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Abstract

Legendre transformations provide a natural symmetry on the space of solutions to the
WDVYV equations, and more specifically, between different Frobenius manifolds. In
this paper a twisted Legendre transformation is constructed between solutions which
define the corresponding dual Frobenius manifolds. As an application it is shown that
certain trigonometric and rational solutions of the WDVV equations are related by
such a twisted Legendre transform.

1 Introduction
The Witten-Dijkgraaf-Verlinde-Verlinde (or WDVV) equations of associativity
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have been much studied from a variety of different points of view, amongst them, topo-
logical quantum field theories, Seiberg-Witten theory, singularity theory and integrable
systems. Here 7 is a flat metric and the coordinates {t*} are the corresponding flat coor-
dinates, i.e. the components of the metric in this coordinate system are constants® and the
solution F' is known as the prepotential. In what follows it will be convenient to denote
this metric as <, > .

Geometrically, a solution defines a multiplication o : T'M x T M — T M of vector fields,

ie.
PF
O 0B = <8ta8t58t077m> O
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!These are, of course, only defined up to linear transformations.
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where the metric 7 is used to raise and lower indices. The total symmetry of the third
derivatives implies that

<XoY,Z>=<X,YoZ>

for all vector fields X ,Y , Z . In applications there are often additional structures which tie
together the metric and the multiplication. For example, the existence of a unity vector
field e implies that

<X, Y > = <XoeY >,
= <e,XoY >.

If, in addition, the unity field is covariantly constant, one may, without loss of generality,
fix

0
e=—,
otl
so that
Nij = Ciij -

This then fixes the t!-dependence of the prepotential F' in terms of the components of the
metric 7.

Symmetries map solutions of equations to other solutions of the same equations, and
the WDVV equations have a particularly rich symmetry structure [1]. More specifically,
a symmetry of the WDVV equations consists of transformations

AN tAa ,
77048 — ﬁaﬁ 9
F — F

that preserve the equations. These were studied in [1] where, in particular, Legendre-
type transformations were defined. These transformations (or symmetries), denoted by
Sk (k=1,...,n) in [1], act as follows:

ta = 0OwpdmF(t), (N.B.  to = 1apt")
?F  O°F
ot oteots’

Mo = 7as-

Note that (here we denote O, to be the vector field, which, in the {t*}-coordinates, is the
coordinate vector field O~ )

Ora = 0 0 Ogar .
It follows [1] that the new metric <, >, is related to the original metric by

<a,b>=< 82,a0b>,
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where 02 = 9, 0 0, , and that the variables {{*} are flat coordinates for this new metric.

While such Legendre transformations may be applied to any solution of the WDVV
equations, in this paper we will concentrate on solutions that define a Frobenius manifold.
Such solutions have, by definition, the quasihomogeneity property

LpF = dp F + quadratic terms

where dp is a constant and the Euler vector field is linear in the flat-coordinates,

E = Zdataata + Z Taata .

alda=0
For the precise definition of a Frobenius manifold see [1].
Example 1. (see [1] example B1)
Foo MEpRe+e® | s [ F o= LR 4 () 0el - D)
E 10 + 20, E = 20 + 2t 0p '
More specifically:
th =
2 = logt',

and from the defining relation }A?’U = F;; one obtains

:ﬁ = t2 = logfl,
o= 0= P
i — t — nl

FQQ = € = t.

Integrating yields the above prepotential E.

Note that the transformation E — E is just a coordinate transformation, so technically
it does not require the hat (geometrically nothing has changed) and so this hat may be
dropped. Similar remarks hold for the multiplication o - this just transforms as a (2, 1)-
tensor under the above transformation and so does not require a hat.

Recently, it was shown by Dubrovin [2] that one may construct a so-called dual so-
lution to the WDVV equations starting from a given Frobenius manifold (and hence a
specific solution of the WDVV equations). This is constructed in two stages, from a new
multiplication and a new metric.

