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Abstract

We apply the similarity method based on a Lie group to a nonlinear model of the heat
equation and find its Lie algebra.The optimal system of the model is contructed from
the Lie algebra. New classes of similarity solutions are obtained.

Introduction

The paper consists of two sections. In the first section we use the Lie similarity method
to find similarity solutions of the inhomogeneous nonlinear diffusion equation in the form

7 28D~ (), )
when f(z) = 2P, g(x) = 2™, and p, m and q are arbitrary constants. Eq.(1) is of consider-
able interest both in physics and mathematics as well as its special cases have been used
to successfuly model physical situations. For example, the case p =m =0, n = —1/2 and
g = 1 arises in models of plasma diffusion [9] and the thermal expulsion of liquid helium
[5,10]. The homogeneous form of Eq.(1) has been used by [6] to discuss the spread of
lava from volcanic eruptions, the case p = m = 0, ¢ = n = 1 arises in the other physical
phenomena besides heat or chemical diffusion, for example, in the isothermal percolation
of a perfect gas through a microporous medium [10].

The reduction of the case ¢ =1, p = m =0 and n = —1/2, -1, —3/2 is discussed in
[4] and for ¢ = 1, p,m and n are arbitrary, is discussed in [8]. When f = const, g = 1
and n, q are arbitrary, the transient temperature distribution is determined without the
thermal relaxation effect [7].

In the second section we use the method of group-invariant solution [3-11] to determine
new classes of similarity reduction of the case f = a® = const, g = 1 and n, g are arbitrary,
in addition to the previously known ones [7].

Section 1
When f = aP and g = 2™, then Eq.(1) becomes
ou 0
a:p—:—< mu"uq). 2
ot Oz m 2)
Classical similarity [2,3] determines transformations which leave the differential equation
invariant. In the infinitesimal representation, the corresponding generator of the transfo-
mation is written as
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0 0
v = §(a:,t,u)8x + 7(x, t, u)at

where &, 7 and 1 are unknown functions of x, ¢ and u. The condition of invariance of Eq.(2)
is

0
+77($7t7u)%7 (3)

Pr@v(A) =0, (4)
A=0
where
A =mz™ "y 94+ na™u"" 1uq_1 + qwmu"ug_lum — xPuy, (5)
and
1%®v_v+néf +n§3+ﬁ 8iw (6)

is the second prolongation of the vector field v and n®,n',n*® are expressed in terms
of £, 7,m and their derivatives. From Eq.(4) by equating the coefficients of the various

. . . P m n .
monomials of u and inserting u,, = —— Ut — ——Ug — ——Uj, We get the following set
quug qr qu

of determining equations
§:§($), T:T(t)v n:n(u)7
mf - mxga: + q$2€azx =0,
nn — nuny — quny, = 0, (7)
Qi—@£+un+f——@+1mz + (¢ =D =0.
Solving Eq.(7), we get
£@) = e+l —n—q)a/r, (t)=2ct+es, n(u) = —cru (8)

where c1, co, c3 are arbitrary constants and » = p — m + g + 1. Then we have the three
symmetry vector fields, namely

0
1_ata
l1-n—q 0O 0
S T Y ©
v—2tg+2xg
STt T v oz

These fields form a Lie algebra. We find [vq,vs] = 2v; and all other commutations vanish.
By using the adjoint algebra [2], we can find four different kinds of solutions corresponding
to the basic fields of an optimal system given by vs, v3, vi 4+ vo and ve + v3. Also we can
obtain further solutions of Eq.(2) through the characteristic equation

de dt du

T (10)
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Group invariant solutions of Eq.(2)

(a) For the vector field vo.
The general reduction of this subgroup can be obtained by the similarity representation

s=t, u=azg UTDR(s), (11)
From Eq.(11) and Eq.(2), we get

q+1 q —

(n+q—1)lath)

Direct integration gives

: (13)

P lc_rq“—l—rq(l—l—p)(n—i-q—l

) 1/(1-n—q)
(n +q— 1)(CI+1) ‘|

where ¢ is arbitrary constant, (1 —n —¢) # 0 and r = p — m + ¢+ 1. Then the solution
of Eq.(2) is

g+l | g B 1/(1-n—q)
U(.%',t) :xfr/(lfnfq) c— r +r (1+p)(n+q 1)t (14)
(n+q—1)tD)
(b) For the linear combination vy + kvg, k is constant.
The finite transformation for this combination can be written as
1—n—q)t
$ = x exp (_(nq)) ,  u=-exp(—kt)F(s). (15)
r
Then Eq.(2) becomes
-1 d

—ks? (F - ”“L:st’) = - (s"FNE)), (16)

if we put (n+q —1) = —r/(1 + p), then Eq.(16) becomes
kEd d
_ 2 (P ) = 2 (smEn( 1Y) 17
A () - e w
Integrating Eq.(17) once, we get
1
Flnta=D/a — (_g)l/a (1) o (n—l—q—l) s 4 ¢ (18)
1+p r ’
where ¢ is the constant of integration, ¢ # 0,7 # 0 and p # —1.
(c) For the linear combination vs + kva, k is constant.
The similarity representation is given by
s=at VM oy = 7K (), (19)

where M =r/[2+ k(1 — q —n)]. Then Eq.(2) becomes

P (];F + 2;”%17') - % (smFm(F')). (20)
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1
For k = % Eq.(20) becomes

1 d d
_ Z(PHIF) = = (smEF(FNY) . 21
aias (1F) = g () (21)
Integrating Eq.(21), we obtain
1
_ p+lp . cmpmn g
Vi F=s"F"(F") +c, (22)

where ¢ is the constant of integration. For ¢ = 0, integrating Eq.(22) gives

-1 1 \Va
F(n+Q*1)/q =c1 + (n+7~Q) <_W> Sr/q7 r 75 0, (23)
_ 1/q
(nt+g-1)/q _ w (_1> =
F e+ . 5 Ins, r=0, (24)

where ¢ is the constant of integration and ¢ # 0. For ¢ # 0 consider the case g = 2,
m =1,n=0and p = —1. Then Eq.(22) becomes s(F')?> = —F + ¢, where c is a constant,
and this equation has the solution F' = —s + ¢, i.e., u = —xt~' 4 ¢. which is a solution of
Eq.(2), when ¢ =2,m =1,n=0and p = —1.

