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Abstract

We present a detailed account of symmetry properties of SU(2) Yang-Mills equations.
Using a subgroup structure of the Poincaré group P(1,3) we have constructed all
P(1, 3)-inequivalent ansatzes for the Yang-Mills field which are invariant under the
three-dimensional subgroups of the Poincaré group. With the aid of these ansatzes re-
duction of Yang-Mills equations to systems of ordinary differential equations is carried
out and wide families of their exact solutions are constructed.

1 Introduction

Since Newton’s and Euler’s works, exact solutions of differential equations describing phys-
ical processes were highly estimated. Green, Lame, Liouville, Cayley, Donkin, Stokes,
Kirchhoff, Poincaré, Stieltjes, Forsyth, Volterra, Appel, Macdonald, Weber, Bateman,
Whittaker, Sommerfeld and many other famous researchers constructed different classes
of exact solutions of linear Laplace, d’Alembert, heat, and Maxwell equations.

Nowadays, this constructive branch of mathematical physics is not so popular as earlier.
But if one wants to have some nontrivial information on solutions of basic motion equations
in quantum mechanics, field theory, gravitation theory, acoustics, and hydrodynamics,
then the more intensive research work should be carried out in order to develop analytical
methods of solution of partial differential equations (PDE). And what is more, unlike
the mathematical physics of the 19th century, modern mathematical physics is essentially
nonlinear. It means that all principal equations of modern physics, biology and chemistry
are nonlinear. This fact complicates very much the problem of constructing their exact
solutions (see, e.g. [1] and references therein).

Up to now, we have comparatively few papers devoted to construction of exact solutions
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of nonlinear multi-dimensional d’Alembert, Maxwell, Schrédinger, Dirac, Maxwell-Dirac,
Yang-Mills equations. Whereas, a huge amount of papers and monographs are devoted to
construction of exact solutions of equations for gravitational field. It is difficult even to
estimate the number of papers and monographs, where the soliton solutions of the one-
dimensional nonlinear KdV, Schrodinger and Sine-Gordon equations are studied. We are
sure that the above mentioned equations should deserve much more attention of researchers
in mathematical physics.

With the present paper we start a series of papers devoted to construction of new
classes of exact solutions of the classical Yang-Mills equations (YME) with the use of
their Lie and non-Lie symmetry. Here we study in detail symmetry reduction of YME
by Poincaré-invariant ansatzes and obtain wide families of its exact Poincaré-invariant
solutions.

By the classical YME, we mean the following nonlinear system of twelve second-order
PDE:

— — — — -

8,,8”14 - 8 81,AV +e a,/A,, X A - 2 a,/A X AV + 8 AV X Al/ +
o o W
X .

e?A, x (A" x A,) =0 (1.1)

Here 0, = 8@%, w,v=0,3, e=const, A'u = A'u(xo, x1,T2,x3) is the three-com-
ponent vector-potential of the Yang-Mills field (called, for bravity, the Yang-Mills field).
Hereafter, the summation over the repeated indices p,v from 0 to 3 is understood. Raising

and lowering the vector indices is performed with the aid of the metric tensor

L, p = v=0,
g,UV = _17 Ho= V= 17 2a37
0, p # v

(i.e. 0" = g 0y).

It should be said that there were several reviews devoted to classical solutions of YME
(see [2] and the literature cited there). But, in fact, symmetry properties of YME were
not used. The solutions were obtained with the help of ad hoc substitutions suggested
by Wu and Yang, Rosen,’t Hooft, Corrigan and Fairlie, Wilczek, Witten (for more detail,
see [2]).

The structure of our paper is as follows. In the second Section we give all necessary
information about symmetry properties of YME and about a solution generation proce-
dure by virtue of the finite transformations of the symmetry group admitted by YME.
In Section 3 we construct P(1,3)-inequivalent ansatzes for the Yang-Mills field invariant
under the three-parameter subgroups of the Poincaré group. Section 4 is devoted to re-
duction of YME to systems of ordinary differential equations (ODE). Integrating these in
Section 5 we construct multi-parameter families of exact solutions of YME. In Section 6
we consider some generalizations of the solutions obtained and, in particular, construct
the generalization of Coleman’s solution.
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2 Symmetry and Solution Generation for the Yang-Mills
Equations

It was known long ago that YME are invariant with respect to the group C(1,3) Q SU(2),
where C(1, 3) is the 15-parameter conformal group having the following generators:

Py = 0
Jog = xaaﬁ—xﬁaa+AaaaA%—AaﬂaAa,
D = xuau—AZ(?Az, (2.1)

K‘u = 22D — (iL‘V.’L'V)au + QAGM.’L'VaAa — 2A5$V8Aa,
v i

and SU(2) is the infinite-parameter special unitary group with the following basis gene-
rator:

Q = (CabeApw(z) + e uw*(x))Daa. (2.2)

In (2.1), (2.2) aAZ = 8%’ wC(x)  are arbitrary smooth functions, &4, is
the third-order anti—symmetricaf tensor with €103 = 1. Hereafter, summation over the
repeated indices a,b,c¢ from 1 to 3 is understood.

But the fact that the group with generators (2.1), (2.2) is a maximal (in Lie’s sense)
invariance group admitted by YME was established only recently [3] with the use of a sym-
bolic computation technique. The only explanation for this situation is a very cumbersome
structure of the system of PDE (1.1). As a consequence, realization of the Lie algorithm
of finding the maximal invariance group admitted by YME demands a huge amount of
computations. This difficulty had been overcome with the aid of computer facilities.

One of the remarkable possibilities provided by the fact that the considered equation
admits a nontrivial symmetry group gives the possibility of getting new solutions from
the known ones by the solution generation technique [1, 4]. This technique is based on the
following assertion.

