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Abstract

We describe all systems of three equations of the form Du; = Fj(uy,ug,u3),j = 1,3
invariant under the extended Poincaré group. As a result, we have obtained ten classes
of P(1, 3)-invariant nonlinear partial differential equations for real vector fields.

It is well known that the maximal symmetry group admitted by the nonlinear wave
equation

Ou = Ugyg, — Dsu = F(u) (1)

with an arbitrary smooth function F'(u) is the 10-parameter Poincaré group P(1,3) having
the following generators:

P, = 8;“ S = guaxaaz/ - guaxaa,ua (2)

where 9, = 0/0;, gu = diag(l,—1,-1,-1), pu,v,a=0,1,2,3. Hereafter, the summa-
tion over the repeated indices from 0 to 3 is understood.
As established in [3], equation (1) admits the wider symmetry group only in two cases:

. Fu) = M k#1, (3)
2. F(u) = X Ek#0, (4)

where ), k are arbitrary constants.
Equations (1) with nonlinearities (3), (4) admit the one-parameter groups of scale
transformations D(1) having the following generators:

1. D=uxz,0,+ %u@u,
! 5)
2. D=x,0,— —0y.
k
The group with generators (2), (5) is called the extended Poincaré group P(1,3) [1].
Let us note that in [4] two classes of P(1,3)-invariant equations of the form

Ou = F(u,u”) (6)

were constructed.
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In the present paper we give a complete solution of the symmetry classification of
systems of three real equations

Ouj = Fj(u1,uou3), j=1,2,3 (7)

admitting the extended Poincaré group ]5(1, 3) and the conformal group C(1,3).
Before formulating the principal assertions we make a remark. As a direct check shows,
a class of equations (7) is invariant under the linear transformations of depended variables

3

uj —uy =Y ojpup+ B, j=1,2,3, (8)
k=1

where o, B, j = 1,2,3 are arbitrary constants and det||a|| # 0.
That is why we carried out symmetry classification of equations (7) up to the equiva-
lence transformations (8).

Theorem 1. System of partial differential equations (PDE) (7) is invariant under the
extended Poincaré group P(1,3) iff it is equivalent to one of the following systems (for all
cases Fj = Fj(wi,w2), j=1,2,3):

A1 —2
1. Du1 = F1u1 M y
Ag—2
DUQ = FQ'U/2>\2 5
Ag—2
\:|’u,3 == FSU3A3 ,
)\2 >\3
Uy Uy
wi o= o wr= e
ué\l ugl
2
2. Owp = F exp(—gu1>,
Ui
Oug = F2 exp{()\g — 2)?},
Ui
Oug = F3 exp{()\g — 2)—},
w1 = AXouyp —blnus, w9 = A3u; —blnusg;
Ul U
3. Dup = {Fl + ;QFQ} exp{()\l — 2);2},
Ui
Ouy = Fy exp{()\l — Z)U—Z},
Uy
Oug = Fgexp{()\Q*Q)qu},
u u
o exp(ué)\g)7 vy — exp(uéx\l);

us U2
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2
Oug (F1 + FQUQ) exp(—gug),
2
Oug bF, exp(—qu>,
U2
Ousg F3 exp{()\—Z)?},
w1 2buq — u%, wo = Aug — blnug;
U
Oug (F1+FQU3)eXp{()\—2)?3},
Oug bF; exp{()\ — 2)%},
(9)
Ousg F3 exp(—gU3>
b M
w1 blnus — Aug, WQ:bﬂ—u;;;
U2
u9 (75} u9
Dy (F1+F2u—3+F3u—3) exp{()\—Q)u—g},
us u9
Dlug <F2+F3u—3) exp{()\—2)u—3},
U2
O F A—2)—
U3 3 GXP{( )u3 }7
2
w1 )\%—lnu;ﬂ, w2:2ﬂ— (%> ;
us us us
Ouy (Fl + Fowo + Fgwg) exp(—2wyp),
Ougy (Fy + 2F3wp) exp(—2wy),
Dus 2F3 exp(—2wyp),
2 3
U U, U U
w1 2ug ?3, w2 = U1 2b3 3732, wO_?Ba
-2
Ouy (u? + u%)*% (Frug + Fouy) exp(a arctg ﬂ),
b u9
-2
Ouo (uf + U%)_%(F2U2 — Fluy) eXp(a arctg ﬂ)v
b U9
A—2 Uy
Oug Fyexp ( 5 arctg u—2),
A (5]
2 2\ \ exp(—arctg—}
w1 (uf + u3) wy = b ug” .

ud® U3
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9. DOu; = (Fl cos(gu;g) + Fy sin(gug)) exp(a ; 2u:3>,
u = (Fycos(Pus) — Fisin(Zus) ) exp(“ 2u),
Oug = I3 exp(—%ug),
wi = In(u}+uld) - 2a%, wy = arctg Z—; — b%;

10. Du1 = 0,

Ougy = 0,
Oug = 0,

where Fy, Fo, F3 are arbitrary smooth functions, a, b, ¢ are arbitrary constants.
Moreover, basic generators P,, J,,, are given by formulae (2) and generators of corres-
ponding groups of scale transformations are given by the following formulae:

1. D =ux,0,+ Mu10y, + A2u20u, + A3u30u;, A1 #0;

2. D =2x,0,+ b0y, + Xou20y, + A3u30y,;

3. D=xz,0,+ M\ (ulﬁul + uz8u2> + u20y, + A2uz0ys;

4. D = 2,0, + u20y, + b0y, + Au30yy; (10)
5. D =x,0u + Mu10u, + u20y,) + u20y, + b0y;;

6. D =x,0u + MNui10y, + 120y, + u30u,) + 20y, + u30u,;

7. D =2,0, + u20y;, + u30u, + b0ys;

8. D =ux,0u+ a(u10y, + u20u,) + b(u20u, — 110y,) + AMuz0y,;

9. D =2,0u+ a(u10y;, + u20u,) + b(u20u, — 110y,) + cOuy;

10. D =wx,0,, allover b#0, c#0.

Theorem 2. System of PDE (7) is invariant under the conformal group C(1,3) iff it is
equivalent to the following system:

~ (U1 Ul .
Ou; = ubF; | —, — |, =1,2,3.
A (uz u3) g
Proofs of the theorems 1, 2 are carried out with the use of the algorithm of S.Lie (see,
e.g. [1, 5, 6]). Here we present the scheme of proof of Theorem 1 only.
Within the framework of Lie’s approach we look for symmetry operator for system of
PDE (7) in the form

X = g,u(x7u)a,u + nl(xa u)@ul + n?(x7u)au2 + 773(% u)8u3, (11)

where &,(x,u), n;(x,u) are some smooth functions.



472 P. MARKO

The necessary and sufficient condition for system of PDE (7) to be invariant under the
group having the infinitesimal operator (11) reads

X(Ouj + )| cu-r=0=0, j=1,2,3, (12)
Oug—F>=0
Ouz—F3=0
where X is the second prolongation of the operator X.
Splitting relations (12) with respect to independent variables, we get the Killing-type
system of PDE for &, n;. Integrating it, we have:

§u = 22,908%aks — Kugasrazst

Cuafaprs +dx, +e,, p=0,3, (13)
3
N = Z apjuj + bp(x) — 2gagkargur, k=1,2,3,
j=1
where ko, ¢ = —cu, d, e, aij are arbitrary constants, by(x) are arbitrary functions

satisfying the following relations:

3 /3
Z (Z ap;u + b (x) — 2ga5kax5uk> Fju, + 0bj(z)+

3
2(d + 3gapkars)Fj — Y ayFy =0, j=1,23. (14)
=1

From (13), (14) it follows that system of PDE (7) is invariant under the Poincaré group
P(1,3) having the generators (2) with arbitrary Fy, F5. To describe all functions Fy, F
such that system (7) admits the extended Poincaré group P(1,3) one has to solve two
problems:

1) to describe all operators D of the form (11), (13) which together with operators (2)
satisfy the commutational relations of the Lie algebra of the group P(1,3) [1]:

[Ponpﬁ] =0, [Paw]ﬁw] :gaﬂp'y_gowpﬁa
[Jaﬂv J,uu] = gocw]ﬁ,u + gﬁ,uJow - gocw]ﬂu - gﬁz/Ja;u
[D7Jaﬂ]:07 [POUD]:POM aaﬂf.)/a/%V:O?i?’;
2) to solve system of PDE (14) for each operator D obtained.
On solving the first problem we establish that the operator D has the form

3 3
D = x.uaﬂ + Z (Z Aijuj + Bl) 8%‘7 (15)

i=1 \j=1

where A;;, B; are arbitrary constants.

As noted above, two operators D and D" connected by the transformation (8) (which
does not alter the form of the operators P,, J,.), are considered as equivalent. Using this
fact, one can simplify essentially the form of operator (15).
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Making in (15) the change of variables (8) with 3; = 0 we have

3 3
D' = w0+ | 3o A+ Bi | Ouys
i=1 \j=1
where
1A 1| = llewg || | Aig | eI 71,
3 (16)

Bi =Y ayBy, i=123.
k=1

Since an arbitrary (3 x 3)-matrix can be reduced to the Jordan form by transformation
(16) we may assume, without loss of generality, that the matrix ||/~1”H is in the Jordan
form. The further simplification of the form of operator (15) is achieved at the expense of
transformation (8) with ay = 0.

As a result, the set of operators (15) is divided into ten equivalence classes, whose
representatives are adduced in (10).

Next, integrating corresponding system of PDE (14), we get P(1,3)-invariant systems
of equations (9).

Note 1. When proving Theorem 1, we solve the problem of the representation theory: de-
scription of inequivalent representations of the extended Poincaré group which are realized
on the set of solutions of system of nonlinear PDE (7). But the representation space (i.e.,
the set of solutions of system (7)) is not a linear vector space, whereas in the standard
representation theory it is always the case. This fact makes impossible a direct application
of the methods of linear representations [2].

The results of this paper were obtained in collaboration with W. Fushchych and
R. Zhdanov.
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