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1. Introduction

The statistical study of record values in a sequence of iid continuous random variables was first
formulated by Chandler (1952). For an extensive study in this area one can refer to the works of
Arnold et al. (1998) and Ahsanullah (1988, 1995). Dzuibdziela and Kopocinski (1976) have gener-
alized the concept of record values of Chandler (1952) by random variables of a more generalized
nature and we may call them as generalized record valukslorecord values. In this chapter we
mainly focus on the study of generalized record values from Gompertz distribution.

The Gompertz distribution was introduced by Gompertz (1825). This distribution plays an
important role in modelling human mortality and fitting actuarial tables. Ahuja and Nash (1967)
have shown that Gompertz distribution is related by a simple transformation to certain distributions
in the Pearson system of distribution. It can be viewed as extensions of the exponential distributions.
More recent survey of Gompertz distribution and its applications can be found in Al-Hueisalini
(2000) and Marshall and Olkin (2007).

Let {X,, n > 1} be a sequence of iid random variables with cumulative distribution function
(cdf) F(x) = P(X < x) and probability density function (pdfj(x). For a fixed positive integek,
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we defire the sequenc{:U,%k), m> 1} of k-th upper record times dfX,, n > 1} as follows:
k k . . K
U](_ ) — 1, Urgn—&)-l = mln{j > Ur%) D Xjjrk-1 > )ﬂJ&k)ZU&k)—&-k—l}'

The sequencéYn(qk), m>1} whereY, — XMy 1

values or generalized upper record value$Xf, n > 1}. For convenience we shall also taﬁ,@ =
0. Fork=1andm=1,2,... we write U,Eq” = Um. Then{Uy, m> 1} is the sequence of upper
record times of X, n > 1} as defined in Chandler (1952). We shall write,

is called the sequence kith upper record

ur(T:;LZE[(Yn(P)f], nrm=12...

ur(T::tS;L:E[(ymk))f(yt(k))s], 1<m<t—1, rs=1,2,...
Hngie = EL0M )] = Mo L<m<t=1 r=12..
pon=EIM ) =1y, 1<m<t-1, s=12..

In Section 2, we derive recurrence relations for single and product moments of generalized upper
record values arising from Gompertz distribution. In Section 3, we derive the conditional distri-
bution of a generalized upper record vam@ given Yr%k) = x for m< t and used a property of
conditional expectation of a function of generalized upper record values to characterize Gompertz
distribution. In Section 4, we discuss generalized lower record values and obtain recurrence relation
for single and product moments from inverted Gompertz distribution. Finally, in Section 5 we give
a charaterization result for the inverted Gompertz distribution.

2. Recurrencereation for single and product moments of generalized upper record
values from Gompertz distribution

A random variableX is said to have a Gompertz distribution if its pdf is of the form

_Beax_
f(x):Be"Xe[ al l)], 0<x<o, a,B>0. (2.1)
The cdf corresponding to (2.1) is given by

[4es]

Fix)=1-—e (2.2)

It can be seen that
f(x) = [B+a{-InNFX)]}]FX), (2.3)

whereF (x) = 1—F(x).
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Let {Yn(qk), m>1} whereY, ¥ — X0, y 4, D€ asequence of generalized upper record values
from (2.1). Then the pdf of\¥, m> 1 is given by [see, Dziubdziela and Kopocinski, 1976]

fl (9 = % [~ InF)]™  F] M (2.4)

and the joint density function ot andY¥,¥, 1< m<t,t > 2 is given by

fvn@,vt(” (Xy) = (m= 1)!(?_ 1), [Inf(x) — Inf(y)]t—m_l
X [—Inf(x)]m_lﬁ[f(y)]k‘lf(y), X<Y. (2.5)

Theorem 2.1. Fixapositiveinteger k> 1. Form>1andr =0, 1, 2,...

(r+1)

(r+1) (r+1) Bk ( (r+1) . (r+1)
ma

“m+1k umk - ”mk _um—l;k)+ IJr(T:;L' (2'6)

Proof. Form>1andr =0, 1, 2,..., we have from (2.3) and (2.4)

= ety X I

akm

T )l nFOoF oo

+

Now, integrating by parts treating for integration and the rest of the integrand for differentiation
and simplifying we get

u Bk () Bk L ma Ly ma  (ry1)
m;k (r_|_1) m;k (I’—I—l) m—1;k (I’—I—l) mH-1;k (I’—I—l) m;k

Now, rearranging the terms we get

(r+1) (r+1) Bk (r+1) (r+1)

“m+1k umk _@(“mk m—l;k)+

which is relation (2.6). O

Remark 2.1. Fork = 1, wededuce the relation for single moments of upper record values estab-
lished by Khan and Zia (2009).

