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We introduce a new family of distributions called the gamma extended Weibull family. The proposed family
includes several well-known models as special cases and defines at least seventeen new special models. Struc-
tural properties of this family are studied. Additionally, the maximum likelihood method for estimating the
model parameters is discussed. An application to real data illustrates the usefulness of the new family. The
results provide evidence that the proposed family outperforms other classes of lifetime models.
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1. Introduction

Recently, Zografos and Balakrishnan [24]] introduced and studied a broad family of univariate dis-
tributions through a particular case of Stacy’s generalized gamma distribution, in the same way as
Jones’s family is defined following the beta distribution. This new family stems from the general
class: if G denotes the baseline cumulative distribution function (cdf) of a random variable, then a
generalized class of distributions can be defined by

F(x:8) = {8, ~log[l - G(x)]}. (1)

where x € 2" C R, § >0, ¥(8,z) =(8)~" [§ t*~'e~tdt denotes the incomplete gamma function
and I'(+) is the gamma function. This family of distributions has probability density function (pdf)
given by

1

f(x:8) = @{—log[l — G} (%) (1.2)
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Moreover, the class of extended Weibull (&%) distributions, as proposed by Gurvich er al. [§]],
has achieved a prominent position in new probability models. Its cdf is

G(x;a,&) =1—exp[—aH(x; &), (1.3)

where x € 2 C R, @ > 0 and H(x;€) is a non-negative monotonically increasing function which
depends on the parameter vector &. The corresponding pdf is given by

gx;a,8) = aexp[—aH (x; ) h(x; ), (1.4)

where h(x; ) is the derivative of H(x;&).

Note that different functions H(x;&) in equation yield important statistical models such
as: H(x; &) = x gives the exponential distribution; H (x; &) = x? leads to the Rayleigh distribution;
H(x;E) =log(x/k) leads to the Pareto distribution and H (x; &) = B~![exp(Bx) — 1] gives the Gom-
pertz distribution. Table 1| displays the functions H(+;-) and A(-;-) and the corresponding parameter
vectors for special distributions.

In this paper, we derive a new family of distributions by compounding the classes of gamma and
&W distributions. The compounding procedure follows by taking the &% family of distributions
as the baseline distribution in (I.T)). The gamma extended Weibull (¥& %) family of distributions
contains as special models the modified Weibull, Pareto and Gompertz distributions, among those
listed in Table

The paper is organized as follows. In Section 2} we define the 4&# class of distributions and
obtain useful expansions for its cumulative and density functions. Some mathematical properties are
derived and discussed in Sections3}|6} quantile function, order statistics, generating function, incom-
plete moments and mean deviations. Additionally, some information theory measures for the pro-
posed family are derived. Formulas for the Rényi and Shannon entropies are presented in Section
and [8] respectively. In Section[9] we present expressions for the cross entropy and Kullback-Leibler
divergence. The maximum likelihood method and the observed information matrix are investigated
in Section[I0} Some special cases are studied in some detail in Section[TT] An application to a real
data set is performed in Section [12|in order to illustrate the flexibility and potentiality of the new
family. Finally, main conclusions are addressed in Section

2. The ¥ &% family of distributions
Taking the &% family of distributions as the baseline model in equation (I.1I)), we have
F(x;8,0,8) =76, aH(x:8)], 2.1)

where x € 2, a > 0 and § > 0. The corresponding pdf has a very simple form

F:8,0,8) = - h(x:E)H(x:£)°" expl—aH (x: )], 2.2)

I'(8)
where H (x; &) corresponds to a special distribution listed in Table 1| with cdf given in (T.3).
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Table 1. Special distributions and corresponding H (x; &) and h(x; &) functions

Distribution | H(x;&) | h(x:§) | a | &

Exponential (x > 0) [9]] X 1 a |0

Pareto (x > k) [9] log(x/k) 1/x o |k

Rayleigh (x > 0) [18] X2 2x o |0

Weibull (x > 0) [9] x¥ V1 aly

Modified Weibull (x > 0) [11] xVexp(Ax) X7l eXp(?Lx)(y—i- Ax) o | [y, 2]

Weibull extension (x > 0) [23] Alexp(x/A)B —1] | Bexp(x/A)B(x/2)B~! o | [y, 4,B]

