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Abstract

Asymptotic formulae for resolution of L-diagonal systems of ordinary differential equa-
tions with symmetrical matrices are derived.

1) We shall consider a system of linear differential equations

X () + Q) (1)
where x is an n-vector, A(t) is an (n x n) diagonal matrix, and Q(t) is an (n x n)-matrix
with summable elements in the interval (¢g,00). Such a system was called L-diagonal
system by .M. Rapoport [1]. Studying these systems we assume that:

a) The elements w;(t) (i =1,2,...,n) of the diagonal matrix A(¢) are summable in the
interval (to,¢1) for any finite ¢1;

b) There exists Tj big enough for any difference

Rew;(t) — Rew;(t), i,j=1,..,n,

not to change sign for t > Tj.
Then system (1) can be solved for ¢ > ty and its n particular solutions have the form

t
x; = 15 (t) eXp/Wj(t)dt, ,j=1,2,...,n,

to

where 7;;(t) are continuous functions in the closed interval [tg, 0], and 7;;(c0) = 0 when
i # j,m;(c0) = 1. LM. Rapoport [1] found substitutions which can help us to reduce
systems of differential equations

dx
—= = A(t)x (2)

to L-diagonal systems in the case when roots of the characteristic equation are simple.
In the paper [2] we suggested the method for construction of the mentioned substitutions
in the case when the roots of the characteristic equation for ¢ > t; maintain constant
multiplicity.
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2) In this paper we suggest the method for construction of such substitutions for systems
of differential equations

dx
B(t)— = A(t 3
% = A, Q
where the matrix B(t) may not have an inverse matrix, when ¢ > t.

3) We will consider instead of the system (3) the system

eB (t) & = A(t)z, (3)

where € > 0 is a real parameter.
The system (3') coincides with the system (3) when ¢ = 1. We shall make use of a
substitution ¢ = et in the system (3'). Now we have the system

dx
B(t)— = A(t)x. 4
(5 = Alha @)
For construction of a fundamental matrix of solutions for this system, we can use the
method from [2].

The equation
det(A(t) — AB(t)) = 0 (5)

has v roots A(t), ..., \p(t) (v <mn).

We assume that the matrices A(t), B(t) are symmetric for ¢ > ty. Then the roots of
the equation (5) are real [3]. We assume that the roots A;(t) are different when t < ¢ < oco.
Hence when t > tg Xi(t) # Aj(t), i#j4, i,j=1,..,v, so we can construct proper
vectors p;(t) of the matrix A(t) with respect to the matrix B(t) in order for the scalar
product

L, 1=7;
B(#)ui(t), i (t)) =
(B{E)s(t), 15(1) {07i#$ A
We put
x=Un(t,e)y, Un(te)= Zssus(t),
s=0

where y is an n-measurable vector, and Us(t) are square (n x n)-matrices. We have

dy

B(t)Un(t.2) 5 =

(A(t) Up(t,€) — eBE) U, (t,€))y.

We construct the matrices Us(¢t) (s =0,1,...,m) so as to get the matrix equality
A() U (t,€) — eB(E) U, (t,€) = B(t) Upn (t, ) (A(t, &) + €™ 1O (8, €)), (6)

where A(t,¢) is a diagonal matrix,

An(t,e) = Z %A ().
s=0
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We have to compare coefficients of €0, ¢!, ..., e™

matrix system of equations

in the matrix equalities (6). We have a

A(t)Up(t) — B()Uo(t)Ao(t) = 0, (7)

AU () = BOUs (1) Ao(t) = BEU,_1 (1) + B(t) 3 Us—j (£)A;(2). (8)

j=1

Let Ag(t) = diag {A — 1(t), Aa(t), ..., Ap(t), ooy An (D) }.
We write the matrix equation (7) in the vector form and designate columns of the
matrix Uy (t) by uei(t) (i =1,2,...,n). We have

(A(t) = Aj(¢) B(t))uoi(t) = 0.
Then
Uoi(t) = i) (i=1,2,..,n) and ugi(t) =0 (i=v+1,...,n).
Let us consider (8) when s = 1 :
AU () = Bt)UL(£)Ao(t) = B(t)Uo(t) + B(t)Uo(t) A (1);
or in the vector form
(A(t) — N()B())usi(t) = Bt)up;(t) + Bt)ugi(H)A1s(t) = gus(t), i=1,2,...,n. (9)