Lemma Let

33; = fulz,u,7), nw=0mn-—1,
u, = go(z,u,7), a=1,N
where T = (11,T2,...,7) be the r-parameter invariance group of some system of PDE

and Uy(z),a = 1, N be its particular solution. Then the N -component function ug(x)
determined by implicit formulae

Ua(f(z,u,7)) = ga(x,u,T), a=1,N (2.3)

is also a solution of the same system of PDE.
To make use of the above assertion we need formulae for finite transformations gener-
ated by infinitesimal operators (2.1), (2.2). We adduce these formulae following [1, 2].

1. The group of translations (generator X = 7,P,)

r_ dr _ 4d
T, =xu + T Ay = A
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2. The Lorentz group O(1, 3)

a) the group of rotations (generator X = 7.Jy)

ry = 0, a.=x., c#a, c#b,
xg = X,COST + xpsinT,
T, = XpCOST — Ty SinT,
AV = AL AY = Al cHa, c#D,
AV = AdcosT 4 AlsinT,
A = AfcosT — AdsinT,

b) the group of Lorentz transformations (generator X = 7.Jy,)

$6 = xgcosh7 + z,sinhT,

x!, = m4cosht + xgsinhT, x, =y, b# a,
AY = Alcosht + Alsinhr,
AV = Alcosht 4 AdsinhT, AV = AL b+ a.

3. The group of scale transformations (generator X = 7D)

I dr _ pd_—
r, =xue A = Aje .
4. The group of conformal transformations (generator X = 7, K*)

v, = (2u—muza’)o(z),
Ai/ = [guwo(x)+2(xym — 0y, +

270 2Ty — o T,y — TaTo‘x#my]Ad”.

5. The group of gauge transformations (generator X = Q)

/

xu == .’IJM,
Aﬁ’ = Az cosw + edbCAch sinw + QndnbAZ sin2(% +
1 1 .
e (3N 0w + 5(@un) sinw + eape(@un”)nc].

In the above formulae o(z) = 1 — 7,2% + (7,7%)(252"),n% = n%(z) is a unit vector

determined by the equality w®(x) = w(z)n%(x),a =1, 3.
Using the Lemma it is not difficult to obtain formulae for generating solutions of YME
by the above transformation groups. We adduce them omitting derivation (see also [3]).

1. The group of translations
Al(z) = uy(z + 7).
2. The Lorentz group

AZ(Q:) = ayul(ax, bz, cx,dr) + byuf(ax, ba, cx,dr) +

C,uug(fm’ bl‘, cx, d.’L‘) + duug(a:c, b1U7 cT, dl‘)
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3. The group of scale transformations

d T,.d T
Al () = eTuy, (zeT).

4. The group of conformal transformations

AZ(:C) = [glwafl(x) + 20’72(1')(‘%'”7) — 2,7y + 210207 T, —

Tax T, T, — TaTaxuxV)}ud”((x — T(xaxa))afl(x)).

5. The group of gauge transformations

AZ(:IZ) = uﬁ cosw + EdbcuZnC sinw + annbuz sin? % +
1 1
e_l[ind(?“w + 5(8und) sinw + £gpe(9,m")n°.
Here ul‘i(q:) is an arbitrary given solution of YME; Aﬁ(:c) is a new solution of YME;

T, T, are arbitrary parameters; ay, b, c,,d, are arbitrary parameters satisfying the equa-
lities

agat = —bb' = —cuc = —d,d" =1,

ayb” — aucu — aud“ = buc“ = b#du = Cﬂdu = 0.

Besides that, we use the following designations: x+7 = {z,+7,, p = 0,3}, az = a,z".
Thus, each particular solution of YME gives rise to a multi-parameter family of exact
solutions by virtue of the above solution generation formulae.

3 Ansatzes for the Yang-Mills Field

A key idea of the symmetry approach to the problem of reduction of PDE is a special
choice of the form of a solution. This choice is dictated by a structure of the symmetry
group admitted by the equation under study.

In the case involved, to reduce YME by N variables one has to construct ansatzes for
the Yang-Mills field AZ(.ZC) invariant under N-dimensional subalgebras of the algebra with
the basis elements (2.1), (2.2) [1,5]. Since we are looking for Poincaré-invariant ansatzes
reducing YME to systems of ODE, N is equal to 3. Due to invariance of YME under
the Poincaré group P(1,3), it is enough to consider only subalgebras which can not be
transformed one into another by group transformation, i.e. P(1,3)-inequivalent subalge-
bras. Complete description of P(1,3)-inequivalent subalgebras of the Poincaré algebra was
obtained in [6] (see also [7]).

According to the classical symmetry approach, to construct the ansatz invariant under
the invariance algebra having the basis elements

Xo = Eapla, A)By + 0y (2, A)Byy,  a=T1.3, (3.1)

where A = {Af,,a = 1,3, = 0,3}, one has
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1) to construct a complete system of functionally-independent invariants of the oper-
ators (3.1) Q ={w;(z,A), =113}
2) to resolve relations

Fj(wi(z, A),...,wiz(z,A)) =0, j=1,13 (3.2)

with respect to the function Aj.
As a result, one gets the ansatz for the field A}, (z) which reduces YME to the system
of twelve nonlinear ODE.

Note. Equalities (3.2) can be resolved with respect to A%, a = 1,3, u = 0,3 if the
condition

rank Hfau(xv A)H2:1 Mjo =3 (3.3)

holds. If (3.3) does not hold, the above procedure leads to partially-invariant solutions [5],
which are not considered in the present paper.

In [1, 4] we established that the procedure of construction of invariant ansatzes
could be essentially simplified if coefficients of operators X, have the following structure:

Sap = §a,u($)> Ugu = pgiw(iﬂAi (3.4)

(i.e. basis elements of the invariance algebra realize the linear representation). In this case,
the invariant ansatz for the field Ajj(z) is searched for in the form

Ajl(z) = Q (2) By (w(x)). (3.5)

Here B?(w) are arbitrary smooth functions and w(z), QZ’{,(:U) are particular solutions
of the system of PDE

gauwxu =0, a=1,3,
(3.6)

(éauay - pgi;a) gi% = 07 H= 07 37 a, b7 d= 17 3.