From the specific Frobenius manifold M one may define a dual multiplication * :

* *
TM — TM by
*
X+Y=E'oXoY, VX, YeTM.
*
Here E~! is the vector field defined by the equation E~' o E = e and M = M\X, where
Y is the (discriminant) submanifold where £~! is undefined and e being the unity vector

field on the manifold. This new multiplication is clearly commutative and associative with
the Euler field playing the role of the unity field for the new multiplication.
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On such Frobenius manifolds there exists a second metric, denoted by (, ) (alternatively,
by ¢g) and known as the intersection form, which is defined by the formula

(w1, w2) = ip(wr o ws) (1.1)

where wy ,ws € T*M and the metric n has been used to extend the multiplication from
the tangent bundle to the cotangent bundle. This metric is also flat and hence there exists
another distinguished coordinate system {p’,i = 1,...,n} in which the components of
the intersection form are constant. It follows [1] that these two metrics are related by the
formula

(Eou,v) =<u,v>
or

(u,v) =< B~ ou,v >, ‘v’u,vGT]\%. (1.2)
These new structures are compatible

(XxY,Z)=(X,YxZ).

From this and various other properties inherited from the original Frobenius structure, one
may derive a dual prepotential F* satisfying the WDVV equations in the flat coordinates
of the intersection form. Explicitly (here G;; are the components of the intersection form
in its flat coordinate system):

Theorem 1. There exists a function F*(p) such that®

O3F*(p) otr Op® op® af

OpiOpi OpF o ot oS
and which satisfies the WDV V-equations in the {p'} coordinates.

For the simple two-dimensional examples of Frobenius manifolds given above, it is
straightforward to calculate the flat-coordinates for the two intersection forms and hence
to calculate the new multiplication and prepotentials F* and F™* :

Example 2. From each of the two sets of solutions {F, E} and {F, E} in example 1 one
may calculate the corresponding dual-prepotential.

e From the data {F, F'} in example 1, one may calculate the intersection form (1.1)
yielding

2et2 ¢
gij:< t1 2)-

2In such formulae, Greek indices are raised and lowered using the metric 1 and Latin indices using the
metric G .
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By construction this metric is flat, though clearly the coordinates {t'} are not the
flat coordinates. The flat coordinates {z'} are defined by the equations

tt = — (ezl —|—ez2> ,

2 = z1+22.

and in these coordinates g = 2dz' dz? . The vector field E~! may easily be calculated
and using this one finds that the third derivatives of the dual prepotential are:

1
ez

F 1 = —Ff2 = —

e?? _ ezt

2
eZ
Frag = —F*132 = g
The integration of these equation involve the trilogarithm function. The definition
of the general polylogarithm functions is, for positive integers N ,

r

Lin(z) = Z:—N

r=1

The series converges for |z| < 1, but the functions may be analytically continued
elsewhere as well as extended to non-integer values of N via integral representations
of the function. Immediate consequences of the definitions are:

z
1—2z’

Lip(z) =

d . 1.
@LZ"(’Z) = ;LG_l(z).

With this the resulting dual-prepotential is

Fr= 122G 2 - (P + () 4 {Biste” =) + Lis(e™ ™)} (19

From the data {13' ,E} in example 1, one may calculate the intersection form (1.1)
yielding

. 2tt {2
9ij = £2 2 :

By construction this metric is flat, though clearly the coordinates {'} are not the
flat coordinates. The flat coordinates {2} are defined by the equations

—
>

|
N>
i
_I._
N>~
(V)

o=
2

N>
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and in these coordinates § = 2d2' d2? . The vector field E-1 may easily be calculated
and using this one finds that the third derivatives of the dual prepotential are:

a L, 1
111 21 22 _ 312
1
F = I = —-F 122
112 21 . zg ’
~ 1 1
Fyy = S+—o—s
222 ZQ 21 _ ZQ )

The resulting dual-prepotential is

- 1
= 1{(21)2 log(51)2 + (32)2log(52)? — (3! — 52)2log (2! — 22)2} .
Note that with a further change z! = w? — iw', 2?2 = —w? — iw', the dual prepotential
(1.3) takes the form
1 1 1
= 5 Z Li3(e2kw2) + 2 [6(w1)3 + §w1(w2)2

k==+1
and so falls into the class of solutions of the WDVV equations studied in [5].

Schematically we have the following structure:

F S B
! !
F* F*

So given a prepotential F' one may calculate a dual-prepotential F*. Alternatively one
may construct, via a Legendre transformation, a new prepotential £’ and its corresponding
dual-prepotential F* . The aim of this note is two-fold: firstly to construct a transformation

JiNy
This will turn out to be a twisted-Legendre transformation, where the twist is provided
by the Euler vector field. Secondly, the above example will be generalised to arbitrary

dimension. This provides a transformation between certain rational and trigonometric
solutions of the WDVV equations.

