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Symmetry Properties and Reduction

of the Generalized Nonlinear System

of Two-Phase Liquid Equations

L.O. TULUPOVA

Technical University, Poltava, Ukraina

Let us consider the multidimensional nonlinear system of heat equations{
u0 = f(v)∆u;
v0 = ∆u,

(1)

where u = u(x) ∈ R1, v = v(x) ∈ R1, x = (x0, ~x) ∈ R1+3,∆ is the Laplace operator, f(v)
is an arbitrary differentiable function.

In this paper the classification of symmetry properties of equations (1) is investigated
depending on the function f(v). In the case where the system (1) is invariant with respect
to the conformal algebra AC(3), we use the symmetry to construct ansatzes and reduce
this system to partial differential equations (PDE).

The following statement takes place.

Theorem. The basis widest invariance algebra (WIA) of system (1) consists of the oper-
ators:

1) A5 = 〈∂0, ∂a, β(~x)∂u, Jab = xa∂b − xb∂a, D0 = 2x0∂0 + xa∂a〉, where β(~x) is an
arbitrary linear function, where f(v) is an arbitrary dif ferentiable function;

2) A5, D = xb∂b −
n − 2

2
u∂u −

n + 2
2

v∂v, when f(v) = λ exp v;

3) A5, D1 = mx0∂0 − (m + 1)u∂u + (m − 1)v∂v, when f(v) = λvm,m 6= − 4
n + 2

;

4) A5, D, |Ka = 2xaD − ~x2∂a, when f(v) = λv
4

n+2 .

At n = 3 and f(v) = λu−4/5, system (1) takes the form{
u0 = λu−

4
5 ∆u;

v0 = ∆u.
(2)

As appears from the above, the WIA of system (2) is the algebra

A = {AC(3), ∂0, D0} .

Since the algebra AC(3) is nonlinear with respect to ~x, the method of finding invari-
ants that was described in [1] is useless. It is known from [2] that the algebra AC(3) is
isomorphous to the algebra AO(1, 4) in the passage from the space ~x ∈ R3 to the space
z = (z0, ~x, z4) ∈ R1+4 according to the formula

~x =
~z

z4 − z0
, (3)
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that realized at the cone

z2
0 − ~z2 − z2

4 = 0. (4)

The basis elements of the algebra AO(1, 4) have the form

Jab = zA∂B − zB∂A, A, B = 0, 4.

Thus, the algebra A is isomorphous to the algebra

Ã = {AO(1, 4), ∂0, D0} .

A connection between the basis operators of the algebras A and Ã is defined by the
formulae

∂a = J4a − J0a;
Jab = Jab;
D = J04;
Ka = J4a + J0a.

The algebra Ã is realized by linear representations and because we can use the method
from [1] for finding its invariants. It’s necessary to solve the system of differential equations

Ż = A · Z, (5)

where the matrix A corresponds to the algebra AO(1,4). Integrating system (5), we find
invariants of the algebra AO(1,4). Then according to formulae (3), (4), we obtain the
algebra AC(3) and construct ansatzes that reduce system (2) to PDE.

Invariants Ansatzes Reduced Equations

1.1


ω1 = ~a~x − x0

ω2 = ~b~x
ω3 = ~c~x

{
v = ϕ0(ω)
u = ϕ1(ω)

{
ϕ1

1 = λ(ϕ0)−4/5ϕ0
1

−ϕ0
1 = ∆ϕ1

1.2


ω1 = ~a~x − lnx0

ω2 = ~b~x
ω3 = ~c~x

{
v = x

5/4
0 ϕ0(ω)

u = x
1/4
0 ϕ1(ω)


ϕ1

4 − ϕ1
1 = λ(ϕ0)−4/5×

×
[

5
4ϕ0 − ϕ0

1

]
5
4ϕ0 − ϕ0

1 = ∆ϕ1

1.3


ω1 = x0

ω2 = ~b~x
ω3 = ~c~x

{
v = ϕ0(ω)
u = ϕ1(ω)

{
ϕ1

1 = λ(ϕ0)−4/5ϕ0
1

ϕ0
1 = ϕ1

22 + ϕ1
33

2.1



ω1 =
2

~x2 + 1
×

(~a~x cos t − sin t) + sin t

ω2 =
2

~x2 + 1
×

(~a~x sin t + cos t) + cos t

ω3 =
2

~x2 + 1
×(

~b~x cos mt + ~c~x sinmt
)

t = x0


v = (~x2+
+1)−

5
2 ϕ0(ω)

u = (~x2+
+1)−

1
2 ϕ1(ω)



ω1ϕ
1
2 − ω2ϕ

1
1 + mϕ1

3×
× (1 − ω2

a)
1/2 = λ(ϕ0)−4/5×

× [ω1ϕ
0
2 − ω2ϕ

2
1+

+ mϕ0
3(1 − ω2

a)
1/2]