Basis elements of the Poincaré algebra P,, J,3 from (2.1) evidently satisfy the condi-
tions (3.4) and besides the equalities

772;1, = IOQMV('CC)AIIL a, b = 17 37 H = 07 3 (37)

hold.

This fact permits further simplification of formulae (3.5), (3.6). Namely, the ansatz for
the Yang-Mills field invariant under the 3-dimensional subalgebra of the Poincaré algebra
with basis elements of the form (3.1), (3.7) should be looked for in the form

Al = Quv(2) By (w(x)), (3-8)

where Bj(w) are arbitrary smooth functions and w(z), Q. (x) are particular solutions of
the following system of PDE:

EapWye, =0, a=1,3, (3.9)

gaaaaQ;w - paanaV =0, a=1,3, w V= ) 3. (310)
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Thus, to obtain the complete description of P(1,3)-inequivalent ansatzes for the field
Af(z) invariant under 3-dimensional subalgebras of the Poincaré algebra, one has to in-
tegrate the over-determined system of PDE (3.9), (3.10) for each P(1,3)-inequivalent
subalgebra. Let us note that compatibility of (3.9), (3.10) is guaranteed by the fact that
operators X1, X9, X3 form a Lie algebra.

Consider, as an example, the procedure of constructing ansatz (3.8) invariant under
the subalgebra (Py, Pa, Jp3). In this case system (3.9) reads

Wy, = 07 Wyy = 07 ToWgs + T3Wgy = 07

whence w = 2% — 23.

Next, we note that coefficients pi1,,,, p2u of the operators P, P are equal to zero,
while coefficients ps,,,, form the following (4 x 4) matrix

HP3WH Z,VZO =

o o O
o O O O
o O O O
o O O

(we designate this constant matrix by the symbol S).
With account of the above fact, equations (3.10) take the form

Qxl = 05 QIQ = 07 xOng + $3QCEO - SQ = 07 (311)

where @ = ||Ql“’(x)”i,1/=0 is a (4 x 4)-matrix.
From the first two equations of system (3.11) it follows that @ = Q(xo,z3). Since S is
a constant matrix, a solution of the third equation can be looked for in the form (see, for
example, [4])
Q = exp{f(zo,x3)S}.

Substituting this expression into (3.11) we get

(20fos + T3foo — 1) exp{fS} =0

or, equivalently,
xOf:C3 +x3fxo = ]-a

whence f = In(zg + x3).
Consequently, a particular solution of equations (3.11) reads

Q = exp {In(zo + z3)S}.

Using an evident identity S = S we get the following equalities:
Q=Y _(n!)"M(In(zo + 3))"S" = I + S[In(zo + x3) + (31) '(In(zo + x3))* + .. ]+
n=0

S2[(21) " (In(zo + 23))? + (4) "' (In(zo + 23))" + ... =
I + Ssinh(In(zg + z3)) + S%(cosh(In(zg + x3)) — 1),
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where [ is a unit (4 x 4)-matrix.
Substitution of the obtained expressions for functions w(z), Q. (x) into (3.8) yields
the ansatz for the Yang-Mills field Af,(x) invariant under the algebra (P1, %, Jos)

A = Bg(x3 — 23) coshln(zg + x3) + B$(23 — 23) sinh In(zo + 23),
A = Biad - ad), A3 = By} - a3), (3.12)
A% = B$(x3 — 23) coshIn(zg + 23) + B (23 — 23) sinh In(xg + 3).

Substituting (3.12) into YME we get a system of ODE for functions Bjj. If we will
succeed in constructing its general or particular solutions, then substituting it into formulae
(3.12) we get an exact solution of YME. But such a solution will have an unpleasant
feature: independent variables x, will be included into it in asymmetrical way. At the
same time, in the initial equation (1.1) all independent variables are on equal rights. To
remove this defect one has to apply solution generation procedure by transformations from
the Lorentz group. As a result, we will obtain an ansatz for the Yang-Mills field in the
manifestly-covariant form with symmetrical dependence on x,,.

In the same way, we construct the rest of ansatzes invariant under three-dimensional
subalgebras of the Poincaré algebra. They are represented in the unified form

Af(z) = {(apay —dydy)cosh by + (dua, — dyay,) sinh Op+
2(aﬂ + du)[(Hl cos 03 + 69 sin 93)[),/ + (92 cos 03 — 67 sin (93)CV+
(03 + 02)e=%(ay, + d,)] + (bucy — bycy) sinfs — (cucy + byb,) cos 3—

8o (616, + O2cy)(ay + dy) } B (w).
(3.13)
Here 0, u = 0, 3, w are some functions whose explicit form is determined by the choice
of a subalgebra of the Poincaré algebra AP(1,3).
Below, we adduce a complete list of 3-dimensional P(1, 3)-inequivalent subalgebras of
the Poincaré algebra following [7]

Ll = <P07P17P2>

B Ly = (P, P, Ps);

Ly = (Jo3, o +P3,P1> Ls = (Jos+ Pr, Py, Py);
L; = (Jos+ P1,Py+ P3, P»); Le — <J12+aj03 ]730 P’3>-
59 i 2512 i Iio’fllspi, Py): Ly = (Jiz+ P, P, P);
L11 - <C¥12+ P0 P, fPhPQ) Liz = (G, P+ P, P+ aPy);

B P R0 8t Ly = (Gi+Py— P3, P+ P3, P);
Lis = (Gi+ Py— P3,Py+ P, P + aP); Lis = (Jra, Jos Po+ Py):
L17 — <G1+P25G27P1+06P27P0+P3> L18 — <J03’G17P2>' ’
L19 = <G17J037P0 + P3>ﬂ LQO — <G1,J03 +P2,P0 + P3>’
Loy = (Gyi,Jos+ P1+ aPy, Py + Ps); Lo = (G1,Go,Jos + adia);
Loz = (G1, Py+ Py, P1); Loy = <Jl27 P1’P2>' |
Los = (Jos, Po, P3); Lo = (Ji2, 13, Jo3);
Loz = (Joi, Jo2, J12);

(3.14)
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Here G; = Joy; — Ji3 (Z = 1,2), a € R.