Log-Weibull (—eo < x < o) [21]] exp[(x—u)/o] (1/o)exp[(x— )/0'} 1 | [u, o]

Phani (0 < 1 < ¥ < & < o) [17] (=)o =P | Bllx /(o ]~ o | [0, B]

x[(6—p)/(o—1)]
Weibull Kies (0 < p <x < 6 <o) [10]| (x—p)P1 /(6 —x)P| (x—p)Pr=!(c—x)7P~! o | [u,0,B1 Bl
X [Bi (0 —x) + o (x— p)]

Additive Weibull (x > 0) [22] (X/B] )al + (x/ﬁz)az (OC] /ﬁ] )(X/ﬁl )01171 1 [ocl, o, B, ﬂz]
+(0n/B2)(x/B2) %!

Traditional Weibull (x > 0) [14] *P[exp(cexd —1)] bxPexp(ex?) — 1] a | [b,c,d
+cdx? T4 Vexp(cx?)

Gen. power Weibull (x > 0) {13] [+ (/B)%]° 1 | (Bau/B)[1+(x/B)@1% (x/B) | 1 | [eu, B, 6]

Flexible Weibull extension(x > 0) [[1] exp(ax — f/x) exp(ox— B /x)(ay + B/x?) 1 | [oq,B]

Gompertz (x > 0) (6] B~ lexp(Bx) —1] | exp(Bx) o | B

Exponential power (x > 0) [[19] exp[(Ax)P] -1 BAexp[(Ax)B](Ax)B- 1 | [4, 8]

Chen (x > 0) [4] exp(x?) — 1 bxP~ T exp(x?) o |b

Pham (x > 0) [16] (a)P —1 B(a*)Plog(a) 1| [a,B]

The survival function of the ¢ &% family of distributions is given by

S(X;(s’aaé) = 1*}/[6,061‘1()(;5)],

x > 0, and its hazard rate function becomes

‘ o h(x;E)H(x; €)% exp[—aH (x;€)]
(x:8,00,8) = T(8)S(x0,a,8) ’

x> 0.

2.1. Expansions for the distribution and density functions

Here, we derive useful expansions to obtain some important statistical quantities such as the noncen-
tral moment, generating function and Rényi entropy. Raising the density function (2.2) to a positive
power s gives

asS

f(x;&a,é)szr((s)sh( &) H(x;£)"° Y exp[—s aH (x;€)].

For any real number § > 0, we have the following equality (see http://functions.wolf
ram.com/ElementaryFunctions/Log/06/01/04/03/)

k
{—log[l — G(x;a,§) }61 —1)Z<k+1_ )i ﬁ()pjk

—G(x;a,é)‘”“, (2.3)
k=0 Jj=0 J)
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where the quantities p;; can be obtained recursively, for k =1,2,..., as
1 k
Pjk= % Z [k_m(j+ 1)} CmPjk—m;
m=1

pjo=1land ¢, = (—1)*!/(k+1). Applying (2.3) in equation (T.2) and using the binomial expan-
sion, we can express (2.2) as an infinite linear combination of &% densities. We have

oo

f(x:8,0,8)=Y vigxa(r+1),8), (2.4)
r=0
where

o CIE DG (8 (1 -3) o

(r+1)I'(9) k:()j:o(ﬁ—l—j) J k

Equation (2.4) is the main result of this section.

3. Moments, generating function and log-moment

3.1. Moments

Let X be a random variable following the ¢&# distribution with parameters &, and &, say
X ~9EW (8, a,&). The nth noncentral moment is given by

5—1 5—1
E(X")z/@x" ?(5) H( &) g(va, &)dx = ?(5) Ey[Y"H(Y;€)51]. 3.1)

Here and henceforth Y, denotes a random variable following the &% distribution with pdf given by

(1.4). We can also rewrite (3.1)) as

)
E(X"):/@x”f(x;S,a,é)dle%/@x”H(x;g)‘s_]h(x;é)exp[—aH(x;é)]dx.

Setting u = H(x; ), we have du = h(x; €)dx, x = H ' (u;€) and then

)
E(X) = 1) /W[H_](u;g)}"us_]exp(—au)du, 3.2)

where &7 = {u: H '(u;€) € Z}. The integral in (3.2)) can be obtained in closed-form for some
special models.

