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Abstract

Properties of approximate symmetries of equations with a small parameter are dis-
cussed. It turns out that approximate symmetries form an approximate Lie algebra. A
concept of approximate invariants is introduced and the algorithm of their calculating
is proposed.

A concept of approximate symmetry of an equation with a small parameter and algorith
of calculating such symmetries were proposed in [1] (see also [3∗–7∗]) Examples of the
approximate symmetries show that such symmetries usually do not form a Lie algebra,
but form a so–called approximate Lie algebra in sense of definition given in [2].

In this paper, we continue investigation of properties of approximate transformation
groups and correspoding Lie algebras. In §1, the concept of the approximate Lie algebra
introduced in [2] is discussed. Some properties of approximate symmetries are investigated
in §2. The §3 is devoted to approximate invariants and algorithms of their calculating for
one- and multiparameter groups.

The following notation is used: z = (z1, ..., zN ) is an independent variable; ε is a
small parameter; all functions under consideration are assumed to be locally analytic

in their arguments. We write F (z, ε) = o(εp) if limε→0
F (z, ε)

εp = 0 or, equivalently, if
F (z, ε) = εp+1ϕ(z, ε), where ϕ(z, ε) is an analytic function defined in a neighborhood of
ε = 0 and p is an arbitrary positive integer. If f(z, ε) − g(z, ε) = o(εp), we write briefly
f ≈ g.

1 Approximate Lie algebras

Definition 1. A class of first-order differential operators

X = ξi(z, ε)
∂

∂zi

such that

ξi(z, ε) ≈ ξi
0(z) + εξi

1(z) + · · ·+ εpξi
p(z), i = 1, . . . , N,

with some fixed functions ξi
0(z), ξi

1(z), . . . , ξi
p(z), i = 1, . . . , N, is called an approximate

operator.
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Definition 2. An approximate commutator of the approximate operators X1 and X2 is
an approximate operator denoted by [X1, X2] and is given by

[X1, X2] ≈ X1X2 −X2X1.

The approximate commutator satisfies the usual properties, namely:
a) linearity: [aX1 + bX2, X3] ≈ a[X1, X3] + b[X2, X3], a, b = const,
b) skew-symmetry: [X1, X2] ≈ −[X2, X1],
c) Jacobi identity: [[X1, X2], X3] + [[X2, X3], X1] + [[X3, X1], X2] ≈ 0.

Definition 3. A vector space L of approximate operators is called an approximate
Lie algebra of operators if it is closed (in approximation of the given order p) under the
approximate commutator, i.e., if

[X1, X2] ∈ L

for any X1, X2 ∈ L. Here the approximate commutator [X1, X2] is calculated to the
precision indicated.

Example. Consider the approximate (up to o(ε)) operators

X1 =
∂

∂x
+ εx

∂

∂y
, X2 =

∂

∂y
+ εy

∂

∂x
.

Their linear span is not a Lie algebra in the usual (exact) sense. For instance, the (exact)
commutator

[X1, X2] = ε2
(

x
∂

∂x
− y

∂

∂y

)
is not a linear combination of the above operators.

However, these operators span an approximate Lie algebra in the first-order of preci-
sion.

2 Algebraic properties of approximate symmetries

Consider a one-parameter approximate group G1 of transformations

z′
i ≈ f i(z, a, ε) = f i

0(z, a) + εf i
1(z, a) + · · ·+ εpf i

p(z, a) + o(εp), i = 1, . . . , N, (2.1)

in RN (a ∈ R is a group parameter) with the generator

X = ξi(z, ε)
∂

∂zi
. (2.2)

Definition 4. The approximate equation

F (z, ε) ≈ 0 (2.3)

is said to be invariant with respect to the approximate group of transformation (2.1) if

F (f(z, a, ε), ε) ≈ 0 (2.4)

for all z satisfying (2.3).
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Theorem 1. Let the function F (z, ε) = (F 1(z, ε), . . . , Fn(z, ε)), n < N, satisfy the condi-
tion

rank F ′(z, 0)
∣∣∣
F (z,0)=0

= n,

where F ′(z, ε) =
∥∥∂F ν(z, ε)/∂zi

∥∥ for ν = 1, . . . , n and i = 1, . . . , N.
Then the equation (2.3) is approximately invariant under the approximate group G1

with the generator (2.2) if and only if

XF (z, ε)
∣∣∣
(2.3)

= o(εp). (2.5)

Equation (2.5) is called the determining equation for approximate symmetries. If the
determining equation (2.5) is satisfied, we also say that X is an approximate symmetry of
equation (2.3).

Approximate symmetries satisfy the following properties:

Theorem 2. A set of approximate symmetries of an equation forms an approximate Lie
algebra.

Theorem 3. If X is an approximate symmetry of some equation, then εX is also an
approximate symmetry of the same equation.

Let Lie algebra Lr of approximate symmetries be spanned by the following r approxi-
mate operators

Xα0 = Xα0,0 + εXα0,1 + . . . + εpXα0,p,

Xα1 = εXα1,0 + . . . + εpXα1,p−1,

· · · (2.6)

Xαp = εpXαp,0.