ω1ϕ
0
2 − ω2ϕ

0
1 + mϕ0

3×
× (1 − ω2

a)
1/2 = −3ϕ1−

− 24(ω1ϕ
1
1 + ω2ϕ

1
2)−

− 12ω3ϕ
1
3 + 4(1 − ω2

a)ϕ
1
aa−

− 8(ω1ω2ϕ12 + ω1ω3ϕ13+
+ ω2ω3ϕ23
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2.2



ω1 =
2

~x2 + 1
(~a~x cos t−

− sin t) + + sin t

ω2 =
2

~x2 + 1
(~a~x sin t+

+cos t) − cos t

ω3 =
2

~x2 + 1
(~b~x cos mt+

+~c~x sin mt)
t = lnx0


v = (~x2 + 1)−

5
2×

×x
5/4
0 ϕ0(ω)

u = (~x2 + 1)−
1
2×

×x
1/4
0 ϕ1(ω)



ω1ϕ
1
2 − ω2ϕ

1
1 + mϕ1

3×
×(1 − ω2

a)
1/2 = λ(ϕ0)−4/5×

×[ω1ϕ
0
2 − ω2ϕ

0
1 + mϕ0

3×
×(1 − ω2

a)
1/2 + 5

4ϕ0]−
−1

4ϕ1

ω1ϕ
0
2 − ω2ϕ

0
1 + mϕ0

3×
×(1 − ω2

a)
1/2 = −3ϕ1−

−24(ω1ϕ
1
1 + ω2ϕ

1
2)−

−12ω3ϕ
1
3 + 4(1 − ω2

a)ϕ
1
aa−

−8(ω1ω2ϕ12 + ω1ω3ϕ13+
+ω2ω3ϕ23) − 5

4ϕ0

2.3



ω1 =
2

~x2 + 1
(~a~x cos t−

− sin t) + sin t

ω2 =
2

~x2 + 1
(~a~x sin t+

+cos t) − cos t
ω3 = x0

t = α arctan
~c~x

~b~x


v = (~x2 + 1)−

5
2×

×ϕ0(ω)
u = (~x2 + 1)−

1
2×

×ϕ1(ω)



ϕ1
3 = λ(ϕ0)−4/5ϕ0

3

ϕ0
3 = 3ϕ1 − 4(ω1ϕ

1
1 + ω2ϕ

1
2)×

×
(

3 +
α2

1 − ω2
1 − ω2

2

)
+

+4ϕ1
11

(
1 − ω2

1 +
α2ω2

2

1 − ω2
1 − ω2

2

)

+4ϕ1
22

(
1 − ω2

2 +
α2ω2

1

1 − ω2
1 − ω2

2

)

+2ϕ1
12ω1ω2

(
4 +

α2

1 − ω2
1 − ω2

2

)

3.1



ω1 = ex0α

(
1
2 −

~a~x + 1
1 − ~x2

)
ω2 =

~b~x

1 − ~x2

ω3 =
~c~x

1 − ~x2


v = (1 − ~x2)−

5
2×

×ϕ0(ω)
u = (1 − ~x2)−

1
2×

×ϕ1(ω)


ϕ1

1 = λ(ϕ0)−4/5ϕ0
1

αω1ϕ
0
1 = 3ϕ1 + 12∇ϕ1~ω+

+ϕ1
22 + ϕ1

33 + 4ωaωaωbϕ
1
ab

3.2



ω1 = xα
0

(
1
2
− ~a~x + 1

1 − ~x2

)
ω2 =

~b~x

1 − ~x2

ω3 =
~c~x

1 − ~x2


v = (1 − ~x2)−

5
2×

×x
5/4
0 ϕ0(ω)

u = (1 − ~x2)−
1
2×

×x
1/4
0 ϕ1(ω)



ϕ1

4
+ αω1ϕ

1
1 =

= λ(ϕ0)−
4
5 [−5

4ϕ0 + αω1ϕ
0
1]

−5
4ϕ0 + αω1ϕ

0
1 = 3ϕ1+

+12∇ϕ1~ω + ϕ1
22 + ϕ1

33+
+4ωaωbϕ

1
ab

3.3


ω1 = x0

ω2 =
~b~x

1 − ~x2

ω3 =
~c~x

1 − ~x2


v = (1 − ~x2)−

5
2×

×ϕ0(ω)
u = (1 − ~x2)−

1
2×

×ϕ1(ω)


ϕ1

1 = λ(ϕ0)−4/5ϕ0
1

ϕ0
1 = 3ϕ1 + 12(ω2ϕ

1
2 + ω3ϕ

1
3)+

+4ω2ω3ϕ
1
23 + (4ω2

2 + 1)ϕ1
22+

+(4ω2
3 + 1)ϕ1

33

4.1


ω1 = ~a~x

ω2 = ~b~x2 + ~c~x2

ω3 = arctan
~b~x

~c~x
− αx0

{
v = ϕ0(ω)
u = ϕ1(ω)