Ansatzes for the Yang-Mills field  Af(z) are of the form (3.13), functions 6,(z),

= 0,3, w(x) being determined by one of the following formulae:

Li:0,=0,w=dx; L3:0,=0,w=ax; L3:0,=0w=kx;

Ly:0g=—Inlkx|, 61 =0,=0, 03=caln|kz|, w=(azx)®— (dz)%

Ls:0p=—Inlkz|, 61 =02=05=0, w=cx;
Lg:0g=—-bxr, 01=0,=03=0, w=cx;
L7:0g=—bzx, 0, =0,=03=0, w=bx—Inl|kz|;
Lg:0y= aarctan(bx(cm)_l), 0, =05 =0,

03 = —arctan(bz(cz) ™), w = (bx)* + (cz)?;
Ly:00=0,=0,=0, 03=—ax, w=dx;

L10:90:91:92:O, 93:d$, W = ax;

1
Lis:6p=0, 6= i(bx — acr)(kx) ™
92:93:0, w:ka:;
1
L13290:92:03:0, 01:§C$, ’LU:]{J.T;

1
Lig:0g=0,=65=0, 601= —ijx, w = 4bx + (kx)Q;

1

L15 : 90 = (92 = 03 = 0, 91 = —Ekx, w = 4(041)(13 - cx) + Oé(/{?.’L')Z;

Lig:0p=—In|kzx|, 6 =60,=0, 63=—arctan(bz(cz)™}),

1
Li7:6p=03=0, 0= 5(030 + (o + kx)bx) (1 + ka(a + kx))

1
0y = —i(bx —cxkr)(1 4 kz(a + kz)) ™, w= kx;

(3.15)

w = (bx)* + (cx)?;

1
Lig:0p=—Inlkz|, 6= §bx(k::z)71, 0 =03 =0, w=(ax)?— (bz)*— (dr)*

1
Lig:6p = —1Inl|kz|, 6, = §bx(kx)_1, Oy =03=0, w=c;
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1
Loy : 0p = —Inlkz|, 6, = §bm(/€x)_l, Oy =03 =0, w=Inlkx|— cx;

1
Loy : 0= —In|kz|, 6, = 5(bgc —In|kz|)(kx)™, 6y =63=0,
w = aln |kz| — cx;
Los : 0y = —In|kz|, 6= §bx(k:z) , Oy = §caj(er) ,
03 = alnlkz|, w= (az)*— (bz)? — (cz)? — (dz)*.

Here ax = ay 2, bx = byat, cx = cyat, do =d,o, p=0,3, kx = ax + dx.

NOTE Basis elements of subalgebras Los, Log, Los, Log, Loy do not satisfy (3.3).
That is why, ansatzes invariant under these subalgebras are partially-invariant solutions
and are not considered here.

4 Reduction of the Yang-Mills Equations

In order to reduce YME to ODE it is necessary to substitute ansatz (3.13) into (1.1)
and convolute the expression obtained with Q¥ (x). As a result, we get a system of twelve
nonlinear ODE for functions B%(w) of the form

kMBé;V + lwé“f + m#7§7 + eguwé” x B + eh#wg” x B7+
e?B, x (B" x B,) = 0. (4.1)
Coefficients of the reduced ODE are given by the following formulae:
kuy = gy By = GuGy, luy = guyFo + 25, — GuHy — GMG’Y’
Myy = Ry — Gun (4.2)
Gy = 9y Gv + 90,Gp — 29 Gy Py = (1/2)(9uyHy — g Hy) — Ty,

where g, is a metric tensor of the Minkowski space R(1,3) and Fi, F»,Gy, ..., T~ are
functions on w determined by the relations

= Wy, Wk, Fy = Ow, Gu = Qauwxa7 Hu = Qa,uxay
S/u/ = ijQalll’gwxﬂ7 RMV = ijDQam (43)
T,ul/'y = QgQauzﬁ Qﬂ'y + ononz'yxg Qﬁ,u + Q»oleoe;wg Q,Bu'

Substituting functions @, (x) from (3.13), where 6, (x),w(x) are determined by one
of the formulae (3.15) into (4.2),(4.3) we obtain coefficients of the corresponding systems
of ODE (4.1)

Lyt kyy = =guy — dudy, Ly = myy = 0,
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Guvy = Gy + Goydy — 29 dy,  Ppuy = 0;
Lot kuy = guy — apty, by = myy =0,

Gy = Gpy @ + Guny @ = 2Gu @y, Ty = 0;
L3t kyy = —kukys Ly = My = 05 Gy = Guakw + Gunky — 2guky, - Py = 05
Ly : iy = 49w — apay (w +1)* = dydy (w = 1)* = (audy + aydy,) (w? 1),

Ly = 4(guy + a(bucy — cuby)) — 2k (ay — dy + kyw), myy =0,

Gy = €(Guy (@ — dy + kyw) + guy(ap — dp + kpw) = 29, (ay — dy + kyw)),

€

Py = §[glwky — Guvky] + ael(bucy — cuby)ky + (bycy — cuby) K+

(bycu — eybp)kyl;

L5t kuy = —Guy = Cucys  luy = —ecuhy,  mypy =0,

Guvy = JuyCv + Gy Cu — 200 Cyy Ny = %(gwky — guky);
Le : kyy = —guy — cuCy, Ly =0,