In Table we list the H~!(x; &) function for some special cases. Tableprovides E(X") for the
exponential, Rayleigh, Weibull and Pareto distributions.
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Table 2. The H~ ! (x; &) function

Distribution H'(x;§)

L 1)1/B
Exponential power M
Chen [log(x—i—])]l/ﬁ
Weibull extension A [log (5 +1)] /B
Log-Weibull olog(x)+u

. 1/B agn
Kies ST
: 1/6 1/e
Gen. Power Weibull B [(x—i— 1)V/Y — 1]
Gompertz %
Pham |:101g(x+1)] 1/B
og(a)

Table 3. Values of E(X")

E(X")
Exponential ~Rayleigh  Weibull  Pareto (for k > )
I(n+8) r(s+0)  r(5+9) ok
o'T(3) alr(d)  alr(s) (k—a)?

3.2. Moment generating function
In a similar manner, the moment generating function (mgf) of the ¥&#  family of distributions is

given by

a5—1
T(5)

M(t) =E(e*) = =—Ey [e’XH(Y;é)‘S’l} .

This equation can be expressed as

M) = % [ W) H(x £ Hx: d
()= g [, 0 §)H (:6)° expl—oct (1:8) + 1] d.

Setting again u = H(x;§), we obtain M(t) = T~ 1(8) [, u®'exp [—au-+1H "(u;§)] du.

3.3. Log moment
The kth log-moment of the 4 &% family of distributions reduces to

Ellog"(X)] = [ log"(x)f(x:5, 1. §)dx = ?f(;)l | togt () H(x:8)"" sl o
a6—1

_ WEy[log’(Y)H(Y;é)a’I]-

3.4. Dependent-H moment

Theorem 1. LetY and X be two random variables represented by the cdf’s (1.3) and (2.1)), respec-
tively. Thus, the following results hold:
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(1) EX X g _ (xk?j_k) .
(2) Ex {log[H (X: ) H(X: £ —0+1} = 51 2. [T,
(ﬁ&U@TX§H—wI$B@]

Setting 6 = 1 in these equations, we obtain the corresponding expressions for the random vari-
able Y. The proof of this theorem is given in the appendix B.

3.5. Incomplete moments

The kth incomplete moment of a random variable X following the 4 & #  distribution is determined
as

Z [oe]
T(@) =E(X* X <2)= [ & f(xs.ag)de= Y vT()
e r=0
and then

2)=)Y v, (2), (3.3)
r=0

where T} (z) = [* x*g(x;a(r+1),&)dx is the kth incomplete moment of the &% distribution and
the quantity v, is given in (2.9).

4. Quantile function and random number generator

The ¥ &% quantile function can be expressed in terms of the quantile function of the gamma dis-
tribution and of the inverse function of H, which are denoted by Qr(8;u) and H~!(-), respectively.
From the ¥ &% cumulative distribution F (x; 8, @, &) =[5, ocH (x; & )], we have ¥[8, oH (x; &) = u
and, as a consequence, oH(x;€) = Qr(0;u). Therefore, the ¥&# quantile function can be
expressed as

(8, a,&;u)=H"" (Qr(a&”);é). 4.1)

For example, from Table[2] the quantile functions for the Chen and Pham distributions are given
by

1/B
llog (Qr(8,u) +1)]'/P and {%} , respectively.

Hence, the generator for X ~ 4 & (8, o, &) can be given by the following algorithm:
1: Generate U ~ U (0,1).
2: Specify a function H(+;-) such as anyone in Table
3: Obtain a outcome of X by X = H~! (%, é)
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4.1. Expansion for the quantile function

The quantile function of the ¥ &% distribution can be expressed in terms of a power series of a
transformed variable v, which takes the form v = p (u —1)P, for p,t and p known constants,

Q(u) =Y mv', 4.2)
i=0

where the coefficients m; are suitably chosen real numbers. In Steinbrecher and Shaw [20], for the
gamma distribution with shape parameter & > 0, equation [@2) is defined by v = [['(§ 4 1)u]'/% and