2 Twisted Legendre Transformations

We summarize the various structure in the following diagram:

{<a,b>,0,F} S, {<a,b>,;=<9x004,a0b>,0,FE}

! !
{(a,b) = <E‘1oa,b>} {(a,b),{ = <E_loa,b>,{}

axb = Eloaob axb = Eloaob
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Proposition 1. There exists a vector field Dy generating o twisted Legendre transformation
Fr S, for

such that
(a,b) = (O * O, a % b).

Ezxplicitly,

~

Ox = FEo0.

Proof. The proof is straightforward:

(a,b) = <E loab>,,
<0x00:, E toaob>,
(E 00, 00saxb),
((Eo0g)*(Eo0ds),axb),
= (5ﬁ*<§ﬁ,a*b),

on defining 3H =Fod,.
|

It also follows from this result that if s« are flat vector fields for the metric (,), then

Oy x Opa are flat vector fields for the metric (,).

3 Hurwitz spaces and Frobenius structures

The original example of the prepotential F' in example 1 falls into a wider class of Frobenius
manifolds constructed on Hurwitz spaces. Hurwitz spaces are moduli spaces of pairs (C, ),
where C is a Riemann surface of genus g and X is a meromorphic function on C of degree
N . It was shown in [1] that such spaces may be endowed with the structure of a Frobenius
manifold. The g = 0 case is particularly simple - meromorphic functions from the Riemann
sphere to itself are just given by rational functions. It is into this category of Frobenius
manifolds that the examples constructed above fall.

More specifically, the Hurwitz space Hy v (k1 , ... , k) is the space of equivalence classes
[A: C — P! of N-fold branched covers® with:

e M simple ramification points P, ..., Py € £ with distinct finite images l1,...,Iy €
C c PY

e the preimage A\ ~!(co) consists of [ points: A7 (00)
1

{ .,001}, and the ramifi-
cation index of the map p at the point oo; is k; k

= 1001, ..
<kj <N).

3Dubrovin uses the different notation Hgpi—1,.. k1.
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The Riemann-Hurwitz formula implies that the dimension of this space is M = 2g + 1 +
N — 2. One has also the equality k1 + --- + k; = N. For g > 0 one has to introduce a
covering space, but this is unnecessary in the g = 0 case that will be considered here.

In this construction there is a certain ambiguity; one has to choose a so-called primary
differential (also known as a primitive form). Different choices produce different solutions
to the WDVV equations, but such solutions are related by Legendre transformation S .
The Hurwitz data {\,w} from which one constructs a solution Fyy ) consists of the map
A (also known as the superpotential) and a particular primary differential w . Thus, again
schematically, one has:

Sk £
Fiywy = Fey

(note the map A does not change, though it might undergo a coordinate transforma-
tion). The metrics <, >, (,) and multiplications o, are determined by calculating certain
residues at the critial points of the map A.

Theorem 2.

<O = Y e 8’(A(p)d£?;)ﬁ(p)dp) ’
<O = =Y e 3’(A(p)dp)3"(C;\;zzl))gip)a”’(h(p)dp) 7
@.0") = -3 pes 9'(log A(p();fivg’ ’(S;)g Ap)dp).
@ 00" = = wes 9'(log A(p)dp)a”(clﬁi gizgjc;p)a’”(log Alp)dp)

The first three formulae appeared in [1] while the last follows immediately from the results
in [2]. With these, and the basic result that

Z resw =0 (3.1)
veL

for any meromorphic differential w on a compact Riemann surface £, the calculations
reduce to the calculation of residues. More specifically, the locations of the zeros of dA =0
are only known implicitly while the zeros of A are known explicitly. Thus using this one
finds

res w= — res w — res w
Z d\=0 Z A=0 Z special points

where the ‘special points’ are points like zero or infinity, where the residues may be easily
calculated. Thus the residues, and hence the various tensors, in Theorem 2 may be calcu-
lated very simply. In the appendix we illustrate this by calculating the dual-prepotential
for the simplest case of a Hurwitz space, namely* Ho y41(N +1). The proofs of Proposi-
tions 2 and 3 below follow this simple example very closely: conceptually they are identical,

“This space is also isomorphic to the orbit space C¥ /W (Ax) corresponding to Coxeter group Ax. This
interpretation will not be used here, but it does provide a starting point for the extension of these ideas
to other, non-Hurwitz, Frobenius manifolds.
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just notationally more complicated. Proofs of these propositions will therefore not be given
here, but will appear in [6].