Myy = —(apay — dudy),  Guvy = GuyCu + GurCu — 29 Cy,

hywy = —[(audy — aydy,)by + (avdy — aydy)by, + (ayd, — audy)by;
L7 kyy = —guy — (b — k) (by — €ky), Ly = —2(audy — aydy),

My = = (apay — dydy),
Gy = Gy (b — k) + Gy (b — €kp) — 29, (by — €ky),
by = —[(apdy — avdy)by + (avdy — aydy)by, + (aydy — apdy)byl;

Lg : kyy = —4w(guy + cucy), Ly = —4(guy + cucy),

1
Myy = _E(O‘2<auav —dudy) +buby)s Gy = 2VW(Gur o+ GuyCu — 29400y )

1 o
Py = m(gmcu — GuCy) + ﬁ((aud,, = )by + (avdy — dyay)bu+

(aydy = audy)by);
Ly : kyy = —gpy — dpdy, 1y =0,

Myy = buby + cuCys  Guy = Guydv + Goydy — 29 ds,
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Py = ay(bucy — cuby) + ap(buey — cuby) + ay(bycy — cybp);
Lo : kpy = guy — apay,  luy =0,
Myy = —(buby + €ucy)s Gy = Guyaw + Gurap — 290y,
by = —[dy(bpcy — cuby) + dy(bycy — cuby) + du(bycy — cyby)l;
Lyyckyy = —(ap — dp)(ay —dy), Ly = =2(bucy — cuby),  myuy =0,
Guvy = Gy (A — dy) + guy(ay — dy) — 29,0 (ay — dy),

1
b~y = i[kv(bucv — cuby) + ku(buey — euby) + ky(byey — cyby)l;

1 o?
Lz kyy = —kuky, Ly = _Ekuk% Myry = _ﬁkukva
1
uvy = gu’yku + gu’yku - 29#1/"/'77 hw/’y = %(gu'yku - g,ul/k’y)+

«
E((kubu — kuby)ey + (kuby — kyby)ey + (kyby — kuby)cw);

Lig s by = —kuky,  luy =0, mypy = —kpuksy, (4.4)
Guvy = Gurkv + Gk — 20k, huwy = —((kuby — kuby)ey+
(kuby = kyby)cp + (kyby — kuby)ey);
Lt kyy = =16(guy + buby), Ly = myy = hyuy =0,
Guvy = 4(Guybu + gurbp — 29,04);
L + kyy = =16[(1 + a®)guy + (¢ — aby)(cy — aby)], Ly = My = hyuy = 0,
Gy = 4Gy (e — aby) + gy (cy — aby) — 29,0 (cy — ab,)];

Lig : kyy = —4w(guy + cucy), Ly = —4(guy + cucy) — 2€kycu/w,

1
My~ = *Ebub'ya uvy = 2@(9;%{01/ + guyCp — 29,uuc’y)a

1 1
by = 5[6(%71@ — Guvky) + ﬁ(gﬂWCV — )]s

2w+ «
L17 : k,u’y = 7k/$k’77 lN’Y = *m uk'ya
My~ = *4]{3#]'{37(1 + U}(a + w))_2, Guvy = gu'yky + gl/'yku - 29ul/k’yv

1 _
by = 5(04 + 2“’)(%7]‘7” - guvkv)(l +w(a +w)) -
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2(1 4+ w(w + @) " ((kuby — kuby)ey + (kuby — kyby) e+
(Fybu = kuby)ew);
Lig : by = dwgyuy — (kpw + ap — dy) (kyw + ay —dy), Ly = 6gpy+
Aapdy = aydy,) = 3k (kyw + ay — dy), My = —kuky,
Gy = €(Guy(kvw + ay, —dy) + guy (kyw + ay — dy)—
29u (kyw + ay = dy)), by = €(Guykn = gurks);
Lig : kpy = =guy = CuCys by = 2€kycp, My = —kky,
Gy = JuyCo + GuyCu — 20w Cy, Ny = €(Guyk — guvky);
Loo : Ky = =gy — (cu — €kp)(cy = €ky), Ly = 2ekycy — 2K,k
Muy = —kuky,  Guy = Guy(€ky — cv) + guy (€ — cu) = 29 (eky — ¢y),
huvy = €(Guyky — guvky);
Lot : kyy = =gy — (cu — k) (cy — aeky), Ly = 2(ekycy — akyky),
My = —kuky,  Guy = —Guy(cr — aeky) — guy(cp — aeky) + 29, (cy — aeky),
by = €(Guykv — guvky);
Loy t kyy = dwgyuy — (ap — dy + kyw)(ay — dy + kyw),
Ly = 41290y + a(bucy — cuby) — apay + dudy — wkyky|,  myy = —2k,k,,
Gy = €(Guy(aw — dy + kyw) + guy(a, — dy + kyw)—

3e
29 (ay — dy + kyw), Ty = E(kav — uvky) — ealky (bucy, — cuby)+

ku(buey — cvby) + Ky (bycp — eyby);

where k, =a, +d,, e=1for axr +dx > 0 and e = —1 for ax +dx <0 .

5 Exact Solutions of the Yang-Mills Equations

When applying the symmetry reduction procedure to the nonlinear Dirac equation, we
succeeded in constructing general solutions of a large part of reduced systems of ODE. In
the case involved we are not so lucky. Nevertheless, we obtain some particular solutions of
equations (4.2), (4.4).

The principal idea of our approach to integration of systems of ODE (4.2),(4.4) is rather
simple and quite natural. It is a reduction of these systems by the number of components
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with the aid of ad hoc substitutions. Using this trick we construct particular solutions of
equations 1, 2, 5, 8, 14, 15, 16, 18, 19, 20, 21, 22 (o = 0). Below we adduce substitutions
for B,(w) and corresponding equations.