0, ifi=0
mi=< 1, ifi=1
ajt1, ifiZl,

where

1 i istl . ol .
a1 = i(5+i){z _3;1 arasai—r—g128(i—r—s+2)—A(i) Zarai,+2r[r—5—(1—5)(l+2—r)]},

r=1 r=2

A(i)) =0if i <2 and A(i) = 1 if i > 2. In this case, the first coefficients are ay = 1/(d + 1),
a3 = (36 +5)/[2(8 +1)*(8 +2)],... Hence, the power series for the gamma quantile function can
be expressed as

Or(8;u) = imil"((S—I— 1)/0 /9, (4.3)

i=0

Applying (4.3)) to equation (.I)), it follows the ¥ &%  quantile function
1 & ) )
0(8,0,8;u)=H"" (a Y miT(8+ 1)’/%’/5;5) .
=0

4.2. Skewness and kurtosis

There are several robust measures in the literature for location and dispersion. The median, for
example, can be used for location and the interquartile range. Both the median and the interquartile
range are based on quantiles. From this fact, Bowley [2] proposed a coefficient of skewness based
on quantiles given by

3/4)+0(1/4) —20(1/2)
Q(3/4)—0(1/4) ’

where Q(+) is the quantile function of a given distribution. It can be shown that Bowley’s coefficient
of skewness takes the value zero for symmetric distributions. Additionally, its largest value is one
and the lowest is —1.

Moors [[12]] demonstrated that the conventional measure of kurtosis may be interpreted as a

sk =<

dispersion around the values i + o and p — o. Thus, the probability mass focuses around p or
on the tails of the distribution. Therefore, based on this interpretation, Moors [12] proposed, as an
alternative to the conventional coefficient of kurtosis, a robust measure based on octiles given by

g [0(7/8)—0(5/8)]+[0(3/8) — 0(1/8)]
0(6/8) —0(2/8) '
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5. Order statistics

In the following discussion, we derive the order statistics and their moments. The pdf of the ith

order statistic X;.,, fori = 1,2,...,n, can be expressed as
fx) i1 i f(x) v ok (M piket
) = JY  F - Fx)|" = —2 -1 F'* )
finx) B(i,n—i+1) ()1 ()] B(i,n—i+1) k;)( ) k (x)

From equation (C.2)) given in[Appendix C| we obtain

i) = ey V() I e,

where 1,,, = @® s, ,/T(8) and s, , is defined in this appendix. Additionally, from equation (C.2)
given in the vth ordinary moment of X;., becomes

1 n—i )
E(X} :/ fin(dr = e Y (= DF () i,
( l.l’l) @X fln(x) B(l,l’l —it 1) k_;)( ) k) Hvitk—1
where the quantity ;1 = E[X"F™*1(X)] is the probability weighted moment (pwm) of the

4 & W distribution.

6. Mean deviations

The mean deviations about the mean and the median for the ¢ &% family of distributions can be
expressed as

600 = [ r—ulf(r8.a8)de and  &(X)= [ =M f(x:5.0.8)dr

respectively, where 1 = E(X) denotes the mean and M = Median(X) the median. The median
follows from the nonlinear equation F(M; 8, &, &) = 1/2. These quantities can be reduced to

61(X) =2uF(u:6,0,8)—2T1(n) and  &(X)=p-2T(M),

where T1(z) = [*_x f(x; 8, @, &)dx is the first incomplete moment.

From equation (3.3), the quantity 7i(z) for the ¥&# distribution becomes 7i(z) =
Y2 o Ve T{(z), where T{(z) = [*_xg(x;a(r+1),&)dx is the first incomplete moment of the &%
distribution.

7. Rényi entropy

Let Y be a random variable with density f(y;0) with support y € o7 C R. The Rényi entropy is
defined by

1

— S

Hy(Y) = -

g {By (i) 1) = L tog (| rs0ray)

where s € (0,00) \ {1}.
Published by Atlantis Press
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We can obtain the Rényi entropy for the ¥ &% distribution as

50

HR(X) = 1 log (r‘g) | 8 W) exp —sa () dx>

— S

= ! {sSlog(Oc)—slog[F(5)]+log ( /9 H(x;é)x(é1)h(x;€)sexp[—saH(x;§)]dx) }
(7.1)

8. Shannon entropy

Let Y be defined as in Section[/| Here, we derive the Shannon entropy defined by

Hs(Y) = By {~1ogl/(V:0)]} = — [ 10gl/(:0)]/(3:0)dy:

The log-likelihood function relative to one observation follows from (2.2) as

)

log[ f(x;0,a,8)] = log [F(ZS) +(6 —1)log[H (x;8)] — aH (x; &) +log[h(x; E)].

