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Abstract

The purpose of this paper is to consider g-Euler numbers and polynomials which are
g-extensions of ordinary Euler numbers and polynomials by the computations of the
p-adic g-integrals due to T. Kim, cf. [1, 3, 6, 12], and to derive the “complete sums
for g-Euler polynomials” which are evaluated by using multivariate p-adic g-integrals.
These sums help us to study the relationships between p-adic g-integrals and non-
archimedean combinatorial analysis.

1 Introduction

Let p be a fixed odd prime, and let C,, denote the p-adic completion of the algebraic closure
of Q. For d a fixed positive integer with (p,d) =1, let

X = Xg=limZ/dp", X\ =17,
N

X+ = len®a + dpz,,

a+dpNZ,={x € X|z=a (moddp")},
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where a € Z lies in 0 < a < dp, (cf. [1], [2], [14]).
The p-adic absolute value in C, is normalized so that |p|, = %. Let ¢ be variously
considered as an indeterminate a complex number ¢ € C, or a p-adic number ¢ € C,. If

1
q € C, we always assume |¢| < 1. If ¢ € C),, we always assume |¢ — 1|, < p »-T, so that
¢" = exp(zlogq) for |z|, < 1. Throughout this paper, we use the following notation :

[z]g = [z :q] =

We say that f is a uniformly differentiable function at a point a € Z,~ and denote this
property by f € UD(Z,)- if the difference quotients

f(x) = fy)

Fy(a,y) =~ —

have a limit I = f/(a) as (z,y) — (a,a), [1, 11, 12]. For f € UD(Z,), let us start with the
expression

Y PG = S fDral+ VT, of 2, 4]

N
[P g 0<j<pN 0<j<pN

representing a g-analogue of Riemann sums for f.
The integral of f on Z, will be defined as limit (n — o) of these sums, when it exists.
An invariant p-adic g-integral of a function f € UD(Z,) on Z, is defined by

[ faaug(@) = Jim )

g [p"]
Note that if f, — f in UD(Z,); then
/ fo ) dpig ) — / F(@)dptg ().
Zp Zp

It was well known that the ordinary Euler numbers are defined by

(e 9]

F(t)= =e :ZEH—

n=0

where we use the technique method notation by replacing E™ by E,, (m > 0), symbolically,
cf.[2, 3, 6, 12]. In this paper, we consider ¢g-Euler numbers and polynomials which are ¢-
extensions of ordinary Euler numbers and polynomials by the computations of the p-adic
g-integrals, and derive the“ complete sums for ¢-Fuler polynomials” which are evaluated
by using multivariate p-adic g-integrals. These sums help us to study the relationships
between p-adic g-integrals and non-archimedean combinatorial analysis.
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2 ¢-Euler and Genocchi numbers associated with p-adic g¢-
integral

2 t
et—lem

=32 En(z)L;. Note that E,(0) = E,,. From these Euler polynomials, we can evaluate
the value of the following alternating sums of powers of consecutive integers [1, 2, 3, 11]:

The Euler polynomials are defined by means of the following generating function:

—1" 2" =3 4 (=) (= 1) = < (1) Ep(n) — En). (2.1)

In a fermionic sense, we now consider the following p-adic g-integrals:
/X [x]];du,q(az) :/ [x]’;d,u,q(x) =FE,, for k feN (2.2)
! P

From the computation of this p-adic g-integral, we derive the following Eq.(3):

A= (1) 3 ()0 e 23)

=0

where (’f) is the binomial coefficient. Note that lim,_.; B}, = Ej. Hence, Ej, is a q—
extension of Euler numbers which are called g-Euler numbers. Let Fy(t) = Y >° B, 4t o
be the generating function of these g-Euler numbers. Then we easily see that [6, 8, 9, 10]

- i:: (q—1> J': qg e 20

By using an invariant p-adic g-integral on Z,, we can also consider a g-extension of ordinary
Euler polynomials which are called g-Euler polynomials[3,8,12]. For x € Z,, we define ¢-
Euler polynomials as follows:

/ &+ ) dp_g(y) = Eig(e). (2.5)

P

q]+1

By (5), we easily see that

Fra) = (5)ls o B

n=0

In Eq.(5), it is easy to see that

Bualo) = [ il = 2 (1) 30 (5) -0

P k=0

By using the definition of Eq.(5), we will give the distribution of g-Euler polynomials.
From the definition of a p-adic g-integral , we derive the below formula:

n — . a—l—az n . .
/ [+ y]pdu—g Z / - + ylgmdp—gm (y), if m is odd.

a=0 Zyp

m
‘1
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Thus, if m is an odd integer, then we have

[m]g s o .a a+x
1 (=1)% E%gm(‘;;*)

[m] -4 =0

Epq(z) =

From the definition of the g-Euler polynomials, we note that

- tn - n,.n_[nr+x
= ZEn,q(w)H = [2]q Z(‘l) g"elntelat,
n=0 ’ n=0

As is well know, the Genocchi numbers are also defined by
o
t?’L
=2 Gy
L
n—1

Thus, we easily see that Gy, = ) ;- (?) 2! B;, where B; are ordinary Bernoulli numbers.
We now define a g-extension of Genocchi number which are called g-Genocchi numbers as
follows:

qti gl ZG”‘I ) see 8] (2.6)