ϕ1

1 = λ(ϕ0)−4/5ϕ0
3−

−αϕ0
3 = 4ϕ1

2 + ϕ1
11+

+4ω2ϕ
1
22 +

1
ω2

ϕ1
33

4.2


ω1 = ~a~x

ω2 = ~b~x2 + ~c~x2

ω3 = arctan
~b~x

~c~x
− lnx0


v = x

5/4
0 ×

×ϕ0(ω)
u = x

1/4
0 ×

×ϕ1(ω)



ϕ1

4 − αϕ1
2 = λ(ϕ0)−1/5×

×
[

5
4ϕ0 − αϕ0

3

]
5
4ϕ0 − αϕ0

3 = 4ϕ1
2 + ϕ1

11+

+4ω2ϕ
1
22 +

1
ω2

ϕ1
33
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4.3


ω1 = ~a~x

ω2 = ~b~x2 + ~c~x2

ω3 = x0

 v = ϕ0(ω)

u = ϕ1(ω)

 ϕ1
3 = λ(ϕ0)−4/5ϕ0

3

ϕ0
3 = 4ϕ1

2 + ϕ1
11 + 4ω2ϕ

1
22

5.1



ω1 = etα

(
1
2
− ~a~x + 1

1 − ~x2

)
ω2 =

1
1 − ~x2

(~b~x cos t+

+~c~x sin t)

ω3 =
1

1 − ~x2
(~b~x sin t+

+~c~x cos t)
t = x0


v = (1 − ~x2)−

5
2×

×ϕ0(ω)
u = (1 − ~x2)−

1
2×

×ϕ1(ω)



αω1ϕ
1
1 − ω3ϕ

1
2 + ω2ϕ

1
3 =

= λ(ϕ0)−4/5(αω1ϕ
0
1−

−ω3ϕ
0
2 + ω2ϕ

0
3)

αω1ϕ
0
1 − ω3ϕ

0
2 + ω2ϕ

0
3 =

= 3ϕ1 + 12∇ϕ1~ω+
+8(ω1ω2ϕ12 + ω1ω3ϕ13+
+ω2ω3ϕ23) + 4ω2

aϕ
1
aa+

+ϕ1
22 + ϕ1

33

5.2



ω1 = etα

(
1
2
− ~a~x + 1

1 − ~x2

)
ω2 =

1
1 − ~x2

(~b~x cos t+

+~c~x sin t)

ω3 =
1

1 − ~x2
(~b~x sin t+

+~c~x cos t)
t = lnx0


v = (1 − ~x2)−

5
2×

×x
5/4
0 ϕ0(ω)

u = (1 − ~x2)−
1
2×

×x
1/4
0 ϕ0(ω)



αω1ϕ
1
1 − ω3ϕ

1
2 + ω2ϕ

1
3 =

= λ(ϕ0)−4/5(αω1ϕ
0
1−

−ω3ϕ
0
2 + ω2ϕ

0
3 + 5

4ϕ0)−
−1

4ϕ1

αω1ϕ
0
1 − ω3ϕ

0
2 + ω2ϕ

0
3 =

= 3ϕ1 + 12∇ϕ1~ω+
+8(ω1ω2ϕ12 + ω1ω3ϕ13+
+ω2ω3ϕ23) + 4ω2

aϕ
1
aa+

+ϕ1
22 + ϕ1

33 − 5
4ϕ0

5.3



ω1 =
(

1
2
− ~a~x + 1

1 − ~x2

)
×

× exp
(

α arctan
~c~x

~b~x

)
ω2 =

~b~x + ~c~x

1 − ~x2

ω3 = x0


v = (1 − ~x2)−

5
2×

×ϕ0(ω)
u = (1 − ~x2)−

1
2×

×ϕ1(ω)



ϕ1
3 = λ(ϕ0)−4/5ϕ0

3

ϕ0
3 = 3ϕ1 +

(
4ω2

1 + α2ω2
1

ω2
2

)
×

×ϕ1
11 + (4ω2

2 + 1)ϕ1
22+

+8ω1ω2ϕ
1
12+

+

(
12ω1 +

α2ω1

ω2
2

)
ϕ1

1+

+
(
12ω2 + 1

ω2

)
ϕ1

2

Below, some exact solutions of system (2) are given
v =

{
λx0

(~b~x)2 + (~c~x)2

}5/4

;

u = 5λ

{
λx0

(~b~x)2 + (~c~x)2

}1/4

,


v = x

5/4
0 y5;

u = x
1/4
0 5λy,

where y = y(ω1) is a solution of the equation

λy′′ + y4y′ − 1
4
y5 = 0,

v =

{
3λx0

(~b~x)2

}5/4

;

u = 5λ

{
3λx0

(~b~x)2

}1/4

,


v =

{−λx0

~x2

}5/4
;

u = 5λ
{−λx0

~x2

}1/4
,
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v =

{
12λx0

(1 − ~x2)2

}5/4

;

u = 5
{

λ5x0

12(1 − ~x2)2

}1/4

,


v =

{
−12λx0

(1 + ~x2)2

}5/4

;

u = 5
{

−λ5x0

12(1 + ~x2)2

}1/4

.
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