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Abstract

A g-deformation of the dressing operator introduced by Sato is suggested. It is shown
that it produces g-deformation of known integrable heirarchies, with the infinite num-
ber of conservation laws. A modification introduced by Kupershmidt when incorpo-
rated leads to both modified and deformed integrable systems.

One of the most important goal of research in a nonlinear integrable system is to extend
the class of equations of such a type. Recently a new class of integrable equations has
emerged out of the attempt to quantize the existing integrable hierarchies [1]. These are
called g-deformed nonlinear systems which retain many of beautiful properties of usually
integrable systems. An important reason for studying these g-deformed systems is the
recent occurrence of g-deformed Lie algebra in the literature [2].
We start by defining the g-deformed differential operator D as
-2
p-1=97 )
(1-gq72)z

where ¢ is the deformation parameter and () is a formal differential operator of an infinite
order in the ordinary co-ordinate variable:

Q=Y (e &)
n=0 """
where e =1 — ¢, @ has the action
Qf(z) = f(zq). (3)

Actually this was the definition originally followed by Exton [3] and Jackson [4]. In the
g-deformed Sato’s [5] approach we start with the pseudo-differential operator
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L=D+ay+a1D ' +asD?+... (4)

and also the underessed one (or bare )

Ly=D. (5)
As in the case of usual Sato’s approach we begin with a dressing operator S
S=1+85D1+8D2+8D3+... (6)

and demand that
L= SLyS™ (7)
Using the Leibniz rule for deformed operators we can at once obtain from equation (7)
ag = (1-Q7*)S, )
a (1—-Q?)S2 —apSy — DSy, (8)
ay = (1—Q2)8;— (DSs) — apSs — arS\"?

etc., where for any function f(z) we denote by f(»™ the following

fFom = (DmQ™ f(2)) (9)

in the limit of ¢ — 1, when D — 9, Q — 1, we get usual Sato’s relations;

apy = 07
a; = —Slx, (10)
as = —89.+ 5151z etc.

The time evolution operator is obtained by dressing up any power of D, that is D™,

M =SDms™! (11)
along with the obvious condition
SS~t=1. (12)
If we write . . .
St=14+a D'+ aD?*+a3D 3+, (13)

then equation (12) leads to the following relations:

a; = =5,
Qo = —SQ + 515972), (14)
a3 = —S3— 520450’4) — Sla§072) + quSlodgoA)

and so on, thus determining uniquely the inverse operator.
As a particular example we take the third order flow and consider
M = SD3S7!
D3+ [\ 4 8,12+ PD +q,
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where - .
P = (¢+@+ 1"+l 4 500 4 5,
Q = @+ +1)(a" 7 +af" ) +af (16)

ar1S1{(@ +1)al"? + ol Ny + 50l 45y

At this point it will be interesting to see the connection with the ¢-deformed Gelfand-
Dikki prescription for generation of integrable flows. There one starts from a pseudodif-
ferential operator

(e
K'? =D+ wW_,D™, (17)
n=0
where D.D™' = D='D = 1. The identification of the coefficients W_, are obtained by
constructing integer powers of K /2 For example

(K'?KY?), = K. = D>+ ViD + Vj, (18)

where ¢ 4 ¢ denotes only the positive part of the product. The coefficients W_; are then
determined as

Wo = (1+Q 271w,
W = —(1+Q 2 (~Vo+ WM + W), (19)
Woo = —(14+Q 2 (W W + Wi 4 wow_y),

and so on. One can proceed in a similar manner and construct K3/2 to obtain
K2 = DP4+ i+ W D2+ (@ + ywsh Y+ w4
VW™ £ D+ W0 4 (@2 + w4 (20)

W% v v S VW) + (. )DL

Note that in equation (15) we also constructed the third order operator by the dressing
approach. We can check that the two methods lead to the same equations, for example,
in (15)
0,6 _ _ oy
o8 = (1-Q798 =(1-Q%(1-Q )

(21)
= (1+Q*+Q?ao
On the other hand, from equation (20) the coefficient of D? s
Vi 4 = (1 Q) Wo+ Q  Wo = 1+ Q " + Q) Wo. (22)

