lmX (4.6)
p Xo
linearizes Equation (4.5) into
0 (t 1
dy = (—MY + g + “T()) dt+dW -+~ In (1+¢ (1) 4P (4.7)

Integration of Equation (4.7) can be done by the aid of an integrating factor described
above. Finally the use of (4.6) leads to the solution which is given in Table 1. Our next
example is the population growth model in a noisy environment with a jump term [5].
Here

dX =&)X (n(t) — X)dt + 6XdW + A(t) XdP, X(0) = X, (4.8)

The transformation

()

linearizes Equation (4.8) into

4y = [(6% = (1) n (D) Y + £ (1)] di + 6V aW + G%) ydp. (4.10)
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Integration of (4.10) via integrating factors and use of (4.9) lead to the solution given in
Table 1. The final example we give is from [7] and in this example we have

dX = (a () X%+ gb%(%) dt+bX TdW + ((Xi + bt%>4 - X) dP, X(0) = Xo, (4.11)
The transformation
Y = % <le1 - X0i> (4.12)
linearizes Equation (4.11) into

t
Qv = %dt AW + 4¢3 dP. (4.13)
As before integration of (4.13) and use of the transformation (4.12) lead to the solution
given in Table 1.

5 Conclusions

Linearization conditions of the one-dimensional nonautonomous JDSDEs are given. An
integrating factor has been introduced to integrate (solve) the linear JDSDEs. Several ex-
amples of linearizable nonlinear nonautonomous JDSDEs are given and their closed form
solutions are obtained.

Acknowledgements The authors thank the referee for valuable comments and sugges-
tions that helped improve the paper. G. Unal would like to thank C. M. Khalique and M.
McPherson for their kind hospitality during his visit to IISAMM, North-West University,
Mafikeng Campus, South Africa, where most of this work was done.

References

[1] Berkovich, L. M, The method of an exact linearization of n-order ordinary differential
equations, Nonlinear Mathematical Physics 3 (1996), 341-350.

[2] Cox J C, Ingersoll J E and Ross S A, A Theory of the Term Structure of Interest
Rates, Econometrica 53 (1985), 385-408.

[3] Euler N and Euler M, Sundman symmetries of nonlinear second-order and third-
order ordinary differential equations, Journal of Nonlinear Mathematical Physics, 11
(2004), 399-421.

4] Euler N, Wolf T, Leach P G and Euler M, Linearizable third-order ordinary differ-
[ ] ’ ’ s y
ential equations and generalized Sundman transformations: The Case X" = 0, Acta
Applicandae Mathematicae, 6 (2003), 89-115.

[5] Gard T C, Introduction to Stochastic Differential Equations, Marcel Dekker, New
York, 1988.



442

G Unal, I Iyigiinler and C M Khalique

[6]

[7]

[10]

[11]

[12]

[13]

Gardiner C W, Handbook of Stochastic Methods for Physics, Chemistry, and the
Natural Sciences, Springer-Verlag, Berlin, 1985.

Hanson F B, Applied Stochastic Processes and Control for Jump-Diffusions: Model-
ing, Analysis and Computation, http://www.math.uic.edu/ hanson/pub/SIAMbook,
2006.

Ikeda N and Watanabe S, Stochastic Differential Equations and Diffusion Processes,
Second Edition, North-Holland, Amsterdam, 1989.

Maghsoodi Y, Mean Square Efficient Numerical Solution of Jump-Diffusion Stochastic
Differential Equations, The Indian Journal of Statistics, A 58 (1996), 25-47.

Mikosch T, Elementary Stochastic Calculus with Finance in View, World Scientific
Publication, Singapore, 1998.

Oksendal B, Stochastic Differential Equations: An Introduction with Applications,
Sixth Edition, Springer -Verlag, Berlin, 2003.

Wafo Soh C and Mahomed F M, Integration of Stochastic Ordinary Differential Equa-
tions From a Symmetry Standpoint, Journal of Physics A: Mathematics and General.
34 (2001), 177-192.

Wafo Soh C and Mahomed F M, Linearization criteria for a system of second-order
ordinary differential equations, International Journal of Non-Linear Mechanics 36
(2001), 671-677.