The equation (9) can be solved relatively u;(t) iff, when the vector g1;(t) (i =1,2,...,n)
is orthogonal to the vector which is a solution of the conjugated system corresponding
to the homogeneous system (9). A(¢) and B(t) are symmetric, so the conjugated system
coincides with (9). So (9) has a solution iff, when

(g1i(t), ui(t)) = 0 (10)

for all ¢t > ty. For i = 1, ...,n we have

(B()ug;(t), (1)) + (B(t)uos(t)M(t), pi(t)) = 0

or

)\li(t) = _(B(t)u,oi(t)vﬂi(t))v i=12,..,n.

If i =v+1,...,n, then (10) will change to an identity. So we can take \;(t) =0 (i =
v+ 1,...,n). Thus substituting the obtained values of A1;(t) (i = 1,...,n) to the system
(9), we get the vector-column of the first part is orthogonal for all ¢ > ¢y to a non—trivial
solution of the conjugate system. We look for this solution in such a form

uyi(t) = zvjcg)(t)ur(t), i=1,..,0, (11)
r=1

(1)

where ¢,;’(t) is a function which must be defined for the vector (11) to satisfy the system

9).
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Substituting (11) to system (9) and multiplying this result by the vector u;(t) (j =
1,...,v), we have

DO = () = (Gu) (1), G =1,.00.

When i = j we have the identity ct )(t) -0 = 0. Hence we can take any function b (t).

1
JJj Jj

We take cg-;-) (t) =0, for t > to. When i # j

W (gt (0)
G =30 - M)
Then
& (g0, (1)
wil® = 3 3 M

We assume that u;(t) =0, i=v+1,...,n.

Thus we defined the vectors u1;(t) (i =1,2,...,n) (in the matrix ¢ (¢)) and functions
A1i(t) (i =1,2,...,n) (in the matrix A;(¢)). Using the method of mathematical induction,
we can find from equations (8) all the following matrices Us(t) and Ag(t) (s =2,3,...,m).
So the system (4) has the form

dy _
dt;

We can find the matrix C,(t, ) from (6)

B(t) U, (t,¢€) B(t)Up (t,€) (A (t,€) + ™ TL1C, (8, €))y. (12)

™ML B( U (t,€)C(t,€) = A()Un (t, ) — eB(E)U., (t,€) — B(t)Unm (t,€)Am(t, £).
We assume that
(B — B(t)Un(t, 1)(B(t)Un(t, 1)) )Din(t, 1) =0,

is a true equality for ¢ = 1 and tp < t < +o0, where (B(t)Uy,(t,1))” is a half-inverse
matrix for the matrix B(¢)Up(t, 1),

Dot 1) = ~B(t) (u:na, D+ f:uj<t>Am+r_j<t>) |

r=1j=r
Then
C(t,1) = (B(t)Un(t,1))” Dm(t, 1).

So, we have

B0 (1) 52 = B (1,1) (A (8,1) + Con (1, 1))y
Let the system
W (A(t,1) + O, 1))y, 12 1o (13)

dt
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be L-diagonalizable. We can understand that every solution of (13) is a solution of (12).
With the condition z = U, (¢, 1)y we can find solutions of the system (3). Looking at the
conditions for matrices A(t), B(t), when ¢ > t(, we receive solutions of (3) in such a form

t

xj = pij(t) exp/wj(t)dt, i,j=1,2,...,n,
to

where 1;5(t) are continuous functions on the interval [tg, c0).

Theorem 1. For the system (3) the following is true:
1) matrices A(t) and B(t) on the interval [ty,00) have continuous derivatives;
2) A(t), B(t) are symmetric when t > to;

3) roots \i(t) (i =1,2,...,v) of the equation
det(A(t) — AB(t)) =0,

when t > tg, are simple;

4) when e =1 and tg <t < +oo the equality
(B~ B)Un (1, 1) (B(Unn (1)) ) Don(1,1) = 0,

holds, where Up,(t,1), Dy, (t,1) are the matrices that we have found.

If the system (13) is a L-diagonal system, then n particular solutions of system (3)
have the form

t

x; = pij(t) exp/wj(t)dt, i,j=1,2,...,n,
to

where 11;5(t) are continuous functions on the interval [tg, 00).
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