Theorem 2.2. Forl<m<t—2andr,s=0,12,...

(r+1s) _  (r+1s) Bk( (r+1s)

r+1,) (I’—I—l) (r.s)
Hmtx ™ = Hmetek+ Hmt-1x — “r(n 1to1k) —

Him'tk 2.7)

andform>1rs=0,12,...

r+1s str+1) , BK (syre1 r+ls (r+1) «s
Hmr k= Hizi (e = Hi i) = == Hinom 1 2.8)
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Proof. From (2.5), for lI< m<t—1andr,s=0,1, 2,..., we have

ik = [ YFEOI o mey 29
where,

l(y) = /nyr (INF(x) — INF(y)]" ™= InF(x)|™ 1 ="Zdx. (2.10

+a /nyr (INF(x) — InF(y)]" ™ - InF(x)]Mdx. (2.12)

Integrating (2.11) by parts, treatingfor integration and the rest of the integrand for differentiation,
we get fort > m—+ 2,

iy = PL=m=1) /0 "X INE ) - InF) ™20 ™t

(r+1) F(x)
_ % /O "X INE(x) — |nE(y)]t‘m‘1;—);))[—lnF( X)]™ Zdx
% /0 "IN E(x) - In f(y)]““% [~ InF (x)]Mdx
- R oo - mF 0 L mE o .2

Substituting (2.12) in (2.9) and on further simplification we get (2.7).
Further, fort = m+ 1 we have

|(y) ( ) |: +l[ InF( )] _(m_l)/oyxr+1[_|nf(x)]mZ%dx}
Y d E m— f(X)
S [yt mEm - m e mE g T 2.13

Substituting (2.13) in (2.9) and simplifying we get (2.8).

Remark 2.2. Fork =1, we deduce the relation for product moments of upper record values estab-
lished by Khan and Zia (2009).

3. Characterization result

Now we obtain the characterization of Gompertz distribution using conditional expectation of func-
tion of generalized upper record values. First we describe the conditional distribution of a general-
ized upper record vaILIQ(k) givenan() = xfor m< t. We make use of this conditional distribution to
obtain a characterization property of Gompertz distribution. The joint phf#]%fandYt(k) is given
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in (2.5) and the marginal distribution ¥ is given by (2.4). If we writen(y | x) to denote this
conditional density, then the conditional pdf\(t)(ik) givenYn(qk) =X, 1< m<tis given by

kt—m
(t—m—D!F(x)

h(y | x) = LINF) —InF )™ FWIH(y). 3.1
Clearly h(y | x) is distributed as the pdf of thg — m)™ generalized upper record value arising from
the distribution truncated on the leftatThus we conclude that the conditional pdf of generalized
upper record values also shows a property similar to that of conditional pdf of an order statistic
arising from an absolutely continuous distribution given the value of a lower order statistic.

In particular, the conditional pdf Orl’rgfgl givenan() =, is given by

=l k-1
W, y>x (3.2)

Theorem 3.1. Let X be an absolutely continuous r.v. with pdf f(x) and cdf F(x). Then X follows
Gompertz distribution with F(x) = 1— e ¢ -1, o, B > 0, 0 < x <  if and only if

h(y | x) =

k
Proof. From (3.2) we get,
E {ee“yml Y = x} -k / e i)ty (34
[F(x)] Jx
Now, using (2.1) and (2.2) in (3.4) the proof of the necessary part follows.
Conversely, assume that (3.3) holds. Then

/X e Fy) i (y)dy = ﬁee‘” [F(x)]<. (3.5)

Differentiating both sides of (3.5) and simplifying we get,

d s _ a X
—&InF(x) = Be“*,

which on further simplification leads t&,(x) = e (¢”~1 and this proves the theorem. O

4. Recurrencerelation for single and product moments of generalized lower record
values from inverted Gompertz distribution

Ar.v. X is said to have an inverted Gompertz distribution if its pdf is of the form
f(x) = Eefg(e%*l)e%, x>0, a,fB>0 (4.1)
and its cdf is of the form
F(x) = e a1 (4.2)