Rather than applying these methods to the full ¢ = 0 Hurwitz space we consider
the space Hg gm(k,m). This coincides with the space’® of trigonometric polynomials of
bidegree (k,m) [3]. Here the primary differential is dp and

Ap) = e + are’ P g+ Qe P

As in the above example, the coordinates {a;} are not flat coordinates for the metric <, >
but these may be constructed via various residue formulae. In particular, it turns out that
the flat coordinates for the intersection form are just the zeros of A [3].

Example 3. The prepotential F' and F* in examples 1 and 2 may be derived from the
Hurwitz data

{)\(p) — el ¢! et e_p,dp}

(here {t!,#2} are the flat coordinates for the metric <,>). The dual coordinates {z!, 2%}
are the zeros of the superpotential

Ap) = e P(eP — e ) (el — 622) .

Thus in general one may write

k+m

)\(p) _ e—imp H (eip o eizo‘)
a=1

and it follows from [3] that the {z®} are the flat coordinates of the intersection form.
Using the above residue formulae one may construct the dual structure functions for the
multiplication x and then integrate to find the dual prepotential F* [6].

Proposition 2. The dual prepotential on the space of trigonometric polynomials of bide-
gree (k,m) is:

k+m k+m
x _ i\3 2 j i j k - . i(zt—27)
F AE (z)—i—BE (2') E.z+C’ E 22z +2§‘L13{e ]
i=1 i=1 j#j i,k 1#£]
distinct
where
1
A = lm=2)(m—1)—mkl,
/)
B = - (2-
4m( m) Y
c = L
m

5This space is also isomorphic to the orbit space (CkJ“m/W(k)(Aker,l) corresponding to a certain
extended affine Weyl group [3].
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An alternative way to construct the Frobenius structure on the Hurwitz spaces
Hp j+m(k,m) is to use the superpotential (this is not quite true if k&; = 1 but a simi-
lar form still holds in this case)

k—2 m
N Ak o Ca
) =+ Y =3
r=0 a=1
Geometrically this just corresponds to a change in primary differential and hence the

prepotentials are related via a Legendre transform.

Example 4. The prepotentials F' and F* in examples 1 and 2 may be derived from the

Hurwitz data
|

t
AP)=p+ ——=,dp .

{ (P) =p P p}
The dual coordinates {2, 22} are just the zeros of the superpotential
(h— (2" +2%))
On changing the primary differential:

dp = Op [N(p)dp]
so €P = p — t? the Hurwitz data transforms to

{)\(p) =l ¢! et e_p,dp}

and this generates the prepotentials F' and F™*.

As in the previous case, by factorizing A(p) one may derive the dual prepotential very
simply. Explicitly one may write

127" (p— 27)
(p— 20"

By calculating various residues and integrating to find the dual prepotential one finds:

A(p) =

mg0=3 " &

Proposition 3. The dual prepotential on the Hurwitz space Ho jim (k, m) is:

1 k+m 9 )
., N i
F* = 1 E Q0 (z —ZJ> log (z —z]) ,
1,§=0.i#] ma0=y ktm i
1=
where ag = —1 and a;~0 = +1.

This part of the calculation may be generalised very simply to an arbitrary g = 0 Hurwitz
space, and more generally to the induced structures on the discriminants of such Hurwitz
spaces [4, 6]. Since a change in primary differential induces a Legendre transformation
between the corresponding solutions of the WDV'V equations, applying proposition 1 yields
the following result:

Theorem 3. The prepotentials F and F* constructed in propositions 2 and 3 are connected
via a twisted Legendre transformation.