Here αi = 1, . . . , ri, r0 + . . . + rp = r, Xαl,k = ξi
αl,k

(z) ∂
∂zi .

Theorem 4. The exact operators Xα0,0, Xα1,0, . . . , Xαl,0 generate an exact Lie algebra
for any l = 0, . . . , p. For l = p, it is a Lie algebra of exact symmetries of the exact equation
F (z, 0) = 0.

Theorem 5. The approximate operators

Yα0 = Xα0,0 + εXα0,1 + . . . + εlXα0,l,

Yα1 = Xα1,0 + εXα1,1 + . . . + εlXα1,l,

· · ·

Yαp−l
= Xαp−l,0 + εXαp−l,1 + . . . + εlXαp−l,l,

Yαp−l+1
= εXαp−l+1,0 + ε2Xαp−l+1,1 + . . . + εlXαp−l+1,l−1,

· · ·

Yαp−1 = εl−1Xαp−1,0 + εlXαp−1,1,

Yαp = εlXαp,0

form an approximate (up to o(εl)) Lie algebra of approximate symmetries.
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3 Approximate invariants

Consider a set of the approximate transformations {Ta}:

Ta : z′
i ≈ f i(z, a, ε) = f i

0(z, a) + εf i
1(z, a) + · · ·+ εpf i

p(z, a) + o(εp), i = 1, . . . , N, (3.1)

in RN generating an approximate r-parameter group Gr of transformations with respect
to the group parameter a ∈ Rr. Let

Xα = ξi
α(z, ε)

∂

∂zi
(3.2)

be basic generators of the correspoding approximate Lie algebra.

Definition 5. An approximate function I(z, ε) is called an approximate invariant of the
approximate group Gr of transformations (3.1), if for each z ∈ RN and an admissible
a ∈ Rr

I(z′, ε) ≈ I(z, ε). (3.3)

Theorem 6. The approximate function I(z, ε) is an approximate invariant of the group
Gr with the basic generators (3.2) if and only if the approximate equations

XF (z, ε) ≈ 0 (3.4)

hold.

Remark. The equations (3.4) are approximate linear first-order partial differential equa-
tions with the coefficients depending on a small parameter.

Consider the case of a one-parameter approximate transformation group with the gen-
erator

X = ξi(z, ε)
∂

∂zi
, (3.5)

where

ξi(z, ε) ≈ εl
(
ξi
0(z) + εξi

1(z) + . . . + εp−lξi
p−l(z)

)
+ o(εp), l = 0, . . . , p, (3.6)

and vector ξ0(z) = (ξ1
0(z), . . . , ξN

0 (z)) 6= 0.

Theorem 7. Any one-parameter approximate group G1 with the generator (3.5), (3.6)
has exactly N − 1 functionally independent (when ε = 0) approximate invariants of the
form

Ik(z, ε) ≈ Ik
0 (z) + εIk

1 (z) + . . . + εp−lIk
p−l(z), k = 1, . . . , N − 1,

and any approximate invariant of G1 can be represented in the form

I(z, ε) = ϕ0(I1, . . . , IN−1) + εϕ1(I1, . . . , IN−1) + · · ·+

εp−lϕp−l(I1, . . . , IN−1) + o(εp−l),

where ϕ0, ϕ1, . . . , ϕp are arbitrary functions.
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For multiparameter approximate groups, we consider a case when the corresponding
approximate Lie algebra is a Lie algebra of approximate symmetries, i.e., it is obtained as
a solution of some determining equation and has the form (2.6). Let

rank

∥∥∥∥∥∥∥∥∥∥
ξi
α0,0(z)

ξi
α1,0(z)

...
ξi
αl,0

(z)

∥∥∥∥∥∥∥∥∥∥
= r∗l .

Here r∗0 ≤ r∗1 ≤ . . . ≤ r∗p. Let

s0 = N − r∗p, s1 = N − r∗p−1, . . . , sp = N − r∗0.

Theorem 8. In this case, the multiparameter group has sp approximate invariants

I1(z, ε) ≈ I1
0 (z) + εI1

1 (z) + . . . + εpI1
p (z) ≡ J1,

· · ·

Is0(z, ε) ≈ Is0
0 (z) + εIs0

1 (z) + . . . + εpIs0
p (z) ≡ Js0 ,

Is0+1(z, ε) ≈ ε
(
Is0+1
0 (z) + εIs0+1

1 (z) + . . . + εp−1Is0+1
p−1 (z)

)
≡ εJs0+1,

· · ·

Isp(z, ε) ≈ εpI
sp

0 (z) ≡ εpJsp ,

with functionally independent functions Ik
0 (z), k = 1, . . . , p and any approximate invariant

of Gr can be represented in the form

I(z, ε) ≈ ϕ0(J1, . . . , Js0) + εϕ1(J1, . . . , Js1) + . . . + εpϕp(J1, . . . , Jsp),

where ϕ0, ϕ1, . . . , ϕp are arbitrary functions.
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