So if, Wy is identified with ag, these are same. Similar verifications can also be done for
other coefficients. Now we turn to the question of the construction of deformed integrable



¢-DEFORMED DRESSING OPERATORS 417

systems and to their modified forms. It is well known that integrable systems can be
constructed from the equations

dK K"? K
Tl 50 ) (23)
and their modified form via p 3/2
K K K
T 51 ] (2)
The computation of the comutator proceeds with the help of formulae
A _ - n 2m(n—m) g(m,2m—2n) fyn—m
D#@—;ﬂ<mmq f D (25)
where
(5 ) -
m [m]![n —m]!”
[m]! = [m][m—1]...... 2][1],
1— q72m
If we now substitute (20) in equation (24) we immediately obtain
oVt _ _
aito %(370) + ‘/1‘/'2(270) _|_ Wéov 4)‘/'0(270) _|_ ‘/0‘/'0(170) _|_ Wiolv 4)‘/'0(170) _|_ (q2 _|_ 1) X
Wél,—2)vo(1,0) + ‘/IW(EO,—Q)VO(I,O)
(26)
along with
A% (30) | (4, 2 (2,-2) (20) |y (0-4)1,20)
(q2 + 1)V1‘/0(17_2) + (q2 + 1)WO(07_4)V'0(17—2) _ %(270)_1_
val(lvo) _ VIVO(LO) + (VOVO(Ov—Q) _ V02) _ W£217—4)+
W£01,74)v1(1,0) . V1W£11,74) + WEOI,fAL)Vb(O,fQ)_ (27)

B CERY L (s

W™ — (¢ + )W
VI(Z,O)WO(O,—Q) _ (q2 + l)vll,—Q)Wél,—Q) _ Vl(O,—4)Wé2,—2)_

‘/1(0,72)1/1/(51,72)‘/1 + ViWéO;Q)‘/O(O,fQ) . %%WéO;Q) o
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If we consider the limit ¢ — 1, ¢ — 0 then

Wo = 1/211,
Woi = 1/2(Vo —1/2Vi, — 1/4V), (28)
W_o = *1/2(W711+2WOW,1).

Then equations (26) and (27) go over to the following two coupled equations first obtained
by Konopelchenko and Oevel [6]

8Vt = 8Viwaw + 12V1Voga + 12VoVor + 6Vo2Vie + 3V Vs,
(29)

One of the most important properties of integrable systems is that they possess the infinite
number of conservation laws. It can be demonstrated that the g-deformed equations have
the same property. For any pseudo-differential operator K we denote by

M e
K=Y kD", K_=> kD" (30)
n=0 n=1

and res K = K_j. According to the theorem by Drinfeld and Sokolov, if P and @ are
formal pseudo-differential operators then res [P, Q)] is a total derivative of some differential
polynomial in the coefficients of P and ). We can extend this theorem to the case
of g-deformed differential operators, because they can be expanded as series ordinary
differential operators of positive and negative orders. Let

P=>"and", Q=) bo. (31)
9q
Then Res [P, Q] = —, where
0z
X mim—1)...... (2—1)(i — 1)(=1) {m+1 () ] i
g= ) > (1)) b :
i oo (m+1+1)! =
(32)
at = (9'a)
Now for any Lax equation
dL
dt = [A7 L]’ (33)
r/k

where L = DN + ZZV:BI VnDna we get = [A7 Lr/k] and

- r/k _ r/ky _ YJ
, res L% =res [A, L"'"] = —=(say). (34)
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Integrating, we obtain
d
p /res L'k dz =0, (35)

so conserved quantities are

C, = /dz(reer/k). (36)

In our case considered above we have

res (K32) = w29 1 (@ + )W 1 vowo, + w4 4w 4+ wG2)

which reproduces in the limit ¢ — 1 the previously known conserved quantities.

In our above discussions we have shown that both the dressing operator and fractional
power approach can be used for the g-deformed integrable systems. The dressing operator
method may be used to generate actual solutions of the g-deformed system.

One of the authors (I.M.) is grateful to C.S.I.LR (Govt. of India) for a J.R.F. which
made this work possible.
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