(d) For the vector field vs.
The similarity variable s and the similarity solution are

s=a"/t, u=F(s). (25)

From Eq.(25) and Eq.(2), we get

d
r(q“)sq% (F™(F")9) 4+ ri(gr — q —m)sT ' F"(F)1 + sF' = 0. (26)

Consider the case ¢ = m =2, n = —2 and p is arbitrary. Then Eq.(26) becomes

1 1 a
F'"= —(F')? - ~F + - F? 27
S(F)? - P 4+ 2R, (27)
1
where a = ~5,3" Eq.(27) is equivalent to a special case of one of the Painlevé equati-
r
ons [1].
Section 2

When f = a? = const and g = 1, then Eq.(1) becomes

0
a’up = p (u"ul). (28)

This equation was discussed in [7] and one similarity solution was obtained for it, but in
this section we shall find new classes of similarity solutions for Eq.(28). By using Eq.(4),
in this case we have

A = quud Mgy + nu Tt — o (29)
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This will lead to a system of determining equations involving z, ¢, u and the derivatives of
u with respect to z and ¢t as well as &, 7,7 and their derivatives with respect to x,,u. The
solution of these determining equations is Eq.(8) itself at p = m =0, i.e.,

§@) = 22+ (1 = n— )|/ (g + 1),

(30)
T(t) = 2cat + c3, n(u) = —cru.
The vector field (3) is spanned by the three vector fields
L
oo
l—¢g—m 0 0
— 2 u= 31
V2 g+1 Yor ~ You (31)
V3 = QtQ + L:cg
Tt T g1 o

These vector fields satisfy the commutator table and by using the adjoint algebra [2],
we find four different kinds of solutions corresponding to the basic fields of an optimal

system given by vg,vs3, vy + va,vo + v3. Further solutions can be obtained by using the

de dt du
characteristic equation — = — = — and the solution which was obtained in [7] can be
T

find by setting ¢; = a = const, ca = 1/2, c3 = 0 and p = m = 0 in the characteristic
equation.

Group of similarity solutions of Eq.(28)

(a) For the vector field vo.
The similarity variable s and the similarity solution are

s=t, u=z @V/(Un=dp) (32)

From Eq.(32) and Eq.(28), we get

(g+1) q _
F/: i (Q+1) +(Q+1) (n+q 1) Fn—i-q. (33)
a? (n +q— ]_)(Q+1)
After integration and by using Eq.(32), we get
1/(1=n—q)
1 [hh+ ha -1
u=g M=) o = W4 hintq—1) t (34)
a? (n+q—1)"

which is a solution of Eq.(28), where h = ¢+ 1 and ¢ is the constant of integration and
n+q#1.

(b) For the linear combination vi + kva, k is a constant.
The corresponding new similarity representation is given by

k(n+q— 1)75)7

S = Trex
p( q+1
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u = exp(—kt)F(s).

Then from Eq.(35) and Eq.(28), we get
9 n+q—1 ,) d
—a‘k | F— ———sF' | = — (F"(F")?).
¢ ( g+1 " as M E)
If we put n = —2¢, then Eq.(36) becomes
d d
a2 - —2q( p\a
a*h o (sF) = - (P-2a(p")7).
Integrating Eq.(37), we get

FlatD/a — pg2laglat)/a 4 o
where b = —(—k)'/% and C is the constant of integration.

(c) For the linear combination vs + kvg, k is a constant.
The similarity representation is

s=at VM oy = 7F2F(s),
where M = (1+q)/[2+ k(1 — g —n)]. Then Eq.(28) becomes

k 5 d
20 1 — n( /\q
a <2F+2 F> o ().

1
If we put k = Wi after integration we get

2
a
— L sF=F"(F)1+C.
Wi (F)1+C
Let C' = 0, then the solution of Eq.(41) is

2\ 1/a
Fte=1) — oy (ntq-1) (_a) M Vaglath/a,

(g+1) 2
where ¢; is a constant and ¢ # 0, —1. For ¢ = —1 then we have
_ 2M
F@n) — ¢y — ?(2 —n)lns,

where ¢ — 2 is a constant.

(d) For the vector field vs.
The similarity variable s and the similarity solution are
20+l
t )
then Eq.(28) becomes

w=F(s),

S =

rrsqdi (F™(F")) + rr= D2 V™ (F)9 + a?sF' = 0,
s

where r = ¢ + 1. Eq.(45) can be written in the form
2 2
F" + n(E)” + 454 le—qF—n(F’)@—Q) - 0.
qF TS qr”

(35)

(36)

(41)

(42)

(43)

(44)

(45)

(46)

Consider the case ¢ = 2, then Eq.(46) becomes a special case of one of the Painlevé

equations [1].
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