1. B, = a,@ f(w) + buéag(w) + cué3h(w),

f—e(@+r)f=0, G+e*(f2—hYg=0, h+e*(f>—g*)h=0.

—

2. B,

bué1f(w) + cuéag(w) + dyézh(w),

fHE(@+n)f=0, §+e(fP+h*g=0, h+e(f>+g)h=0.
5. Bp = ku€1f(w) + byeag(w), f —e2¢’f=0,§=0.
8.1.(r = 0) By, = k@ f(w) + buéag(w),

qwf4+4f —e2?f =0, 4wi+4g—wlg=0.

8.2. B, = a,é f(w) + d,ég(w) + b.ésh(w),

- . a? 2ae
4 Af — —f—"=gh+eh*+¢°)f=0
wf+4f = ~f Ji? +e’(h"+g7)f =0,
4w"+4‘+a—2 +%fh+62(f2—h2) =0
. . 9
4wh+4h—w_lh+%fg+ez(f2—gz)h:O.
14.1. B, = a,é f(w) + d,E2g(w) + c,&h(w), (5.1)

16f —e2(h2+¢°)f =0, 16§+ e*(f2—h®g=0, 16h+e*(f%—g*)h=0.
14.2. B, = k,é1f(w) + cuéag(w), 16§ —e2g*f =0,§ = 0.
15.1. B, = a,&1 f(w) + d,éag(w) + (1 + %)~ 2 (ac, + by)ésh(w),

16(1+a?)f — 22+ ) f =0, 16(1+a?)g+e*(f2 —h)g =0,
16(1 + a®)h + €2(f% — g*)h = 0.

15.2. By, = k@1 f(w) + (14 0?) 73 (ac, + b)éag(w),
16(14+a?)f —e2fg®> =0, §=0.

16. B, = k& f(w) + buéag(w),
dwf +4f —e2g?f =0, 4dwi+4g—w g =0.

18. Bu - bu qlf(w) + Cu€29(w)7
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dwf 4+ 6f+e2g*f =0, 4wi+6g+e2flg=0.

—

19. B, = k,é1 f(w) + buéag(w),
f—e292f:O, g=0.
20. By, = k&1 f(w) 4 b.éag(w),
f-egf=0, g=o.
21. B, = k& f(w) 4 b.éag(w),
f-egf=0, g=o.
22(a = 0). By, = @ f(w) + c,Eag(w),
dwf+8f +e2g>f =0, 4wi+ 8+ ef2g=0.

In the above formulae we use designations é; = (1,0,0), ¢é» = (0,1,0), €3 =
(0,0,1).

Thus, combining symmetry reduction by the number of independent variables and
reduction by the number of dependent variables we reduce YME to rather simple ODE.
It is worth reminding that effectiveness of the widely used ansatz for the Yang-Mills field
suggested by t'Hooft et al [2] is closely connected with the fact that it reduces the system
of twelve PDE to one nonlinear wave equation.

Next, we will briefly consider a procedure of integration of equations (5.1).

Substitution f = 0, ¢ = h = u(w) reduces the system of ODE 1 from (5.1) to the
equation

il = e?u?, (5.2)

which is integrated in elliptic functions [8]. Besides that, ODE (5.2) has a solution which
is expressed in terms of elementary functions u = v/2(ew —C)™!, C € R%.

ODE 2 with  f=g=h=wu(w) reduces to the form i + 2e2u3 = 0.

This equation is also integrated in elliptic functions [§].

Integrating the second equation of system of ODE 5 we get g = Ciw+C5,C; € RL.
If C1 # 0, then the constant Cs can be neglected, and we may put Cy = 0. Provided C; # 0,
the first equation from system 5 reads

f—eC?uw?f =0. (5.3)

A general solution of ODE (5.3) is given by formula f= wl/QZi(%@Cle).

Hereafter, we use the designation Zy,(w) = Cs3J,(w) + C4Y, (w), where J,,Y, are
Bessel functions, C3, Cy are arbitrary constants.

In the case C1 = 0,y # 0 a general solution of the first equation from system 5 reads
f = Cs cosh Cyew + C4 sinh Coew, where Cs, Cy are arbitrary constants.

At last, provided C; = Cs = 0, a general solution of the first equation from system 5
has the form f = Csw + Cy,C3,Cy € R,
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A general solution of the second ODE from system 8.1 is of the form g=Ciyw+
Co(y/w)™!, where Cy, Cy are arbitrary constants.
Substituting the expression obtained into the first equation we get

A f + dwf — e2(CLw + C2)%f = 0. (5.4)

Under C1,Cs # 0 a solution of ODE (5.4) is not known. In the remaining cases its
general solution reads

a) C1#0,C2=0
f = Zol 5 Cuul,
b) Cr=0,Cy#0

eCo

eC.
f=Caw =" + Cow™ 2",

c) C1=0,C2=0
f=Cslnw+ Cy.

Here C3, Cy are arbitrary constants.

We do not succeed in obtaining particular solutions of system 8.2. Equations 14.1
coincide with equations 1, if one changes e by §. Similarly, equations 14.2 coincide with
equations 5, if one changes e by 7. Next, equations 15.1 coincide with equations 1 and
equations 15.2 — with equations 5, if one replaces e by §(1 + ozz)_% .

System of ODE 16 coincides with system 8.1 and systems 19,20,21 — with system 5.
We did not succeed in integrating equations 18.

At last, system 22 (o = 0) with the substitution f = g = u(w) reduces to the form

2
wii + 20 + %uf” —0. (5.5)

ODE (5.5) is Emden-Fowler equation and the function u = e_lw_%, is its parti-
cular solution.

Substituting the results obtained into corresponding formulae from (5.1) and then into
the ansatz (3.13), we get exact solutions of the nonlinear YME (1.1). Let us note that
solutions of systems of ODE 5, 8.1, 14.2, 15.2, 16, 19, 20, 21 satisfying the condition
g = 0 give rise to Abelian solutions of YME. We do not adduce them and present only
non-Abelian solutions of YME.