It should be noted that i follows a Gompertz distribution with pdf (2.1), thefi=1/Y follows
the inverted Gompertz distribution defined by the pdf (4.1). For an inverted Gompertz distribution
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f(x) andF (x) are @nnected by the relation
X2 (x) = [B+a(—InF(x)]F(x). (4.3)

Let {X,, n> 1} be a sequence of iid random variables as defined in Section 2. For & fixéd
we define the sequem{&ﬁr'f), m > 1} of k-th lower record times ofX,, n> 1} (as introduced by
Pawlas and Szynal, 1998) as follows:

k k o SR (5
LW =1, LW, = mm{J > L X004 q > Xk:j+k—1}.

Fork=1, we WriteLE%) = Lm which are lower record times ¢iX,, n> 1}.
The sequenC({Z,(#), m>1} wherez{® = X100, IS called the sequence of generalized lower
record values dk-th lower record values dfX,, n > 1}. For convenience we shall also tﬂg@ =0.

Fork=1, we haveZ,(n” = X_,,» m> 1, which defines the usual sequence of lower record values of
{Xn, n > 1}. We shall define,

v =E[(ZW)], rm=12,...

oS =ElZW) (@), 1<m<t-1 rs=12...
Ve =ElZ¥)] =V, 1<m<t-1 r=12...
VR =E(Z) =V, 1<m<t-1, s=12,...

The pdf ofz¥, m > 1 is given by

km

009 = gy~ MF OO F O 19 (4.)

and the joint density function 61‘,(#) andZ((k), 1<m<t,t>2isgiven by

kt
T 200 (% Y) = (m—1)I(t—m—1)!

INF(x) —InF(y)]=m1

< [—InF(x)]ml%[Hy)]klf<y>, x>y. (4.5)

Theorem 4.1. Fixapositiveintegger k> 1. Form>1andr =1, 2,...

(N n , Bk, n v () (4.6)

Vorik = Vmk t ma (Vm—l;k " Ymk

Proof. Form>1andr =1, 2,..., we have from (4.3) and (4.4)

i = B X E I () x

+ _ak?_ /m X = InF(x)]M[F (x)]¥dx
(m—1)!Jo .
Now, integrating by parts treating—? for integration and the rest of the integrand for differentiation
and simplifying we get relation (4.6). O
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Theorem4.2. Forl<m<t—2andr,s=12,...

Vi = Bl (Vs = VL) e (vl — v ) @)
andform>1,rs=12,...
r+19) (r9) (s+7) e (st1)
erm+1k Bk( Lk~ Vmik >+ma< mm+1;k_vm+1;k>' (4.8)

Proof. The proof follows exactly in the same manner as in Theorem 2.2 and hence omitted.

5. Characterization result for inverted Gompertz distribution

Here we obtain a characterization property of inverted Gompertz distribution based on conditional
expectation of function of generalized lower record values. First we consider the conditional distri-
bution of a generalized lower record valzg) given Zr(,'f) = x for m < t. The joint pdf onr(,'f) and

Zt(k) is given in (4.5) and the marginal distribution fo) is given by (4.4). If we writgy(y | X) to
denote this conditional density, then the conditional det%(? given Zr(,'f) =X 1< m<tisgiven

by

Y10 = e INE ) - TR . (6)

Clearlyg(y | x) is distributed as the pdf of thg — m)th generalized lower record value arising from
the distribution truncated on the rightatThus we conclude that the conditional pdf of generalized
lower record values also shows a property similar to that of conditional pdf of an order statistic
arising from an absolutely continuous distribution given the value of a higher order statistic.

In particular, the conditional pdf dtr(rf}rl givenZ,(T'f> =X, IS given by

k—1
oy = E 1) 52

Theorem 5.1. Let X be an absolutely continuous r.v. with pdf f(x) and cdf F(x). Then X follows
an inverted Gompertz distribution with F (x) = e (€* ~1) if and only if

a/Z<k) K Bk a
Ele® ™ | z¥ =x| = eex. 5.3
e 2 - e 53)
Proof. Using (5.2), the necessary part follows by direct computation.
Conversely, assume that (5.3) holds. Then
/ e Ryt ydy = L e F o)k (5.4)
0 (a+Bk) ' '
Differentiating both sides of (5.4) and simplifying we get,
d Bex
ax INF(X) = —
which an further simplification leads td5 (x) = e~ ¢ (%1, O
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