Thus, the Shannon entropy of X can be expressed as
1

Hs(X) = —log [1‘?5)] — (6 —1)Ex{log[H (X:§)]} + aEx[H(X: )] — Ex{log[h(X: &)]}.

Using Theorem [1] the following results hold: (i) Ex{log[H(X;§)]} = w(8) — log(a), where y/()
is the digamma function and (ii) Ex [H (X;€)] = 6/ c. Finally, the Shannon entropy reduces to
(%)
Hs(X) =log o | (6 —1)y(8)+ 6 —Ex{loglh(X;€)]}. (8.1)

9. Cross entropy and Kullback-Leibler Divergence

Let X and Y be two random variables with common support R whose densities are fx(x;6;) and
fr(y; 62), respectively. Cover and Thomas [5]] defined the cross entropy as

Cx(¥) = Ex{—Toglfy (X:0)]} = = [~ fu(z:6) oglfy (z:02)]dz.

Now, consider X ~ 4 EW (8,0, &) and Y ~ GEW (S, oy, § ). After some algebraic manipula-
tions, we obtain

Cx(Y) = = [ file: 81,008 ) loglf (8,05, 8, )z

o’
=— {log [w

+6,Ex {log[H (X:§,)]} — oy, Ex [H(X:§,)] +EX{10g[h(X;€y)]}}'

9.1
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An important measure in statistical information theory is the Kullback-Leibler divergence given
by

D(XHY):CX(Y>—HS(X>:Ex{log W] } 9.2)
Applying and in equation yields
g d 1o | PX365) (3)a . -
D(X||Y) —Ex{l 2| i) }+1 og af"r(ax)] 8, ExllogH (X:£,)] + (8~ )y (5,)

_5X+ayEX[ ( ;gy)]'

10. Estimation and observed information matrix

The parameters of the &% distribution can be estimated by the method of maximum likelihood.
Let x1,- - ,x, be a random sample of size n from X ~Z&W (8, a, E). The log-likelihood function
for the vector of parameters 6 = (5, ct,& ') can be written as
n n n
1(8) =ndlog(a) —nlog[['(6 Zlog (x;; & aZH(xi;ﬁ)—i—Zlog[h(xi;&)].
i=1 i=1 i=1

The components of the score vector U(0) are

d1(0) al(0) néd
Ua(@)zwz—mlf Zlog (x;;€)] +nloga, Ua(e):W:;—l;H(xi;g)
8 9 n (9 )C, n 3 X, n 3 Xis
The partitioned observed information matrlx for the g & ”// dlstrlbutlon 1s
Uss Usa | Usg
J(8)=— Ugs Una | UJ& ,

Usg Uag | Uk

whose elements are Uss(0) = —y(1)(8), Use(0) = na™", Uy () = —nda 2,

1 1 JH(x; " OH (x;; &
e 0) - Ry ag, @=L Top e

PH(x:E) 1 aH(xi;f;)aH(xi;&)]

noo
O L )

i=1

088, H(:§) 95 0E;
" 92H (x;; € 1 1 3%h(x;: 1 Jh(x;;E) dh(x;;
3 121 [ (x:6) (x::§) Oh( 5)]'

CLTIEE, THEh(E) | 9&E,  hwE) o0&, €,

o

KA

2
I
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11. Two special models

11.1. The gamma modified Weibull distribution

For H(x;y) = xYexp(Ax) and h(x;y) = x¥"lexp(Ax)(y + Ax), we obtain the gamma modi-
fied Weibull (4.4 %) density f(x; 8,0,7,1) = T (8)x7~1(y+ Ax) exp[6Ax — ax? exp(Ax)],
where x >0and A,y > 0. If § = 1, it gives as special case the modified Weibull (.# #") distribution
proposed by Lai et al. [11]]. In addition, when A = 0, it gives the Weibull distribution.