1. /_1'# = (€ab, + E3c,)V2(edx — N) 7

2. fl;t = (é2b, + é’gc#)[/\sn(fe)\dm)dn(\fe)\da:)][cn(\fe/\dx)}_l;

3. A, = (&b, + Ec,)\en(edz)) ™Y
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4. ffu = (€1b, + €acy, + €3dy) Aen(erax);
5. A, = &k, kx|~ 1\/521[ eX(cx)?] + ExbyAea
6. A, = @ k,lkx| " [\ cosh(edez) + Agsinh(edcz)] + @by );
7. /_f” = é’lk:uZo[%e)\((b:c)2 + (cx)?)] + Ex(bucx — c,bx));
8. /_fu = é’lk#[)\l((bx)z + (cx)z)% + Xo((bz)* + (cx)Q)_%]—i-
é(bycx — cubx))\((bx)2 + (Cl’)2)_1;
- 1 1 2
9.4, = [52(§(du — K (kx)?) + §buk:1:) + égcu])\sn({)\(élba? + (kx)?))x
(i)\(% + (kx) ))(cn(i)\(élbx + (kx)2) L
R o1 1 . ev2\ _
10. Ay = [ex(g(dy — ku(kx)?) + 5buk) + esculAlen(——( (kx)*)] ™
11. A, = [52(§(du — Ky (kx)?) + S bukr) + E3c,]4V2(e(dbx + (kx)?) — N7
12. A, = &1k, /4bx + (k:x)2Zi(%(4b$ + (kx)?)?) + Eycy N(dbr + (kz)?); (5.6)

- A A
13. A, = e1ku(M cosh(%(élbx + (kx)?)) + Ao sinh(%(llb:v + (kx)?))) + é2c,;
14. A, = {é(d, —

)\sn[e)\ﬂ

e/2

dn]

{en

15. A, = {&(d, —

8

e/2

el

fen[ (4

1 1 1
gk“(kx)Q = 5buke) +&(acy + by + Skuka)(1 + a?)"2}x

(4(abz — cx) + a(kz)?)(1 + a2) 2]

N =

(4(abz — cz) + a(kx)?) (1 + a?) 2] x
(4(abz — cx) + a(kx)?) (1 + a2)_%]}_1;

1 1 1
gk (k)® = Sbuk) + Es(acy + by + Shuka)(1 + a?)" 2} x

(4(abx — cx) + a(kz)?)(1 +a?) 73]} 7Y

1 1 1
16. Ay, = {éx(d, — gk#(ka:)Q - ibukx) + &3(acy + by + §kukx)(1 + az)_%}x
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

4V2(1 + a?)E[e(4(abe — cx) + akz)?)] 7!

(%(4(04&1: —cx) + a(kz)?)?(1 + 042)_%}—1-

—

A, = é’lku{\/ll(abx —cx)+ a(kx)?Z

1

4
1

Ea(acy + by + Shuk) \(Aabe — ex) + ake))(1 +a?) H

—

A, = élku{Alch[%(l + a2)*%(4(abm — cx) + alkx)?)])+

Ao sinh[%(l + a2)7%(4(abx —cx) + akx)?]}+

_1
3.
)

1
éx(ac, + by + §kuka:))\(1 + a?)

ffu = é'lk#|k:x|_120[%((bc)2 + (cx)?)] + Ea(bucr — c bx)

eX
2

A, = aikylka| T a((02)2 + (c2)2) T + Ao ((be)? + (ex)?) ™ T ]+

Ey(bucx — c,br)A((br)? + (cx)?) ™
i - é’lk#|kzx|_1\/§2i(%(cm)2) 4 & (b, — kuba(ke) M )ea:

ffy = E1kylkz| [\ cosh(Necw) + Ag sinh(Necz)] + & (b, — kb (k) 1)A;

N T\
A, = &k, lka) ™" /In kx| — cmZi(%(ln\kx\ —ex)?)+

E(by, — kybz(kr)"HA(In |[kz| — cz);
A, = &k,lkxz| " A\ cosh(Ae(In [kx| — cx)) + Ag sinh(Ae(In [kz| — cz))]+

Ey(by — kyubr(kx)"HA;

ffy = E1kylkz| My /aln kx| — ch%(%(aln kx| — cx)?)+
E(by — ku (b — In [kz|)(kz) ) A(aln |kz| — cx);

ffu = €1k, kx| A\ cosh(Ne(aln [kz| — cx)) + Agsinh(Ae(aln kx| — cx))]+
Ey(by — k(b — In [kz|) (kz) 1) A;

A, = {@1(by — kuba(kz)™Y) + ey — kyex(ka) ™) e (wuah) 2

Ay = {&1(bu = kb (k) ™) + Ea(cy — yea(ha) ™)} (),

wf +2f + (€2f3/4) =0, w=z,a" = (azx)? — (bx)* — (ca)? — (dz)?.
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In the above formulae Z,(w) is the Bessel function; sn, dn, cn, are Jacobi elliptic func-

tions having the modulus g; A, A1, Ao = const.

In the present paper we do not analyze in detail the obtained solution. We only note
that the solutions numbered by 27 is nothing more but the meron solution of YME [2]. In
the Euclidean space meron and instanton solutions were obtained by Alfaro, Fubini, Furlan
[9] and Belavin, Polyakov, Schwartz, Tyupkin [10] with the use of the ansatz suggested by
't Hooft [11], Corrigan and Fairlie [12] and Wilczek [13].

Another important point is that we can obtain new exact solutions of YME by applying
to solutions (5.6) the solution generation technique. We do not adduce corresponding

formulae because of their cumbersomity.