This provides a map between certain rational solutions and trigonometric solutions to the
WDVYV equations.
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4 Comments

It would be interesting to extend these results to other classes of Frobenius manifold;
all the Hurwitz space examples considered above have an underlying A,-structure but
the construction will work for arbitrary an Weyl group. Such proofs would be more al-
gebraic in style, using properties of the roots systems (or, conjecturally, of V-systems
[8] via their geometrical interpretation in terms of induced structures on discriminants
[4]). Such ‘dual’ solutions are solutions of the WDVV equations even though there is
no ‘undual’-prepotential (the metric on the discriminant induced by <, > has curvature,
though Frobenius-type structures remain [7]). It would also be of interest to apply Leg-
endre transformations (both twisted and non-twisted) directly to such solutions.

Also, given the close similarities between Calogero-Moser type operators and the flat-
ness of the (dual) Dubrovin connection, it would be of interest to see if the notion of
a (twisted) Legendre transformation holds for such operators, and in particular between
rational and trigonometric operators.

Acknowledgments. Andrew Riley would like to thank the EPSRC for a research stu-
dentship.
Appendix

In this appendix we calculate the dual prepotential on the Hurwitz space Ho n41(N +1).
In this case the superpotential is polynomial and using the freedom p — ap + b one may
set the sum of the roots to be zero and the leading coefficient to be one. Thus:

Ap) = (p+ ZZ> [Tr—29,
i=1

r=1
N N
= H(p—zi), where 20 = —Zzi
=0 1=1

(to agree with the notation in the main body of the paper, the variables p and z should
be hatted. Here we drop these hats for notational convenience).

Lemma 1. The coordinates {z* :i=1,... N} are flat coordinates for the intersection
form.

Proof. Note that since the sum of the roots of the superpotential is zero, the roots are
not independent, so care has to be taken when taking derivatives. Since
0log \(p) 1 1

W) _ S B
0zt p—20 p—2zt

it follows from the third formula in Theorem 2 that

1 1 1 1\ A
(82“82”'):_25680[(19—20 _p—zi) (p—zo _p—zj> Xdp] '

0

One now uses the result (3.1) to express this in terms of residues at p = 2°, 2% and p = 27,
there being to pole at infinity. The analysis splits depending on whether ¢ and j are
distinct or not.



Rational and Trigonometric solutions of the WDV'V equations 93

Casel: i # j
1 A
(0:4.0) = gﬁhp_wyx@ﬂ’
=1

since the simple poles cancel with the zeros in the numerator.
CaseIl: i =3

1 A 1 A
00 = o [G=op o] g [ )

= 2.
Hence (0,:,0,;) = 1+ &;;. This shows that the coordinates {z* : 4 =1,... , N} are flat
coordinates for the intersection form. Thus
N
g = z (14 6;5) dz"dz?
ij=1
N
()
=0 0=, 2

The dual-prepotential F* may be calculated similarly, using the fourth formula in Theorem
2.

Proposition 4. The dual-prepotential is given by

N
1 . ) ) .
F* = 1 Z A(zl — )2 log (2" — 29)?.
1,7=0,i#]
Proof. Let

Eijk = (8zi * 823', 6zk) .

Thus, using the fourth formula in Theorem 2:

. 1 1 1 1 1 1\ A
k= — - S - 2 dpl .
o= =2 5, Kp—zo p—Z’) <p—20 p—ZJ> <p—z0 p—zk) X p]

Again, the analysis splits depending on the values of ¢ , j and k. Here we present the details
of the case i, 7,k all distinct, the remaining cases being similar.

. 1 1 \* A
Cijk = —Zd&(—}:so [(p—zo_p—zi> Xdp] )
1 1 1 n 1 L 1 )\d
= res — . : : =
o [\(p =273~ (=22 \p—# " p—o  p-2Ff) ¥
1\ 1 n 1 + 1
p=20 20—zt 0 20—z 0 0 k7

2N

- 1 5 1 1 1

o er_zo+ Zi_zo+zj_zo+zk_zo :
r#4.5.k
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Again, the residue result (3.1) has been used. Similar results may be derived for ém and
Em . Since
x OPF*

Cz‘jk:m, i,5,k=1,... N,

one may integrate to obtain the dual-prepotential F™* . |

As remarked in section 3, the proofs of Propositions 2 and 3 follow the calculations in this
appendix very closely (the only real difference being a change of variable, as used in [3], in
proposition 2): conceptually they are identical, notationally they are more complicated.
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