0=0.1, 82 and A=0.5 =9, 8=1 and A=0.5
= — y=06 — y=07
y=1 y=1
=15 4 - =15
sS4y e ://:7 7 :/{:3
Z S
Z 4 7
3 ° )
A A b
o
< pa—
S 4 o 4 -
- T T T T T T

0.0 0.2 04 0.6 08 10
X X
(a) (b)
0=0.5, 8=2 and A=0.5 0=9, =2 and A=0.5
= = : T
S — y=02 - : | — y=02
< -- =05 ' L --- y=05
< 7 - =07 pE | | e y=07
“ ——- =09 | L ——- y=09
< =
5
T =4 T
E < E "
N N -
S | <
= < =
=
a =
- v
S 7 3
= | =
3 3
T T T T T T T T T T T
0 1 3 4 5 03 04 0.5 0.6 07
X X

Fig. 1. Plots of the ¢.# % density and Hazard rate function for some parameter values.

From equation (2.4), we can obtain f(x;8,0,7,A) = Yoo v, g(x; o(r + 1),7,4), where
g(x;o(r+1),7,A) is the .#Z# density function with parameters a(r+ 1),y and A. The G .#Z W
hazard function is 7(x; 8, a,7,A) = [[(8) S(x; 8, &, 7,A)] ™" a® (7 + Ax) x70Lexp(SAx — ax¥e?),
where x > 0.

The raw moment of a random variable X following the &4.##  distribution has closed-form
computed from (2.4) as

EX*) =Y v (r), (11.1)
r=0

where w1 (r) = [;"x*g(x; a(r+1),7,A)dx denotes the raw moment of the .## distribution with
parameters a(r+ 1),y and A. Carrasco et al. (2008) [3]] obtained an infinite representation for this
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moment as
— A i T(sk/v+1
py= Y AenlOUTEL (112)
=1 [ (r+1)]
. . B
where Ay, i = diy,..,ay and  sp =iy, 0 and @ = e

Hence, the moments of the .# % distribution can be computed directly from equations (11.1])

and (11.2).

11.2. The gamma Pareto distribution
For H (x;k) = log(x/k) and h(x;k) = 1/x, we obtain the gamma Pareto (¢ 2?) density

S
S ra
a’k X
The hazard rate function is

a®k* [log(x/k)]° "

T(x;8,0,k) = T(8)x* 18(x; 0, a,k)

From equations (2.4) and (L1.3), we obtain the sth ordinary moment of X

= Vv, 1
E(X*) —akszr—+) for o>y,
[ (r+1)— s}
where the coefficients v, are given by (2.5).
From equation (7.1)) we obtain the Rényi entropy of the ¢ % distribution, which is valid for
s>1,as

Hy(X) = li {sSlog( )—slog[k“x/:xls‘s logs(al)(x/k)dx]}.

Similarly, we obtain from equation (8.I) the Shannon entropy given by Hs(X) = log| AU )]
(6—1)y(8)+8+adk* 2,

12. Application

We assess the efficiency of the proposed model in an analysis of real data. We compare the fits
of some ¥&# distributions and those of some sub-models such as the ¥.# %, gamma Weibull
(9W), gamma Rayleigh (Y%#), ¢, .# % and Weibull distributions. In order to estimate the
parameters of these submodels in the class of the ¥&# distributions, we adopt the maximum
likelihood method (as discussed in Section[I0) using the subroutine NLMixed of the software SAS.
The data for this application, consisting of the failure times of 20 mechanical components given in
Murthy et al. [13]] are listed in Table [4]

Table[6]displays the MLEs of the parameters and the values of the statistics: Akaike Information
Criterion (AIC), Bayesian Information Criterion (BIC) and Consistent Akaike Information Criterion
(CAIC). From the values of these statistics, we verify that the ¢4 27 model provides a better fit to
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Fig. 2. Plots of the ¢4 %7 density and hazard rate function for some parameter values.