6 Some Generalizations

It was noticed in [14] that group-invariant solutions of nonlinear PDE could provide us
with rather general information about the structure of solutions of the equation under
study. Using this fact, we constructed in [4,14] a number of new exact solutions of the
nonlinear Dirac equation which could not be obtained by symmetry reduction procedure.
We will demonstrate that the same idea will be effective for constructing new solutions of
YME.

Solutions of YME numbered by 7, 8, 19, 20 can be presented in the following unified
form:

—

A, = kug(k‘x, cr) + buC_"(k:ac, cx), (6.1)
where kv = k,z#, cx=c,at, k,=a,+d,.

Substituting the ansatz (6.1) into YME and splitting the equality obtained with respect
to linearly-independent four-vectors with components k,, b,, c,, we get

—

1. Cuyw, =0,
2. CxC, =0, (6.2)
3. éwlwl + eC’wO x C + 20 x (é X é) =0.

Here we use designations wg = kz,w; = cx.
A general solution of the first two equations from (6.2) is given by one of the formulae

— —

L. C= f(wO)a

— —

II. C = (w1 4 vo(wo))f(wo),

where vy, f are arbitrary smooth functions.
Consider the case C = f(wp). Substituting this expression into the third equation
from (6.2) we have

— — —

By wy —i—eﬁUO X f—{— €2 (fH) — 62f_2§ =0. (6.3)
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Since equations (6.3) do not contain derivatives of B with respect to wp, they can be
considered as a system of ODE with respect to the variable wy. Multiplying (6.3) by f we
arrive at the relation (Bf)y,w, = 0, whence

éf: Ul(UJ(])wl + UQ(U)()). (6.4)

In (6.4) v1, vg are arbitrary smooth enough functions.
With account of (6.4) system (6.3) reads

— —

Buyw, — 62f B = 6f>< ﬁuo - 62(7)171)1 + 712).]?'

The above linear system of ODE is easily integrated. Its general solution is given by
the formula

B= g(wo) coshe[ﬂwl + f_i(wo) sinh e|f|w1 + e_llﬂ_zf;o X f—i—
172 (v1w1 +v2) F, (6.5)

where g, h are arbitrary smooth functions.
Substituting (6.5) into (6.4) we get the following restrictions on the choice of the
functions g, h:

fGg=0, fh=0. (6.6)

Thus, provided éwl = 0, a general solution of the system of ODE (6.3) is given by the
formulae (6.5), (6.6). Substituting (6.5) into the initial ansatz (6.1) we obtain the following
family of exact solutions of YME:

— — -

A, = ku{g(kx) coshe|f|cx + h(kz) sinh e|flex + e_l\ﬂ_Qfx f+
(vi(kz)ex +va(kz)) [} + b f

where f(kx), G(kz), h(kz), vi(kz), ve(kx) are arbitrary smooth functions satisfying
(6.6), f'= 7L

= dwo *
The case C = (w1 +vo(wp))f(wp) is treated in analogous way. As a result, we obtain
the following family of exact solutions of YME:

—

Ay = kyf(e + v (k) (ke Ty CE1TIER + wo(k))+

Fk)Yy (51 fl(ew + vo(ka))] + (on(ka)ew + ealha)) -+ 7| FI72F x i+
by(cx + vo(kx))f,

—

where  f(kz), G(kz), h(kz), vo(kz), vi(kz), vo(kz) are arbitrary smooth functions
satisfying (6.6), J%(w), Y% (w) are the Bessel functions.
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Another effective ansatz for the Yang-Mills field is obtained if one replaces in (6.1) cx
by bx

A, = k,B(kx,bzx) + b,C(kz, bx). (6.7)

Substitution of (6.7) into YME yields the following system of PDE for B,C:

—

Buyw, — Cugwy, — €(B X Coy, 4 2By, x C+C x Cyy) +€*C x (Cx B)=0. (6.8)

We succeeded in integrating system (6.8), provided C = f (wp). Substituting the
result obtained into (6.7), we come to the following family of exact solutions of YME:

—

A, = k(G + | f17F x fbx) cos(e| flbx) + (h+ | f] 7 h x fbx) sin(e] flbx)+

e Y172 % F+ (vy(k)ba + va(k2)) f} + 0, f)

— -

where f(kx), g(kz), h(kx), vi(kz), va(kx) are arbitrary smooth functions.
Besides that, we obtained the following class of exact solutions of YME:

ffu = kye1vo(kz)u?(bz) + béau(br),

where €] = (1,0,0), é& = (0,1,0); vo(kz) is an arbitrary smooth function; wu(bx) is a
solution of the nonlinear ODE i = e?u®, which is integrated in elliptic functions.

In conclusion of this Section we will obtain a generalization of the plane-wave Coleman
solution [15]

— —

Ay = ku(f(kx)bx + g(kx)cx). (6.9)

It is not difficult to verify that (6.9) satisfy YME with arbitrary f, 7.
Evidently, solution (6.9) is a particular case of the ansatz

fTM = kué(ka:, bz, cx). (6.10)
Substituting (6.10) into YME we get
§w1w1 + ngwz = 6, (611)
where wy = bx, w9 = cz.
Integrating the Laplace equations (6.11) and substituting the result obtained into
(6.10) we have
A, = k(U (kx, bx + icx) + U(kx, br — icx)).

Here U (kx,z) is an arbitrary analytical with respect to z function. Choosing U=

—

(f(kx) —ig(kx))z we get Coleman solution (6.9).

N[



72 V. LAHNO, R.ZHDANOV and W. FUSHCHYCH

7 Conclusion

Thus, starting from the invariance of YME under the Poincaré group we have obtained
wide families of its exact solutions including arbitrary functions. In our future papers we
intend to describe exact solutions of YME invariant under the extended Poincaré group
and conformal group.

Besides that, we will study exact solutions which correspond to the conditional and
non-local symmetries of the Yang-Mills equations (1.1)
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