=0

From Eq. (2.6), we can derive the following, see Refs. [8, 12]

1 \"" & n—1) (1) :
Gng=n <) Z < ] > [2]ql+1’ when m is odd . (2.7)

1—q 1=0

From Eq. (2.6), we can also recover the defining relation for the definition of ¢-Genocchi
polynomials as follows:

[e.9]

tn
Fj(z,1) tz Yt et — Z qu(x)m, when n is odd, (see [8]).
n=0
(2.8)
Let a1,as,--- ,ax be positive integers . For w € Z,, we define multiple Dachee g-Euler
polynomials by using the invariant p-adic g-integrals as follows, cf. [7, 8, 12]:
k
E®) (w, qlay,az,--- ,ax) = /k[w + Zajxj]”d,u_q(a;), (2.9)
7 -
7j=1
and
B alar, ) = | I TE
Zy j=1
where

ROUSCEN N = / @) glae)

P

—_——

k times

From Eq. (2.9), we can derive the following theorem:
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Theorem 1. Let ay,aq,--- ,a; be positive integers. Then we have
B (w, = S (M oy I ( 1 ) 2.10)
n \W,q|a1,- - ,0) = 70— <~ —q . .
(]. — q)n p—r 'S ]:1 [2]q1+'r‘aj
Given elements aq,- -+, an € C, and positive integers Ny, - -+, Ny, n, it is easy to see
that [1, 6]
[N1(21 4 a1) + -+ Np(zm + am)]” (2.11)
n—i; n—i1—1ig N—t1— - —tm—1
= > > 2 X (212)
i1, im> k1=0 k2=0 Em—1=0

0, )
— 11t tim=n

n n— 14 n—1i — 19 N—141 —19— " — lm_1
% <i17"' 7im> ( k1 ) < k2 > ( Fm—1 ) (2.13)
><(q _ 1)k1+---+km—1 [Nl]i1+k1 . [Nm_ﬂim—1+km—1 [Nm}im (2'14)

X[z + oy : qu]kH'il o [Tt F Qe qufl]kmfl‘Fimfl[xm + ay, qu]'im’ (2.15)

Hence, we have

/Z /Z [Ni(z1 4 1) + -+ + Nip(@m + am)]"dp_gny (1) -+ dp_gnv (zm) - (2:16)
P P

m times
n—i1 n—i1—12 N—i1——Tm—_1
= > Yo > (2.17)
i, im > k1=0 ko=0 km—1=0

0, .
- 11+ Him=n

n n—i1 n—’il—’iQ n—il—iz—"-—im_l
X (il,"- J'm) ( ky ) ( by > ( ho ) (2.18)
><(q _ 1)k1+"'+km71 [Nl]i1+k1 . [Nmil}imfl“l‘kmfl [Nm}i'm (2'19)

X By yiy (a1, ¢™) -+ By iy (@m1, ¢ ) By (0, ¢™). (2:20)
From (2.9), (2.10), (2.11) and (2.16), we can derive the following theorem:

Theorem 2. (Complete sum for multiple Daehee q-Euler polynomials)

Given elements o, -+ ,aum € Cp, and positive integers Ny, - -+, Ny, n,
n—iy n—i1—1i2 n—i1——im—1
i1, im> E1=0 ko=0 Em_1=0

- 011++'Lm:n
X( n )(n—h) (n—’il—i2>”_<7”L—i1—i2—"'—im1>
i1, 5 im ky ) Em—1
x(q _ 1)k1+"'+km71 [Nl]i1+k1 . [Nmil}imfl‘i‘kmfl [Nm}zm

XEkl—i-il (Oél, qu) e Ekm71+im71(amfl) quil)Eim (Oém, qu)
= E;zm)(Nlal +- Nmam>Q|N1> o 7Nm)
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3 Further Remarks and Observations

In this section, we assume that ¢ € C with |¢| < 1. Let I'(s) be the ordinary gamma
function given by I'(s) = [; e " 1dt, s € C. From (8) and complex integration, we can
derive the following formula:

S (_1)n+1 n+x

1 -2 (g — _ q
r(s)/o 2 Fr (, —t)dt = 2] )

, forseC. (3.1)
= Inta

For s € C, we define the (Hurwitz’s type ) ¢-Genocchi zeta function as follows [3, 12]:

oo (_1)n+1qm+n

C‘I,G(va) = [2](1 Z [’)”L ¥ :C}S

n=0

, where v €e R with 0 <z < 1. (3.2)

By (2.8), (3.1) and (3.2), we can see that

o0

1 ® 9 Gnq(2) 1 o _
= t52F (@, —t)dt = A T2 ) :
olet) = g [, 0= D2 (i 3
By using Laurent series in Eq. (3.3), we easily see that (see Refs. [3, 12, 13])
(1t
(a1l —n,z) = TGn,q(:v), neN.
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