Table 4. The failure times of 20 mechanical components

0.067 0.068 0.076 0.081 0.084 0.085 0.085 0.086 0.089 0.098
0.098 0.114 0.114 0.115 0.121 0.125 0.131 0.149 0.160 0.485

Table 5. The K-S statistics and —26(5) for some fitted models

Model K-S —20(6)
GV 08761 —712
g 0.1855 —65.4
GR 03001  —50.7
G 02518 —80.4
MW 08007 —61.7
Weibull 02641  —52.8

these data. Additionally, the 4& % and ¢ models are much better than the .#Z % and Weibull

models.
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Fig. 3. Estimated densities, cumulative and empirical distributions from the fitted Y. #Z % 9 # ,9%,9 P, # W and
Weibull models for the failure times.

Table 6. MLEs of the model parameters and the statistics AIC, BIC and AICC

Model Estimates AIC BIC AICC
GAHW (6,a,7,A) 939631 223.2331 0.3563 —0.6258 —-63.2 —-592 —60.5
GW (8,a,7) 722393  128.7642 0.2622 -594 579 564
YGXE (0,0) 0.8884 39.7374 —46.7 —44.8 —46.0
bGP (6,a,k) 0.7490 1.5826 0.0670 -764 —744 -75.6
MW (0,7, A) 828.48 2.9129 —5.4296 —557 =527 542
Weibull (e, y) 25.9723 1.6422 —48.8 —469 —48.1

More information is provided by a visual comparison of the fitted density functions and the his-
togram of the data. The plots of the fitted Y. #Z W , G W ,9%,9 P, ## and Weibull density func-
tions and estimated cumulative functions are given in Figure [3] Based on these plots, we conclude
that the new distributions provide adequate fits. Table [5]lists the values of the Kolmogorov-Smirnov
(K-S) statistic and of —2/ (5)

13. Conclusion

We propose and study the gamma extended Weibull (¢ &%) family of distributions. The new den-
sity function can be expressed as a mixture of extended Weibull density functions. This result is
important to derive some mathematical properties of the new family including moments, generating
function, mean deviations, Shannon entropy, Rényi entropy, Cross entropy and Kullback-Leibler
Divergence. We also derive the density function of the order statistics and their moments. Two spe-
cial distributions are investigated in some detail. The model parameters are estimated by maximum
likelihood. An example to real data illustrates the importance and potentiality of the new family.
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Appendix A. Theoretical background

For a positive integer s, we have that (see Gradshteyn and Ryzhik [7]])

S
Y anx™| =Y tgmx”, (A.1)
m=0 m=0

where the coefficients f; ,,, for m = 1,2,..., are obtained by the recurrence equation #;o = a; and

Ism = (ma())_] Z [](s—’_ 1) _m] ajlsm—j-
j=1

Appendix B. Proof of Theorem /]|
From equation (2.2), we have

[(r+1)
/H gl a,&)dx = o (B.1)
The kth derivative with respect to r at both sides of equation (B.1) yields
ok [T(r+1)
|, ogt s 88 ot s = 5 | Y
and then E{log"[H (X; &)|H (X; &)} = 0‘5 |§:k [%}
Using equation (B.I)) with = 8 — 1 and dlfferentlating k times with respect to 0,
ok [T(8)
o—
/log H(x;§)° g( x;mé)dx:a(gk{aa_]]
After multiplying both sides of this equation by f‘fg)‘ , We can write E{logk [H(X ,é)]} =
ad=1 9k [T(8)
T(8) 96k | @81 |-

Appendix C. A linear combination for the quantity f(x;5,,&)F(x;0,0,&)"

First, we derive a power series expansion for F(x; 8, o, &)". From equation (2.1)), we have

sEOP\ (& (—a)m m ' '
raindy = () (£ fammer) - (RG] (Lpwmer)

where wy, = (— )™ /[(8 + m)m!]. We assume that v is a positive integer, and then the Eq. [A.1|implies that

IS s \V
F(X;S’a7§)v = <[al—1> Z Wmv m = Zowm,v (;&) H m+v5 Z va m+v5

(C.1)

5\V . . .
where s, = W,y (%) and the coefficients w,, , form =1,2,... are obtained from the recurrence relation
in Eq.[A.T] Combining this result and the expansion (C.IJ), we have

o—
f(x6,0,E)F(x;6,0,E) Z Sy H (2, €)= (116( g(x o, €) Z Sy H (x; )0+ D)=1 (C2)

where the last equation holds because of (T.4).
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